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Plan of the talk

Plan of the talk

Motivations.

State equation and optimization problems.

(P1) Constraints on the strategies.
I Explicit solution and optimal feedback by verification.

(P2) Constraints on the strategies and on the wealth.
I Viscosity approach.
I Regularity of the value function.
I Explicit solution and optimal feedback by verification in a special case.

Future targets.
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Motivations

Motivations

Depending on the laws, in many countries the retiree is allowed for a
certain period after retirement:

1 to withdraw a periodic income from the fund;

2 to invest the rest of the fund in the period between retirement and
annuitization.

Thus, in this period the pensioner can:

1 decide how much of the fund to withdraw at any time;

2 decide the strategy to adopt to invest the fund at her/his disposal.

→ Investment/consumption Merton problem, which can be solved using,
e.g. stochastic optimal control techniques.
We focus on the last problem:

Fixed withdrawal/consumption rate.

How to invest optimally?
−→ Portfolio allocation problem with special features.
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The state equation and the optimization problems

The state equation and the optimization problems

t = 0 retirement time;

T > 0 annuitization time (horizon of the problem);

x0 fund wealth at t = 0;

X (·) process representing the fund wealth (state variable);

π(·) process representing the amount of money invested in the risky
asset (control variable);

b0 consumption rate of the pensioner;

r , λ, σ usual market parameters in the Black-Scholes model.{
dX (s) = [rX (s) + σλπ(s)− b0] ds + σπ(s)dB(s), s ∈ [0,T ]

X (0) = x0.
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The state equation and the optimization problems

F (·) is a target we aim to reach.

F (s) =
b0

r
+

(
F − b0

r

)
e−r(T−s),

where F ∈ (0, b0/r) is such that x0 < F (0).

NOTE: If we reach the target, investing the whole wealth in the riskless
asset keeps the wealth on the target.
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The state equation and the optimization problems

Cost functional:

J = E

[∫ T

0
κe−ρs(F (s)− X (s))2ds + e−ρT (F (T )− X (T ))2

]
≥ 0,

where κ ≥ 0.

NOTE: If we reach the target at time t, investing the whole wealth in the
riskless asset from t on yields 0 in the remaining part of the functional
above. We can say that F (·) is an optimal absorbing boundary for the
problem.
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The state equation and the optimization problems

[Gerrard, Haberman & Vigna, 2004] minimize J without constraints on
the strategies and on the wealth.

We study the minimization of the functional in the cases

(P1) constraint on the strategies (no short selling):

Admissible Strategies =
{
π(·) ∈ L2(Ω× [0,T ]; R+) adapted

}
;

(P2) constraint on the strategies (no short selling) and on the wealth (no
ruin):

Admissible Strategies ={
π(·) ∈ L2(Ω× [0,T ]; R+) adapted | X (t;π(·)) ≥ 0, t ∈ [0,T ]

}
.
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(P1) Constraint on the strategies

(P1) Constraint on the strategies

We follow a classic dynamic programming approach to solve the problem,
proceeding along the following steps:

We define the value function V (t, x) as the optimum for generic
initial data t ∈ [0,T ], x ≤ F (t).

We associate to the value function the HJB equation.

We find an explicit solution to the HJB equation.

We prove a verification theorem which, as a byproduct:

I says that this solution is indeed the value function;
I gives a way to define an optimal strategy by this function.
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(P1) Constraint on the strategies The value function and its properties

The value function and its properties
Let

U = {(t, x) | t ∈ [0,T ), x < F (t)}.

Value function V defined on Ū as

V (t, x) :=

inf
π(·)∈Π(t,x)

E

[∫ T

t
κe−ρs(F (s)− X (s))2ds + e−ρT (F (T )− X (T ))2

]
,

where

Π(t, x) = {π(·) ∈ L2(Ω× [t,T ]; R+) adapted |
X (s; t, x , π(·)) ≤ F (s), s ∈ [t,T ]}.

F (·) absorbing boundary for the problem:

x = F (t) ⇒ Π(t, x) = {0} and X (s; t, x , 0) = F (s), s ∈ [t,T ].
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(P1) Constraint on the strategies The HJB equation: explicit solution

The HJB equation: explicit solution

x 7→ V (t, x) is convex and nonincreasing on (−∞,F (t)], ∀t ∈ [0,T ].

F (·) absorbing boundary for the problem:

x = F (t) ⇒ Π(t, x) = {0} and X (s; t, x , 0) = F (s), s ∈ [t,T ].

HJB equation:

vt + (rx − b0)vx + κe−ρt(F (t)− x)2−λ
2

2

v 2
x

vxx
= 0, on U,

with boundary conditions{
v(t,F (t)) = 0, t ∈ [0,T ],

v(T , x) = e−ρT (F (T )− x)2, x ≤ F (T ).
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(P1) Constraint on the strategies The HJB equation: explicit solution

Solution:

Let
v(t, x) = e−ρtA(t)(F (t)− x)2,

where A(·) is the unique solution of{
A′(t) =

(
ρ+ λ2 − 2r

)
A(t)− κ,

A(T ) = 1.

Then v solves the HJB equation.
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(P1) Constraint on the strategies The verification theorem and the optimal feedback strategy

The verification theorem and the optimal feedback strategy
Define the feedback map

(s, y) 7→ G (s, y) :=
λ

σ
(F (s)− y).

Theorem (Verification and Optimal Feedback)

There exists a unique process X ∗(·) solution of the CLE{
dX (s) = [rX (s) + σλG (s,X (s))− b0] ds + σG (s,X (s))dB(s),

X (t) = x .

v = V .

The feedback strategy

π∗(s) := Π(s,X ∗(s)), s ∈ [t,T ],

is the unique optimal strategy for the problem starting at (t, x).
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(P2) Constraints on the wealth and on the strategies

(P2) Constraints on the wealth and on the strategies

Value function W defined for t ∈ [0,T ], x ∈ [0,F (t)] as

W (t, x) :=

inf
π(·)∈Π(t,x)

E

[∫ T

t
κe−ρs(F (s)− X (s))2ds + e−ρT (F (T )− X (T ))2

]
,

where

Π(t, x) = {π(·) ∈ L2(Ω× [t,T ]; R+) adapted |
0 ≤ X (s; t, x , π(·)) ≤ F (s) ∀s ∈ [t,T ]}.
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(P2) Constraints on the wealth and on the strategies The set of admissible strategies

The set of admissible strategies

Set

S(t) :=
b0

r
− b0

r
e−r(T−t) < F (t), t ∈ [0,T ],

Π(t, x) 6= ∅ ⇐⇒ S(t) ≤ x ≤ F (t).

The problem is defined over C̄, where

C := {(t, x) ∈ [0,T )× R | x ∈ (S(t),F (t))},

Π(t, x) can be rewritten as

Π(t, x) = {π(·) ∈ L2(Ω× [t,T ]; R+) adapted |
S(s) ≤ X (s; t, x , π(·)) ≤ F (s) ∀s ∈ [t,T ]}.
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(P2) Constraints on the wealth and on the strategies The HJB equation: viscosity solutions

The HJB equation: viscosity solutions

S(·) absorbing boundary for the problem:

x = S(t) ⇒ Π(t, x) = {0} and X (s; t, x , 0) = S(s), s ∈ [t,T ].

[S(t),F (t)]→ R+, x 7→W (t, x) convex and nonincreasing
∀t ∈ [0,T ].

HJB equation:

wt + (rx − b0)wx + κe−ρt(F (t)− x)2 − λ2

2

w 2
x

wxx
= 0, on C,

with boundary conditions
w(T , x) = κe−ρT (F − x)2, x ∈ [0,F ],

wx (t,F (t)) = 0, t ∈ [0,T ],

w(t, S(t)) = g(t) := W (t,S(t)) (known), t ∈ [0,T ].
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(P2) Constraints on the wealth and on the strategies The HJB equation: viscosity solutions

PROBLEMS:

Explicit solutions not available anymore in general.

HJB degenerate ⇒ classical PDEs theory not appliable.

IDEA: pass through the viscosity theory to prove existence and uniqueness
of regular solutions for HJB:

Characterize the value function as unique viscosity solution of the
HJB equation.

Prove C 1,2 regularity of the value function.
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(P2) Constraints on the wealth and on the strategies The HJB equation: viscosity solutions

Consider L : [0,T ]× [0,F ]→ C̄,

(t, z) 7−→ (t, x) = L(t, z) :=

(
t, ze−r(T−t) +

b0

r

(
1− e−r(T−t)

))
.

Using L we can rewrite the HJB as

ht + κb(t)(F − z)2 − λ2

2

h2
z

hzz
= 0, on [0,T )× (0,F ). (1)

where
b(t) = e−ρt−2r(T−t),

with boundary conditions
h(T , z) = b(T )(F − z)2, z ∈ [0,F ],

hz (t,F ) = 0, t ∈ [0,T ),

h(t, 0) = ψ(t) (known), t ∈ [0,T ).

(2)
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(P2) Constraints on the wealth and on the strategies The HJB equation: viscosity solutions

The HJB equation (1)-(2) is associated to a stochastic control problem
with value function H such that

H(t, z) = W (L(t, z)).

→ We can study H and (1)-(2).

[0,F ]→ R+, z 7→ H(t, z) is convex and nonincreasing ∀t ∈ [0,F ].

H is continuous on [0,T ]× [0,F ].

Theorem

H is the unique viscosity solution of the HJB equation (1)-(2).
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Regularity of the value function

We know that H is the unique viscosity solution of (1)-(2). We want
to prove that it is C 1,2.

C 2 regularity results for viscosity solution of this kind of equations are
proved in the elliptic case. See e.g. [Choulli, Taksar, Zhou; 2003] and
[Di Giacinto, F., Gozzi; 2009].

I The C 1-regularity is proved by an argument of Convex Analysis.
I The C 2-regularity is proved by a localization argument and classical

PDEs theory, once the C 1 regularity is known.

The same argument does not work in the parabolic case, due to the
lack of good information on the dependence of the value function
with respect to time.
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

We define a dual problem. The same method has been already used
e.g. in [Elie, Touzi; 2008], [Gao; 2008], [Xiao , Zhai, Qin, 2007],
[Milevsky, Moore, Young; 2006], [Milevsky, Young; 2007] and
[Gerrard, Hojgaard, Vigna; 2010].

This method allows to remove the fully nonliner term v 2
x /vxx .

In all these papers the dual equation is linear and explicit solutions are
found.

In our case the dual equation is semilinear and degenerate:
I we do not have explicit solutions;
I we study it again passing through the viscosity; then we prove its

regularity and othe properties needed to come back to the original
problem.
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

The dual equation

Assume that H ∈ C 1,3 and that

Hz < 0, Hzz > 0, lim
z→0+

Hz (t, z) = −∞.

Then, for every (t, y) ∈ [0,T )× (0,+∞) there exists a unique
g(t, y) ∈ (0,F ) minimizer of z 7→ H(t, z) + zy , characterized by

Hz (t, g(t, y)) = −z . (3)
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Deriving (3) and using (1)-(2) we can write a semilinear PDE for g :

gt − 2κb(t)(F − g)gy + λ2ygy +
λ2

2
y 2gyy = 0, on [0,T )× (0,+∞), (4)

with boundary conditionsg(t, 0) = F , t ∈ [0,T );

g(T , y) =
(

F − y
2b(T )

)+
, y ∈ [0,+∞).

(5)
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Proposition

Suppose that the unique viscosity solution H of (1)-(2) belongs to the
class C 1,3 and satisfies

Hz < 0, Hzz > 0, lim
z→0+

Hz (t, z) = −∞.

Then g defined as above is a classical solution of the dual problem (4)-(5).
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Proposition

Conversely, let g be a classical solution of the dual equation (4)-(5)
satisfying 

g(t, y) ∈ (S ,F ), ∀y ∈ (0,+∞);

gy (t, y) < 0, ∀t ∈ [0,T ), ∀y ∈ (0,+∞);

limy→+∞ g(t, y) = 0, ∀t ∈ [0,T );

y 2gy (t, y)
y→+∞−→ 0, uniformly in t ∈ [0,T );

[g(t, ·)]−1 is integrable at S+, ∀t ∈ [0,T ).

(6)

Leth(t, z) = ψ(t) + b(T )(F − S)2 −
∫ z

S

[g(t, ·)]−1(ξ)dξ, (t, z) ∈ [0,T )× [S ,F ],

h(T , z) = b(T )(F − z)2, z ∈ [S ,F ],

Then h is a classical solution of (1)-(2). Therefore h = H.
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Theorem

There exists a unique g classical solution of (4)-(5) satisfying the
assumptions of the previous proposition.

Proof.

Comparison principle in viscosity sense holds for the equation
(standard viscosity theory). Thus uniqueness holds for the equation.

Existence: by Perron’s method exhibiting a suitable subsolution g and
a suitable supersolution ḡ . A viscosity solution g ≤ g ≤ ḡ is
constructed.

C 1,2-regularity by a localization argument and by using the standard
theory for semilinear uniformly parabolica equations.

Convexity in y : by convexity preserving adapting the argument of
[Korevaar; 1983].

Other properties follow from the previous ones thanks to the suitable
choice of g , ḡ .
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constructed.

C 1,2-regularity by a localization argument and by using the standard
theory for semilinear uniformly parabolica equations.

Convexity in y : by convexity preserving adapting the argument of
[Korevaar; 1983].

Other properties follow from the previous ones thanks to the suitable
choice of g , ḡ .
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(P2) Constraints on the wealth and on the strategies Regularity of the value function

Corollary

H is the unique classical solution of the HJB (1)-(2).
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(P2) Constraints on the wealth and on the strategies The case κ = 0: explicit solution

The case κ = 0: explicit solution

Take κ = 0 (no running cost). The dual equation is linear:

gt + λ2ygy +
λ2

2
y 2gyy = 0 on [0,T )× (0,+∞),

with boundary conditionsg(t, 0) = F , t ∈ [0,T ];

g(T , y) =
(

F − y
2b(T )

)+
, y ∈ (0,+∞).

→ Black-Scholes equation with boundary conditions of European put
option type.
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(P2) Constraints on the wealth and on the strategies The case κ = 0: explicit solution

We have the stochastic representation for the solution of this equation:

g(t, y) = F Φ(k(t, y))− y

2b(T )
eλ

2(T−t)Φ(k(t, y)− λ
√

T − t),

(t, y) ∈ [0,T ]× [0,+∞),

where

k(t, y) =
log
(

2F
y

)
− λ2

2 (T − t)

λ
√

T − t

and Φ(·) is the distribution function of N (0, 1)

Φ(x) =
1√
2π

∫ x

−∞
e−

ξ2

2 dξ.
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(P2) Constraints on the wealth and on the strategies The case κ = 0: explicit solution

We can come back: H is the unique classical solution of the HJB
equation and it is explicitly computable in terms of the function Φ.

The feedback map

G : [0,T ]× [0,F ]→ R+.

is explicitely computable.

Let y = [g(t, ·)]−1(z) and let Y (·; t, y) be the solution of{
dY (s) = −βY (s)dB(s),

Y (t) = y .

Consider the process

Z ∗(s; t, z) = g(s,Y (s; t, y)). (7)
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(P2) Constraints on the wealth and on the strategies The case κ = 0: explicit solution

Theorem (Optimal Feedback)

Z ∗ defined in (7) is the unique solution of the CLE{
dZ (s) = er(T−t)) [σβG (s,Z (s))ds + σG (s,Z (s))dB(s)] ,

Z (t) = z ∈ (S ,F ).

The strategy
π∗(s) := G (s,Z ∗(s)), s ∈ [t,T ],

is the unique optimal strategy for the problem starting at (t, z).

→ Numerical simulations are performed by using this explicit solutions.
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Future targets

Future targets

The problem (P3):
I “no ruin” for the wealth;
I “no short selling” and “no borrowing” for the investment strategies.

Allowing the control in the consumption.
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