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Outline of the talk

Starting and stopping problem (d=2)
o Numerical resolution of BSDE

@ Numerical resolution of BSDE with oblique reflections

An alternative approach : Constrained BSDEs with jumps
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Starting and Stopping problem
Representation using reflected BSDEs

Starting and Stopping problem

Hamadene & Jeanblanc 05 :

o Consider e.g. a power station producing electricity whose price is given by
a diffusion process X : dX; = b(t, X¢)dt + o(t, Xe)dW:

@ Two modes for the power station :
mode 1 : operating, with running profit fi(X:)dt and terminal one g1(X71)
mode 0 : closed, with running profit fo(X:)dt and terminal one go(X7)

< switching from one mode to another has a cost : ¢ > 0

@ Management decides to produce electricity only when it is profitable
enough.

@ The management strategy is (6}, o) : 0; is a sequence of stopping times
representing switching times from mode a;_1 to «;.

(at)o<e<T is the state process, i.e. the management strategy.
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Starting and Stopping problem
Representation using reflected BSDEs

Value processes

o Following a strategy a from t up to T, gives
T
J(a, t) = gaT(XT) + / fas(Xs)dS — Z Cl{tggjg-r}
¢ j>0
@ The value processes starting respectively at time 0 in mode 1 and 2 are

Y = sup E[J(a,0)] and Yo = sup E[J(a,0)]
{a€A s.t. ag=0} {a€A s.t. ag=1}

@ Y is solution of a coupled optimal stopping problem

Y =ess sup E [/ fo(Xs)ds + (Y — )1ty | ft}
t

t<r<T

Ytl =ess sup E [/ fl(Xs)dS + (YTO — C)l{.r<7—} | ff:|
t

t<7<T
with terminal conditions : Y9 = go(X7t) and Y} = g1(X71)
o The optimal strategy (0}, o) is given by
afi=1—af and 0, :=inf{s>07| Yl =Y., — ¢}
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Starting and Stopping problem
Representation using reflected BSDEs

System of reflected BSDEs

Y is the solution of the following system of reflected BSDEs :

T T T
Y: = gi(X7) +/ fi(Xs)ds f/ Z, - dWs +/ dK., i €{0,1},
t t t
with (the coupling...)
Yi>Y)—cand Y2 > Y} —c, Vte |0, T]
and (‘optimality’ of K)

T T
/O(v;_(y:_c))dKQZOand/o (v2 - (v2—0))dk® =0

e Problem : Oblique reflections.

o Idea : Interpret Y* — Y?° as the solution of a doubly reflected BSDE.
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Starting and Stopping problem
Representation using reflected BSDEs

Related PDE

Associated coupled system of PDE
eonRx[0,T)

min(—@tuo—ﬁuo—fo,uofulJrc):O
min(fﬁtulfﬁulfﬂ,ulfqurc):O

2
with £ : u — %axxu—i—baxu

@ Terminal conditions

uo(T,.) = go(.) and u(T,.) = g(.)

e Link via
YY = uwo(t,Xe) and  Y{ = ui(t, Xe)
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Starting and Stopping problem
Representation using reflected BSDEs

Non exhaustive Literature

Literature on optimal switching :
e Hamadeéne & Jeanblanc 05 : starting and stopping problem (d = 2).
@ Djehiche, Hamadéne & Popier 07 : studied the multidimentional case.
o Carmona & Ludkovski 06 or Porchet, Touzi & Warin 07 : Additional
constraints and numerical results.
Link with non linear Backward SDE :

@ Hu & Tang 07 “multi-dimentional BSDEs with oblique reflection” BSDE
representation for optimal switching in the case where X uncontrolled or

at most partially controlled : dX{ = a(Xf)[,ua(Xf)dt + th}.

@ Hamadéne & Zhang 08 Generalization of Hu & Tang's BSDEs but still
with an uncontrolled underlying diffusion.

Literature on control :

@ Bouchard 09 : Relation with stochastic target problems with jumps.
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Starting and Stopping problem
Representation using reflected BSDEs

Multi-dimensional reflected BSDE

o Multi-dimensional reflected BSDE (see Hamadene & Zhang 08) :
Find m triplets (Y', Z', K")jez € (S? x L}(W) x A%)7 satisfying

Yi=gi(Xr)+ [ fi(s, Xe, Y2, Y, ZDds — [T ZIdWs + K — K]
Yi > hi(t, i)
Jo 1Y = maxjez {hi(t. Y))}dKi = 0

e Conditions on the constraint h in order to avoid instantaneous gain via
circle switching.

e For any i # j, hjj and f; are increasing in y;.
— 'Interpretation’ in terms of cooperative game options

@ The reflections are oblique with respect to the domain of definition of Y.
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Numerical resolution of BSDE

FBSDE system

t t
o FSDE X = x+/ b(s, Xs)ds +/ o(s, Xs)dWs
0 0

 BSDE Y,

T T
g(Xr) + / F(5 Xe, Yo, Z2) ds — / Z. dW,
t t

@ Solution and link with PDE (Pardoux & Peng, 90 & 92);

1 1
2 1 2
[Yl|s2 == E { sup \Y,\z} < 00, |Z]|;2 == E {/ \Z,\zdr} < 00,
0<r<1 0

o PDE LXY1+f(oy,0Vy) =0 ¥(T,) = g()
@ Approximation of the BM (Chevance 97, Briand 01, Ma 02);

@ Discrete time scheme based on the path regularity of Z (Zhang);
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Numerical resolution of BSDE

Discrete time scheme (Zhang 02)

t t
« FSDE X = x+/ b(s, X.)ds +/ o (s, Xs)dW,s
0 0

T T
o BSDE Y. = g(X-r)Jr/ f(s,Xs,Ys,Zs)dsf/ Z. dW,
t t

e Regular time grid 7 := (t;)i<n on [0, T]

e Forward Euler approximation X” of X

Initial value : Xg = x
From t; to ti1 : T = XE+ 2 (6, XT) + o(ti, XE)(We,, — We;)
e Backward approximation (Y™, Z") of (Y, Z)
Terminal value : YT = g(X?)
Zi = nE[Y{,(Wey,, — Wy) | Fy
From t;y1 to t; :
Yo = (Y. | B+ 2 (6,X5, Y8, 20)
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Numerical resolution of BSDE

Intuition of the scheme

tiya tit1
Yo = Yo, +/ F(r, X, Y,,Z,)drf/ Z, - dw,
t; t;

Step 1 : Constant step driver (Z™ given by the representation of Y7 )

. 1 tita
Y =YL (6, X5, YE,ZE) - / 77 dw,
t,

i

Step 2 : Best £2(Q x [t;, ti11]) approximation of Z™ by F-meas. r.v.

tiva
Z;:=nE |:/ Z:Tdr|ffi:|_nE[Yg+1(Wti1_Wti)}—ti]
¢

i

Step 3 : Conditioning the first expression

Yi =E[Y]

i+1

1
R (6 X0, YE, ZE)
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Numerical resolution of BSDE

Approximation Error (Zhang 02)

* PDE LXW+f(y,0Vy) =0 y(1,) = g()
e Forward Euler approximation X™ of X

X§ = x and T = X5+ 2b(t, XE) + o6, XT)(We

Wt.)

it1 i

e Backward approximation (Y, Z"™) of (Y, 2)

Z;: = [YJ“(Wt,“ - W) | ffi:l
Y1 i=g(X7) &
Yo o= E[YE, | Fl+ 0 f (6, X5, Y8, ZE)
e Approximation Error
ae(Y,Y") =supE[|Yy, — YI]  &r(Z,Z7) ZIE 1z, — ZL|?]
t;

Err(Y,Y")+Er(Z,27) < C|n|
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Numerical resolution of BSDE

Approximation Error (Gobet 05)

o PDE XY+ f(hy,0Vy) =0 y(1,.) = g(.)

e Forward Euler approximation X™ of X

Xg = x and T = XS+ 2b(t, XE) + ot XT)(We,, — We)
e Backward approximation (Y, Z"™) of (Y, 2)
Z; = nE [Yt:+1(th+1 Wy) | ]:ti}
1=g(X") &
Yq = ]E[ ’+1|ft}+%E[f(tnXt’Yt,+17 ) ‘ft}
e Approximation Error
ae(Y,Y™) =supE[|Yy, — YIF]  &r(Z,Z7) ZIE 1z, — ZL|?]
t

Err(Y,Y")+Er(Z,27) < C|n|
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Numerical resolution of BSDE

Addition of normal reflections (Bouchard Chassagneux 08)

e Reflected BSDE on a boundary ¢(X;)
T T T
Yt = g(XT) —"-/ f’(t7 Xh Yh Zt)dt _— / (Zt)/th + / th
t t Jt
T
Y, > ((X.) and / (Yt - Z(Xt))th =0
0

e Forward Euler approximation X” of X

e Backward approximation (Y”,Z™) of (Y, Z)

ZE = nE [Yg+1(Wfi+1 - Wti) | "fti]
YiSED) &8N = By, | R+ (65,0, 20)
YT = max[YT S UXE)] Ligen
with 8 C 7 the reflection grid to be chosen properly.
e Approximation Error Err(Y,Y™)+Em(Z,27) < C |n|V/?
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Obliquely reflected BSDEs

Obliquely reflected BSDEs

o Multidimensional system of reflected BSDEs
. T . . T . . .
Y, :g,-(X-r)+/ f,-(u,Xu,YL,Z,',)duf/ Z, - dW, + Ky — K}
t t

Y: € C(X:) (constrained by K) fo ( P(Xe, Yt))thi =0

@ The domain C(x) is given by (m > 2)
C(x) == {y € R™|y’ > P'(x,y) := maxj(y; — c;(x))}

= P(x,.) is an oblique projection

@ Non linear switching problems with cost matrix c(X;) at time t
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Obliquely reflected BSDEs

Goal and method

Goal : Approximation scheme for Continuously Obliquely Reflected BSDE
(COR) and convergence results...

Method :
(7) Discretize the reflections along a grid

— Discretely Obliquely Reflected BSDE (DOR) (Y%, Z9% K9%)

(i) Approximation scheme for the DOR along a grid # O R
= Convergence of the scheme, via regularity of the DOR

(iif) Convergence of the DOR to the COR when R is refined.
= The scheme converges to the COR ( & and 7 well chosen)
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Obliquely reflected BSDEs

Discretely obliquely reflected BSDEs

o Grid R:={0=r<..<rn<..<r.= T} given.
o A DOR is a triplet (\N/‘m, 79% K9%) satisfying yaR .- g(X7) and
T
YR = g(X7) + / F(Xs, YE®, 78 ds — / 73 aw, + K§ - K§?
t
KT = 3 ARk, AR =P YT - vT

reR\{0}

@ To any strategy a and related cumulative cost process A?, we associate
the one-dimensional ’'switched BSDE’

T T
Ui = gar (X7) —|—/ fas (5, X5, UZ, VZ)ds — / VAW, — AT + Af
t

t

@ Same representation property as COR with switching times restricted to

(YE™ = ess{ ?up | Ui = U”
a/ ag=i
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Obliquely reflected BSDEs

Regularity results for the DOR

,
YR = g(X7) + / F(Xs, YO, 78 ds — /z;“)‘*-dwsjw"@}?—f(;’fR
t

KT = 3 Ak, AR =P YT - VT
reR\{0}
o Stability with respect to parameters f,b,o... allows for regularization.
@ Switching representation allows to work with one-dimensional BSDE.
Reg(Y") := sup sup E [\\Z‘m - \~’t“.m|2] < ¢

i<n <t<t;;; n

o Z9%® representation using the optimal strategy a* (here f = f(x))

. * T *
(ZgéR)’ =E |:VgaT(XT)DtXT +/ Vfa’ (Xs)DtXSdS | ft:|
t

= Reg(Z") : ZE < C( +n*%)

/ |Z8% — Z27 P ds

Romuald ELIE Switching problems and related BSDE approximation




Obliquely reflected BSDEs

Approximation Scheme

o Discretization grid m D R

o Start from the terminal condition Y7 := g(XT) € C(XT)

o Compute at each step

Z; = (tin— )V E[(Weyy — We) i, | Fel
Yt‘l,-r = E I:Yt?;l ‘ fti:l + (tH»l - tl')f(tl'axg7 Yt:raz:,r)
Y

; Yilemy + PXT, Y1 gem

@ Problem : The projection operator is L-lipschitz with L > 1
(YR, V™) + &m(Z29R,27) < L [grr(x, X™) + Reg(Y®) + Reg(z‘m)}
e Idea : Monotonicity arguments and well chosen dominating BSDE

o Drawback : Requires f independent of z
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Obliquely reflected BSDEs

Sketch of proof

1. Observe that (Y™, \7”, Z™) interprets as a DOR
—> Representation in terms of 'switched BSDEs' (U™7),

2. Introduce another DOR (Y, Z, K) with terminal value g(X7) V g(XF),

driver f(t,Xe, Ye) V f(t:, X2, YiT)  and costs c(Xe) Ac(XT), t<t<ti.

— Representation in terms of 'switched BSDEs' (U?),
— Existence of an optimal strategy 3 such that Y{ = U

a
t

3. Via comparison arguments, (T’td%)" <Y/ and (\Z”)" < Y

4. From the switched representations,

Uf < (\N/td%)i < Uf and Utﬂ’é < (\7:); < Uta
5. We deduce

(V™ = (Y0P < 20107 = U7 + |0 - )

— Work with one-dimensional BSDEs switching simultaneously
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Obliquely reflected BSDEs

Convergence results

o Always convergence of the scheme

@ Distance between the scheme to the DOR (f independent of z)
C

Err(YIR Y™) < - and &r(Z29™,27) < C(% + nfé)

o Distance between the DOR and the COR (f bounded in z)
Er(Y, Y™ <Cr° and &r(Z,Z7M) < C K2
o If f independent of z , we have
R=m —  &r(Y,Y") < Cln|"*

R = [7[*? = &mr(2,Z7)<Cln|3°
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Constrained BSDE with jumps

General Multi-dimensional reflected BSDE

o Multi-dimensional reflected BSDE (see Hamadéne & Zhang 08) :
Find m triplets (Y', Z', K')iez € (S? x L*(W) x A%)7 satisfying
Yi=€ 4 [T fi(s, Vi ... vl Zds — [T ZidW, + K§ — Ki
Y{ > maxjez hij(t, Y7)
Jo 1Y = maxjez {hij(t, Y)dk{ =0
where
o (¢iez € (L3(Q, Fr,P))T,
@ hij: Q2 x[0,T] x R— R are a given constraint functions,

o fi: Qx[0,T] x R™ x RY — R is an F-progressively measurable map.

e Reinterpretation of the solution in terms of constrained BSDE with jumps

Idea : Introduce an independent random switching regime,
allowing to jump between the components of the solution !
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Constrained BSDE with jumps

Alternative BSDE representation

e Introduce the random switching regime [ defined by

t
Iy = /0+/ /(if I, )u(ds,di) t<T,
o Jz
where p is an independent Poisson measure on Z := {1,..., m}.

e Consider the one-dimensional constrained BSDE with jumps :

:
¥ = ¢ +/ £.(5, Vo + Us(1), ..., Vo + Us(m), Z,)ds + K7 — Ke
t

T T
—/ Zs.dWs —/ /Us(i),u(ds,di), 0<t<T, as.
t t A

constrained by : Y, — h_ j(t, Y- 4 U:(j)) > 0,dP ® dt @ \(dj) a.e.
e Unique minimal solution (¥, Z, U, K) of the constrained BSDE with jumps
relates to the solution (Y, Z’) K');cz of the multidimensional reflected BSDE

. o Iy —
via Ye=Y,

- I ~ i I
Zo=2Z and U= {Y{f vl ] .
JET
e Use of probabilistic arguments valid in an eventually non Markovian context



Constrained BSDE with jumps

Intuition when m =2

o Multi-dimensional reflected BSDE :
Find (Y°,Z°% K°) and (Y*, Z*, K') such that
{ Yo =0+ [T fo(s, YO, Y2, Z0)ds — [T Z20dW, + K% — K?
YO > hoa(t. V) 1Y — hoa(t. Y)IdK? =0
{ Yi=¢' 4 [T fi(s, Y2 v, Zh)ds — [T ZEdW, + K: — K}
YE> hio(t, Y0 [TIYE — huo(t, YO)ldKE =0

e Constrained BSDE with jumps :

Random switching regime : I = o + fot(l — ;- )p(ds,1) t<T,
and the one-dimensional constrained BSDE with jumps on [0, T] :

T T T
S’/1-” = EIT +/ f[s(S, S‘/s, S‘/s + Ds, Zs)ds + RT — Rt —/ Zs.dWs —/ Usu(ds, 1),
t t t
constrained by : Y, — h 1o (t, Yoo + U:) >0, ae.
¢ le— > I ~ -l -
Link via  Y:=Y;", Zy = Z,* and U: =Y, — Yti .



Constrained BSDE with jumps

Possible extension : optimal Switching with controlled diffusion

Consider the optimal switching problem : sup,c 4 J(a) with

J(a) = E[gar (X3) + /0 " (X2)ds - 3 G, oy (X3)]-

o< <T
where the underlying X?, is the controlled diffusion defined by

t t
x::xo+/ ba,(x:)ds+/ oo (XO)dWs, 0.
0 0

Representation in terms of constrained BSDE with jumps?

o Introduce the forward process (/, X') defined by

t t t
It:io—i—/ /(i—/t,)p(dt, diy, X! :xo+/ b.s(Xs’)ds+/ o1, (X2)dWs
0 z 0 0

e Consider the constrained BSDE with jumps :

- T
Yt:g/T(X4—)+/ f,s(Xs’)dsf/ Zs.dWs — / / Np(ds, di) + Kt — Ke,
Jt t

on [0, T], with the constraint : U (i) < cr, il X!), dP ® dt ® \(di) a.e.

e Yo is the solution of the switching problem starting in mode iy at time 0.



Constrained BSDE with jumps

Related systems of variational inequalities

e Bi-dimensional forward process

t t t
It:io+/ /(i—lt_)/,L(dt, diy, X! :xo+/ b,,(x;)ds+/ o1, (X)dWs
0 A 0 0

e General Constrained BSDE with jumps

~ T ~ -~ = - N LS Tr

Ve — g,T(XT)—l—/ f(Xe, Vo + Us, Z2)ds+ Ky — Ke —/ Z. dWs—//Us(j)p(ds, )
t t tJIT

together with the constraint

hy

Ci(Xe Yoo Yoo + Ue(j),Z) >0, €T, t<s<T.

= We have Y; := vi,(t, X!) where v interprets as the unique viscosity
solution of the following coupled system of variational inequalities

8Vi i .
[ = G~ £ = B (ke ol Dew)| A min hij(vi, v, 07 Devi) = 0,
onZ x [0, T) x R, with terminal condition  v(T,.) =g on R?,
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Constrained BSDE with jumps

Numerical approximation

e Bi-dimensional forward process

t t t
I = i0+/ /(i—lt_)p(dt, diy, X! :xo+/ b,_(x;)ds+/ o (X)) dWs
0 A 0] 0

o General Constrained BSDE with jumps

T -~ = ~ - T Ty
Y: = g,.,.(X-,—)—i—/ f,(Xs, Ys + Us, Zs)ds+ K+ — K¢ —/ Zs - dWs—//Us(j)M(ds7 dj)
t t tJT
together with the constraint
b, j(Xs, Yo Yo +U(j),Z)>0, jeTI, t<s<T.

e Numerical approximation via :

o Forward simulation of (/, X")

Include the constraint in the driver by penalization
Use of approximation scheme for BSDEs with jumps, Bouchard & Elie 07

Convergence of the scheme

Practical influence of the penalization parameter and the jump frequency
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Constrained BSDE with jumps

Conclusion

o Probabilistic numerical approximation of optimal switching problems.
o via obliquely reflected BSDE (convergence rate)
e via constrained BSDE with jumps (possibility of controlled diffusion)
o Constrained BSDEs with jumps unify and generalize

o Constrained BSDE without jumps, Peng & Xu 07

o BSDE with diffusion-transmutation process, Pardoux, Pradeilles & Rao 97
o BSDE with constrained jumps, Kharroubi, Ma, Pham & Zhang 08

o Multidimensional BSDE with oblique reflections, Hamadéne & Zhang 08

o Numerical approximation for coupled systems of variational inequalities :

Bv,- i T i .. T
— L'vi = fi(., vi,0; Dxvi,[vj — viljer), nélg h" (., vi,o; Devi,v; — v,-)] =0,
J

ot

min[—

with terminal condition v(T,.) = g.
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