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Abstract

We provide in this work a robust solution theory for random rough differential
equations of mean field type

dX; =V (X, L(Xy))dt + F(Xy, £L(X;))dWy,

where W is a random rough path and £(X;) stands for the law of X;, with mean field
interaction in both the drift and diffusivity. The analysis requires the introduction of
a new rough path-like setting and an associated notion of controlled path. We use
crucially Lions’ approach to differential calculus on Wasserstein space along the
way.

Keywords. Random rough differential equations, controlled paths, mean field inter-
action

1 Introduction

The first works on mean field stochastic dynamics and interacting diffusions/Markov pro-
cesses have their roots in Kac’s simplified approach to kinetic theory [28] and McKean’s
work [34] on nonlinear parabolic equations. They provide the description of evolutions
(14¢)¢=0 in the space of probability measures under the form of a pathspace random dy-

namics

dXy(w) = V(Xp(w), ) dt + F(Xp(w), ) dWi(w) 5 e = L(Xy), (1.1)
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(where L£(A) stands for the law of a random variable A) and relate it to the empirical
behaviour of large systems of interacting dynamics. The main emphasis of subsequent
works has been on proving propagation of chaos and other limit theorems, and giving
stochastic representations of solutions to nonlinear parabolic equations under more and
more general settings; see [36, 137, 25} 17, [18}, 135} 27, [7, 18] for a tiny sample. Classical
stochastic calculus makes sense of equation (I.1)), in a probabilistic setting (€2, F, P), only
when the process W is a semi-martingale under P, for some filtration, and the integrand is
predictable. However, this setting happens to be too restrictive in a number of situations,
especially when the diffusivity is random. This prompted several authors to address equa-
tion (I.1)) by means of rough paths theory. Indeed, one may understand rough paths theory
as a natural framework for providing probabilistic models of interacting populations, be-
yond the realm of It6 calculus. Cass and Lyons [[13] did the first study of mean field ran-
dom rough differential equations and proved the well-posed character of equation (1.1)),
and propagation of chaos for an associated system of interacting particles, under the as-
sumption that there is no mean field interaction in the diffusivity, i.e. F(x, 1) = F(z), and
the drift depends linearly on the mean field interaction, i.e. V(z,u) = (V(z,y) pu(dy),
for some function V (-, -) on R? x R%

The method of proof of Cass and Lyons depends crucially on both assumptions. Bailleul
extended partly these results in [3]] by proving well-posedness of the mean field rough dif-
ferential equation (I.1]) in the case where the drift depends nonlinearly on the interaction
term and the diffusivity is still independent of the interaction, and by proving an existence
result when the diffusivity depends on the interaction. The naive approach to showing
well-posedness of equation in its general form consists in treating the measure argu-
ment as a time argument. However, this is of a rather limited scope since, in this generality,
one cannot expect the time dependence in F to be better than %—Hblder if the rough path
W is itself %-Hé’)lder. Clearly, such a time regularity is not sufficient to make sense of the
rough integral {F(---)dWW in the case p > 2. This serious issue explains why, so far in
the literature, the coefficient F has been assumed to be a function of the sole variable x.

Including the time component as one of the components of IV brings back the study
of equation (I.1)) to the study of equation

dX;(w) = F(X(w), L(X))dWi(w) 5 e i= L(Xy), (1.2)

this is the precise purpose of the present paper. Treating the drift as part of the diffusivity
has the drawback that we shall impose on V' some regularity conditions stronger than
needed. Our method accommodates the general case but we leave the reader the pleasure
of optimizing the details and concentrate on the new features of our approach, working on
equation (I.2). The raw driver (Wt(w)) will be assumed to take values in some R™ and

=0
to be %—Hélder continuous, for p € [2, 3), and the one form F will be an .#(R™, R?)-valued
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function on R? x P,(R?), where .Z(R™, R?) is the space of linear mappings from R™ to
R4 and P,(R?) is the so-called Wasserstein space of probability measures . with a finite
second-order moment. Inspired by Lions’ approach [31, 9} [10] to differential calculus on
P,(R%), one of the key point in our analysis is to lift the function F into a function F
defined on the space R? x L2(€, F,P;R?), given by the formula

F(z,Z) = F(z, L(Z)), (1.3)
for z € R?and Z e L2(Q), F,P;R%). So, we may rewrite equation (T.2)) as
dX(w) = F(X,(w), Xi()) dW; (w). (1.4)

We used the notation X,(-) to distinguish the realization X;(w) of the random vari-
able X; at point w from the random variable itself, seen as an element of the space
L2 (Q, F,P; Rd). So, X;(-) is a random variable, and thus an infinite-dimensional object,
whilst X;(w) is a finite-dimensional vector. We feel that this writing is sufficiently explicit
to remove the hat over F.

Our main well-posedness result is stated below, in a preliminary form only. The precise
statement requires additional ingredients that we introduce later on in the text. In this first
formulation

e the quantity w(-,-) = (w(s, t))o <, is a random control function that is used to

quantify the regularity of the solution path on subintervals [s,¢] of a given finite
interval [0, T'], using some associated notion of p-variation for the same p as above,

e the quantity N([0, 7], «) is some local accumulated variation of the ‘rough lift’ of
W that counts the increments of w of size o over a bounded interval [0, 7] for a
given a > 0;

see Section [2| for the set-up. The regularity assumptions on the diffusivity F are spelled-
out in Subsection 4.1| and in Section 4] see Regularity assumptions 1 and Regularity
assumptions 2 therein.

Theorem 1.1. Let F satisfy the regularity assumptions Regularity assumptions 1 and
Regularity assumptions 2. Assume there exists a positive time horizon T’ such that the
random variables w(0,T) and (N ((0,T), a))a>0 have sub and super exponential tails,
respectively,

o P(w(0,T) > t) < ¢y exp(—t7),

e P(N([0,T],0) = t) < co(a) exp(—t'2()), o >0,
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for some positive constants ¢, and 1 and possibly a-dependent positive constants cs(c)
and e5(«). Then for any d-dimensional square-integrable random variable X, the mean

field rough differential equation
dXt = F(Xt, E(Xt)) th
has a unique solution defined on the whole interval [0, T].

Results of that form seem out of reach of the methods used in [13} 3]. Theorem [I.1]
applies in particular to mean field rough differential equations driven by some fractional
Brownian motion with Hurst parameter greater than % other Gaussian processes or some
Markovian rough paths; see Section [2] Importantly, the solution is shown to depend con-
tinuously on the driving ‘rough path’, in a quantitative sense detailed in Theorem
As an example that fits our regularity assumptions, one can solve the above mean field
rough differential equation with F(z, ) = { f(z,y)u(dy), for some fuction f of class
C’g’ (meaning that f is bounded and has bounded derivatives of order 1, 2 and 3), or with
F(z, 1) = g(z, §ga yp(dy)), for some function g of class C§. The Curie-Weiss model,
where F is of the form F(z, ) = VU (z) + §(z — y)u(dy), falls outside the scope of what
is written here, because of the linear growth rate in x, but is within reach of our method.

One of the difficulties in solving equation comes from the fact that it happens not
to be sufficient to consider each signal IV, (w) as the first level of a rough path; one some-
how needs to consider the whole family (W. (cu))wEQ as an infinite-dimensional rough
path. This leads us to defining in Sectiona rough setting where (W;(w), Wi(-)) e i
for each w, the first level of a rough path over R™ x L4 (Q, F,P; Rm); seemingly, the nat-

S,

ural choice for ¢, as dictated by the aforementioned lifting procedure of the Wasserstein
space, is ¢ = 2; we shall actually need a larger value. Unlike the seminal works [13| 3]
that set the scene in Davie’s approach of rough differential equations, such as reshaped by
Friz-Victoir and Bailleul respectively, we use here Gubinelli’s versatile approach of con-
trolled paths to make sense of equation (I.2)). Our mixed finite/infinite dimensional setting
introduces an interesting twist in the notion of controlled path presented in Section [3.1]
Defining the rough integral of a controlled path with respect to a rough driver is done
classically in Section [3.2] using the sewing lemma. We prove stability of a certain class
of controlled paths by nonlinear mappings in Section {.1] which is precisely the place
where Lions’ differential calculus on P,(R?) comes in. One then has all the ingredients
needed to formulate in Section ] equation (1.2 as a fixed point problem in some space
of controlled paths. Local well-posedness is proved, and sufficient conditions on the law
of the driver are given to get well-posedness on any fixed time interval. As expected from
any solution theory for rough differential equations, the solution depends continuously on
all the parameters in the equation, most notably its law depends continuously on the law
of the driving rough path, as shown in Section [5| This latter point is used in the forth-
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coming companion paper [4] to provide a proof of propagation of chaos for an interacting
particle system associated with equation and quantify the convergence rateﬂ Among
others, it recovers Sznitman’ seminal work [36]] on the case where the noise is a Brownian
motion.

While Lyons formulated his theory in a Banach setting from the begining [32], the the-
ory has mainly been explored for finite dimensional drivers, with the noticeable exception
of the works of Ledoux, Lyons and Qian on Banach space valued rough paths [30, [33]],
Dereich follow-up works [[19,20], Kelly and Melbourne application to homogenization of
fast/slow systems of ordinary differential equations [29]], and Bailleul and Riedel’s work
on rough flows [2]]. One can see the present work as another illustration of the strength
of the theory in its full generality. However, although the underlying rough set-up asso-
ciated to (Wi (w), Wi(+))o<t<r is a mixed finite/infinite dimensional object, a solution to
the mean field rough differential equation is more than a solution to a rough differential
equation driven by an infinite dimensional rough path. Indeed, the mean field structure
imposes an additional fixed point condition, which is to identify the finite dimensional
component of the solution as the w-realization of the infinite dimensional component.
This is precisely this constraint that makes the equation difficult to solve and that explains
the need for a specific analysis.

Notations. We gather here a number of notations that will be used throughout the text.

o Weset Sy := {(s,t) €[0,00)% : s <t},and S] := {(s,1) € [0, T]* : s < t}.

o We denote by (€2, F,P) an atomless Polish probability space, F standing for the
completion of the Borel o-field under P, and denote by (-) the expectation operator, by
(Y, for r € [1,400], the L"-norm on (€2, F,P) and by (-) and (), the expectation
operator and the L"-norm on (9%, 72, P®?). When r is finite, L"(€2, 7, P; R) is separable
as 2 is Polish.

o As for processes X, = (X;)s, defined on a time interval /, we often write X for
Xo.

2 Probabilistic Rough Structure

We define in this section a notion of rough path appropriate for our purpose. It happens to
be a mixed finite/infinite dimensional object. Throughout the section, we work on a finite
time horizon [0, T'], for a given 7" > 0.

e We define the first level of our rough path structure as an w-indexed pair of paths

(We(@), Wi()) gy 2.1)

3We also refer to Section 4 of the Arxiv deposit [5]]; [3] encompasses the original versions of this work
and of the forthcoming companion one [4]].
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where (I/I/'t())0 <<r 15 @ collection of g-integrable R™-valued random variables on the
space (2, F,P), which we regard as a deterministic LY(2, 7, P;R"™)-valued path, for
some exponent ¢ > 1, and (Wt (w)) o<t Stands for the realizations of these random vari-
ables along the outcome w € 2; so the pair (2.1)) takes values in R™ x L9(Q), F, P; R™). As
we already explained, a natural choice would be to take ¢ = 2, but for technical reasons
that will get clear below we shall require ¢ > 8.

e The second level of the rough path structure includes a two-index path (Ws,t (w)) O<s<t<T
with values in R”*"™", obtained as the w-realizations of a collection of ¢-integrable random
variables (Wsﬂf('))()gs <<t defined on 2; importantly, this second level also comprises
the sections (W (w, -))Ogssth and (Wit<'7w>)0<5<t<T of a collection of R™*"™-valued
random variables defined on the product space (92, F€* P®?) and considered as a de-
terministic LY(92?, F®%, P®2, R™™)-valued path (W3;(-,-)) .,y Bach W (-, -), for
(s,t) € 87, belonging to the space L7(Q?, F&2 P®% R™*™) we have

<Wj|,_t(w> )>q < 0, <Wi_t('>w)>q < 90, (22)

for P-a.e. w € Q. Below, we shall assume (2.2)) to be true for every w € €. This is not
such a hindrance since we can modify in a quite systematic way the definition of the
rough path structure on the null event where (2.2)) fails; this is exemplified in Proposi-
tion below. Taken this assumption for granted, we can regard ) 3 w — Wit(w, )
and Q 5 w — W, (-,w) as random variables with values in L?(2, F,P;R™™): Since
L9(2, F,P; R™*™) is separable, it suffices to notice from Fubini’s theorem that, for any
Z e LYQ,F,P;R™™), Q5w — (Wh(w,:) — Z>q is measurable, and similarly for
W (-, w).

Hence, the entire second level has the form of an w-dependent two-index path with
values in (R™ x L9(Q, F, P; Rm))®2 and is encoded in matrix form as

Ws t(w) Wlt<w7 ) )
: s, _ (2.3)
( Wé%t(Vw) Wit(W ') 0<s<t<T

Here,

Ws,t(w) isin (Rm)®2 ~ Rmxm,

WL, (w,) is in R™ ® L9(, F,P;R™) ~ LY(Q, F,P;R™™),

WL (- w) isin L7(, F,P;R™) @ R™ ~ L9(Q, F, P;R™*™),

W2 (-, +) is in L(Q®2, F®2 p®2; Rm*™) the realizations of which read in the form
Q* 3 (w,w) — Wi (w,w') € R™™ and the two sections of which are precisely
given by W, (w, ) : 2 3w — W (w,w'), and Wi, (-, w) 3w — Wi, (w',w), for

w e .
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Below, we formulate several additional assumptions on the rough path structure, the in-
troduction of which is rather lengthy and is, for that reason, split into three distinct sub-

sections.

2.1 Algebraic conditions
As usual with rough paths, algebraic consistency requires that Chen’s relations

W, (w) = W, 5(w) + W (w) + Wy s(w) @ Wi (w),

Wi&t(')w) = Wij:s(Ww) + Wit(Ww) + WT7S<') ®W81t(w>’ (2 4)
Wi%t(wa ) = Wi%s(wv ) + Wé%t(wa ) + WT,S(‘”) ® WS,t('>’ .
Wi,Lt('v ) = Wi&s K ) + Wit(" ) + WT,S(') ® W&t(')v

hold for any 0 < r < s < ¢t < T. We used here the very convenient notation f, ; :=
fs — fr, for a function f from [0, c0) into a vector space. In (2.4) and throughout, we
denote by X(-) ® Y (), for any two X and Y in L9(Q2, F,P;R™), the random variable
(w,w') — (Xi(w)Yj(w’))Ki’jgm defined on Q. It is in L9 (2, F®2, p®2; Rmxm),

Remark 2.1. The last three lines in Chen’s relations (2.4) are somewhat redundant. As-
. . . . L .
sume indeed that we are given a collection of random variables (Ws,t(‘7 -))0 <ot SOLIS-

fying the last line of 2.4). Then, forall 0 < r < s <t < T and for P®*-a.e. (w,w') € O?,
Wﬁ’Lt(w,w’) = W%S(w, W'+ Wj%t(w, W)+ W s(w) @ Wi (w').

Clearly, for P-almost every w € €, the second and third lines in hold true as well.
This is slightly weaker than the formulation (2.4) as, therein, the second and third lines
are required to hold for all w € (). As exemplified in the proof of Proposition one may
modify the definition of W on a null event so that the second and third lines in hold
true for all w and forall 0 < r < s <t <'T.

Definition 2.2. We shall denote by W (w) the rough set-up specified by the w-dependent
collection of maps given by 2.1)) and (2.3).

As for the component W of W (w), the notation | is used to indicate, as we shall
make it clear below, that Wy, (-, -) should be thought of as the random variable

(w,) J t(WT(w) - Ws(w)) ® dW, ().

Since 02 3 (w,w’) — (Wi(w))o<t<r and Q2 3 (w,w’) — (W (w'))o<i<r are independent
under P®?, we then understand ijt as an iterated integral of two independent copies of
the noise. While such a construction is elementary for a random C* path, the well-defined
character of this integral needs to be proved for more general probability measures P.
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Example 2.3. Let W be an R™-valued Brownian motion defined on (), F,P). Denote by
W,(+) the equivalence class of Q0 5 w — Wy(w) in LY(Q, F,P;R™), and extend W, on the
product space (2, F€? P®?), seiting Wy(w,w') := Wy(w). Define also on the product
space the random variable W/ (w,w’) := Wy(w'). Then, W and W' are two independent
m-dimensional Brownian motions under P®2, and one can construct the time-indexed

Stratonovich stochastic integral

¢
Q? 3 (w,w) — ({J (W, —Wy) ® odW,f} (w,w')) € C(Sy;R™ ™).
s 0<<s<t<T

The stochastic integral is uniquely defined up to an event of zero measure under P®2. Up
to an exceptional event (of (22, F&* P®2%)) we then let

¢
W (w,w') i= (f (W, — W) ®odW;> (ww'), 0<s<t<T.
We can specify the definition of W on the remaining exceptional event and then modify
the definition of W on a null event of (Q, F,P) in such a way that Chen’s relations (2.4))
hold everywhere —see the end of the proof of Proposition below for a detailed proof of
this fact—. The process (Ws,t(w))o cocier 18 defined in a standard way as a Stratonovich

integral outside a set of null measure:

t
W, 1 (w) = (J (W, — W) ®odWT> (W), 0<s<t<T.

The principle underpinning the above example may be put in a more general frame-
work which will be useful to prove continuity of the Itd-Lyons solution map to the equa-
tion (1.2]). We state it in the form of a proposition that provides a quite systematic way for
constructing rough set-ups in practice. We advise the reader to come back to this proposi-
tion later on.

Proposition 2.4. Let (=, G, Q) be a probability space, and W' := (W1)0<t<T and W? :=
(W2)0 S be two independent and identically distributed R™-valued processes defined
on =. Assume they have continuous trajectories and Eq [supogtsT ‘th}q] < o0.

Let also ((W;’f)ogsqu)i’j:m be four R™ ® R™ =~ R™*™_yalued continuous paths
such that Eq [SUP0<s<t<T !W;i q] < o, fori,j = 1,2, and (Wl, Wl’l) is independent
of W2. Last, assume that, for a.e. £ € 2, the pair

WHE) \ ( WEHE) Wh2(g)
(i) ) Giaig) waste)

satisfies Chen’s relation in the sense that ng( ) = Wh(€)+ Wl (&) + Wi LOWL,(9)
foranyi,je {1,2} and 0 < < T. Set Q) :==x10,1] wzth [0, 1] equipped with
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its Borel o-algebra B([0, 1]), and denote by Leb the Lebesgue measure on [0, 1]. Then we
can find a triple of random variables (W, W, WJL), the first two components being defined
on (Q,F @ B([0,1]),Q ® Leb), the last component being constructed on the product
space 2%, and the whole family satisfying all the above requirements for a rough set-up,
such that

P({en: (v = () ©}) = 1

and, for P-a.e. w = (&, u), the law of WL (-, w) is the same as the conditional law of W**
given (W'(€), W?(€), Wh(€)).

The reader may worry about the fact that, in the statement, we only appeal to W11 and
W?2!, and not to W22 and W12, The reason is that, in our construction of the rough set-
up, the processes W (w, -), W(-,w) and W(-,-) are intrinsically connected. As made
clear by the proof below, the relationships that hold true between W (w,-), Wt (-, w)
and W (-, -) must transfer to (W?%);_1 5 and (W%); ;_; . In short, everything works as
if the pair (W2, W%?) was a mere independent copy of (W' W) and the conditional
law of W2 given (W2 W1 TW?2) was the same as the conditional law of W?! given
(WL, W2 W) in which case the only needed ingredients are W', W1, 12 and W21,
The latter is consistent with the statement.

Proof. Recall first from [6] the following form of Skorokhod representation theorem.
There exists a function W : [0,1] x P(C(ST;R™ @R™)) — C(87;R™ @ R™) such that

o for every probability 1 on C(ST), equipped with its Borel o-field, [0,1] 3 u —
U(u, ) is a random variable with p as distribution — [0, 1] being equipped with

Lebesgue measure,
o the map V is measurable.

Let now (q(w', w?, w"?!, .))wl,wQEC([U,T];Rm);wlﬂleC(SZT;R’"(@Rm) be a regular conditional
probability of W21 given (W1, W2 Wh!). Define on €2 the random variables

W( u) = WHE), W(Eu) == WH(E),

and, on 0?2,

W' ((& ), (&, u)) == WHE),
WA (€, u), (€)= W (!, g(WHE), WHE)L WM. ) ).

Since the law of (W, W', W) under P®? is the same as the law of (W?, W2 W'!) under
Q, we deduce that the law of (W, W’,W,WT) under P®2, with W (w,w’) := Wh(w', w),
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is the same as the law of (W, W2 W' W21) under Q. In particular, with probability 1
under P®2 forall 0 <r <s<t<T,

WIt(w,w’) = WIS(w, W'+ WIt(w, W+ Wos(w') @ Wy (w),

that is
Wi&t(a},w') = WiLS(w, W'+ Wj%t(w, W)+ W s(w) @ W (w').

Call now A € F the set of those w’s in €2 for which the above relation fails for w’ in a set
of positive probability measure under P. Clearly, P(A) = 0. Define in a similar way A’
by exchanging the roles of w and w’. Forw € Au A’, set W(w) = 0; and whenever w € A
orw' e A, set Wh(w,w') = 0. If w ¢ A, we have, by definition of A, the third identity
in (2.4) — pay attention that we use the fact that the identity is understood as an equality
between classes of random variables that are P-a.e. equal. If w € A, it is also true since all
the terms are zero. The second identity in (2.4) is checked in the same way. As for the first
one, it holds on the complementary B of a null event 3. We then replace A by A U B
and A’ by A" U B in the previous lines and set W (-) = 0 and W(-) = 0on Au A" U B
and Wt (w,w’) = 0whenwe Au Borw € A’ U B. O

2.2 Analytical conditions

We use in this work the notion of p-variation to handle the regularity of the various tra-
jectories in hand. The choice of the p-variation, instead of the simplest Holder (semi-)
norm, is dictated by the arguments we use below to prove well-posedness of (1.4)). We
shall indeed invoke some integrability results from [[12]], which are explicitly based upon
the notion of p-variation and are not proved in Holder (semi-) norm. Several types of
p-variations are needed to handle differently the finite and infinite dimensional compo-
nents of a rough set-up W. Throughout, p is taken in the interval [2, 3). For a continuous
function G from the simplex S into some R?, we set, for any p’ > 1,

n

/

||G|| OT p —var = Sup Z |Gti—17ti|p ’
=1

O=to<ty-<tn=T ;_

and define for any function g from [0, 7] into R, |g|? (0.7] pvar ° where

HGH [0,T],p—var
Gyt := g: — gs. Similarly, for a random variable G(-) on € with values in C(S¥; RY), and

p' > 1, we define its p’-variation in L? as

GODrorpvaw=_ s > Gn()r, (2.5)
i=1

O=to<ty--<tn=T

and define for a random variable G(-) on 2, with values in C([0, T']; R),

<G( )>p ;[0,7],p—var = <G > ;[0,T7],p—var’
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as the p-variation semi-norm in L? of S 3 (s,t) — G,,(-) = G4(-) — G(-). Last, for a
random variable G(-, -) from (92, F®2) into C(S1; R), we set

n

(IO SN I UL (RPN D) i (2.6)

O=to<tyi-<tn=T i=1

Given these definitions, we require from the rough set-up W that

e For any w € 2, the path W (w) is in the space C([0,T];R™), and the map W : Q2 >
w— W(w) € C([0,T]; R™) is Borel-measurable and ¢-integrable (meaning that the
supremum of W over [0, T'] is g-integrable).

e For any w € (, the two-index path W(w) is in C(SI;R™*™), and the map W :
Q 5w — W(w) e C(8;R™ ™) is Borel-measurable and g-integrable (i.e., the

supremum of W over S7 has a finite g-moment).

e For any (w,w’) € 2, the two-index path W (w, w’) is an element of C(SI; R™*™),
and the map W+ : Q2 5 (w,w’) — Wh(w,w’) € C(ST; R™*™) is Borel-measurable
and g-integrable. In particular, for a.e. w € €2, the two-index path W (w, -) belongs
to C(8F; LY, F,P;R™™)), and the map Q 5 w — W (w, -) is Borel-measurable
and g-integrable, and similarly for W (-, w); as before, we assume the latter to be
true for every w € €. Also, the two-index deterministic path W (-, ) is a continuous
mapping from 87 into L7(Q?, F®2 P& Rmxm),

We then set, forall 0 < s <t < T and w € (,

o(s, t,w) = [Ww)[f WO v T+ W@

[s,t],p—var [s,t],p/2—var

+ (W (w, ) )2 W W)Y W)

q;[s,t],p/2—var q;[s,t],p/2—var g;[s,t],p/2—var’

(2.7)

and we assume that, forany 7" > 0 and w € €, v(0, T, w) is finite. Then, we have the super-
additivity property: Forany 0 < r < s <t < T,andw € Q, v(r,t,w) = v(r,s,w) +
v(s,t,w).

Observe also from [24, Proposition 5.8] that w — (v(s, ¢, w)) (s yesy is a random vari-
able with values in C(S7 ; R, ). Throughout the analysis, we assume (v (0, T, -)), < o, for
any rough set-up considered on the interval [0, T']. By Lebesgue’s dominated convergence
theorem, the function S5 > (s,t) — (v(s,t,)), is continuous. We shall actually assume
that it is of bounded variation on [0,T], i.e.,

<U(')>q;[s,t],l—var = Sup Z<U(t1717t17 )>q < 0.

o<ty <-<tn<T i—1

Below, we call a control any family of random variables (w — w(s,t,w))( yesr that is
jointly continuous in (s, ¢) and that satisfies,

w(s, t,w) = v(s, t,w) + V() Dg[s,,1-vars (2.8)
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together with

(w(s, t,))g < 2w(s, t,w),

(2.9)
w(r,t,w) = w(r, s,w) + w(s, t,w), r<s<t.
Of course, a typical choice to get (2.8)) and (2.9) is to choose
w(s,t,w) :=v(s,t,w) + V() Dg[s,8],1—var- (2.10)
Example 2.5. Gaussian processes — Start from an R™-valued tuple W := (W1 ... W™)

of independent and centred continuous Gaussian processes, defined on some finite time
interval [0, T'|, such that the two-dimensional covariance of W' is of finite p-variation for
some p € [1,3/2) and there exists a constant K such that, for any subinterval [s,t] —
[0,T] and any k = 1,--- ;m, one ha

sup 2 [E[ (W, Wiy (WE, — i) || < Kt - sl @.11)
i.j

where the supremum is taken over all dissections (t;); and (s;); of the interval [s,t].
See Definition 5.50 in [24|]. This setting includes the case of fractional Brownian motion,
with Hurst index greater than 1/4. Without any loss of generality, we may assume that
the process W is constructed on the canonical space (), F,P), where Q = W, with
W = C([0,T];R™), F is the Borel o-field, and W is the coordinate process. We then
denote by () = W, H,P) the abstract Wiener space associated with W, see [24, Ap-
pendix D], where ‘H is a Hilbert space, which is automatically embedded in the subspace
cev ([0, T];R™) of C([0,T);R™) consisting of continuous paths of finite o-variation.
By Theorem 15.33 in [24], we know that, for w outside an exceptional event, the trajec-
tory W (w) may be lifted into a rough path (W (w), W(w)) with finite p-variation for any
p € (2p,3), namely W (w) has a finite p-variation and W(w) has a finite p/2-variation.
We lift arbitrarily (say onto the zero path) on the null set where the lift is not automatic.
The pair (W, W), indexed by w is part of our rough set-up. In this regard, we recall from
Theorem 15.33 in [124)] that the random variables

Qow e [W(w)

Qsw— |[Ww)

(2.12)

[OvT]vp_Var’ [O,T],p/2—var’

have respectively Gaussian and exponential tails, and thus have a finite LY-moment.

One can proceed as follows to construct the other elements (W (w, ~))weﬂ, (WE(., w))weQ,
WL (-, -) of our rough set-up. We extend the space into (22, F®2 P®2), with () embedded
in the first component say, and denote by (W, W) the canonical coordinate process on

“In fact, Z.11) implies that the two-dimensional covariance of W is of finite p-variation.
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2. They are independent and have independent Gaussian components under P2. The as-
sociated abstract Wiener space is nothing but (Qz, HPH, P®2). The process (W, W)
also satisfies Theorem 15.33 in [24] for the same exponent p as before, so, we can en-
hance (W, W') into a Gaussian rough path, with some arbitrary extension outside the
P®2_exceptional event on which we cannot construct the enhancement. To ease the nota-
tions, we merely write W (w) for W(w,w') as it is independent of w; similarly, we write
W'(w') for W'(w,w’). Proceeding as before, we call (W*(w, w/))w’w,eg, the upper off-
diagonal m x m block in the decomposition of the second-order tensor of the rough path
in the form of a (2m) x (2m)-matrix with four blocks of size m x m. Chen’s relationship
then yields, for P®?-a.e. (w,w’),

Wfft(w,w’) = Wﬂfs(w, W' + Wj%t(w, W+ Wis(w) @ Wi (W),

forall r < s < t. As before, we know from Theorem 15.33 in [24] that the 1/p-Hélder
semi-norm of W (w), which we denote by |W (w)]| (0.17,(1/p)_msr @ the 2/p-Holder semi-

norm of Wt (w, w'), which we denote by HWiL W, w ) have respectively Gaus-

[O,T],(Q/p)—Hﬁl’

sian and exponential tails, when considered as random variables on the spaces (2, F, P)

and (2, F&*,P®2). In particular, for a.e. w € ), we may consider (W, (w, ))( Dest @8
) S, 2

a continuous process with values in LY. Moreover,

<WJL p/ 2

g0, T],p/2 var

= sup Z< tio1,ts a')>§/2

O=to<t1<---<tp=

2
T<HW Mo, 62/m)— Hol> T<HWJL )Hp/ 1.(2/p) H61>q’

which shows that the left-hand side has finite moments of any order. Arguing in the same
way for (WJL(-, w))weg and for W, we deduce that v in is almost surely finite and q-
integrable. Obviously, by replacing [0, T by [s,t] = [0, T], we obtain that the q-moment
of v is Lipschitz (and thus of finite 1-variation), as required.

All these properties (that hold true on a full event) may be extended to the full set ()
by arguing as in the proof of Proposition

2.3 Local accumulation

To use that rough set-up in our machinery, we need a version of an integrability result
of [12] whose proof is postponed to Appendix |Al Given a nondecreasingﬂ continuous
positive valued function @ on S,, a parameter s > 0 and a threshold o > 0, we define
inductively a sequence of times

To(s,a) :=s, and 775 ,(s,a):= inf{u >717(s,a) » w(ry(s,a),u) = a}, (2.13)

3In the sense that w(a, b) = w(d/,¥') if (a’, ') < (a,b).
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with the understanding that inf ¢ = +oc0. For t > s, set
N ([s,t], @) := sup{n eN : 77(s,a) < t}. (2.14)

Below, we call NV, the local accumulation of @ (of size « if we specify the value of
the threshold): N ([s,t], ) is the largest number of disjoint open sub-intervals (a, b) of
[s,t] on which w(a, b) is greater than or equal to oe. When @ (s, t) = w(s, ¢, w)"? with w
a control satisfying (2.8) and (2.9) and when the framework makes it clear, we just write
N([s,t],w,a) for Ny ([s,t], a). Similarly, we also write 7, (s,w, «) for 77 (s, o) when
w(s,t) = w(s,t,w)P. We will also use the notation 77 (s, t, a) := 77 (s, ) A t.

The proof of the following statement is given in Appendix [A] Recall that a positive
random variable A has a Weibull tail with shape parameter 2/o if AY* has a Gaussian tail.

Theorem 2.6. Let W be a continuous centred Gaussian process, defined over some finite
interval [0, T). Assume it has independent components, and denote by (W, H, P) its as-
sociated Wiener space. Suppose that the covariance function is of finite two dimensional
o-variation for some o € [1,3/2) and satisfies the Lipschitz estimate [2.11). Then, for
p € (20,3) and o« > 0, the process N(-,«) := (N([0,T],w,x)).eq associated to the
rough-set up built from W, with w being defined as in (2.10), has a Weibull tail with
shape parameter 2/ p.

As a corollary, we deduce that the estimate on N required in Theorem [1.1]is satisfied
in the above setting. For the same value of p, the quantity w(0,7") in (2.10) also satisfies
the integrability statement of Theorem [I.1} the latter then applies in the above Gaussian
setting. Building on the work [14] on Markovian rough paths one can prove a similar
result as Theorem [2.6|for Markovian rough paths.

3 Controlled Trajectories and Rough Integral

Following [26], we now define a controlled path and the corresponding rough integral.
Throughout the section, we are given a control w satisfying (2.8) and (2.9).

3.1 Controlled Trajectories

We first define the notion of controlled trajectory for a given outcome w € 2.

Definition 3.1. An w-dependent continuous R*-valued path (X(w))o<i<r is called an
w-controlled path on [0, T if its increments can be decomposed as

Xop(w) = 6, X, (w) Wi (w) + E[0, X, (w, )W, ()] + R (w), (3.1)
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where (5xXt<w))0<t<T belongs to the space C([0,T];R>™), (6, X;(w, '))ostsT to the

space C ([0, T]; LY3(Q, F,P;R>™)), (R¥,(w)) wesr 18 in the space C(S3'; R?), and
) 5,teS,
I X (@)l o110 1= Xo(@)[ + [0 Xo(w)] + {0, Xo(w, ), 5 + IX (@) 01700 < o,

where || X (@)llfo.r1mp 7= [ X (@)l 01100 + 16X (@) 10,77, + (00 X (0, ')>[O,T],w,p,4/3 +
HRX<W>H[O,T],w,p/2: with

‘Xst(a))‘ ‘(Sstt(W)‘
X(Wlporwp := sup ————1, [0X(W)|j01wp == sSUp ———-,
X @0y [s1cfo,r) W(s, t,w)P 10X (o112 [sacfor) W(s, t,w)'/P

<5qut(W ')>4

) ? /3
0, X (w, - =

e P L

RY(w)|
DU I.1C) I
H ( )H [O7T]7 :p/2 [s,t]<[0,T7] w(s, t7 w)Q/p

Y

We call 6, X (w) and 6, X (w, -) in (3.1) the derivatives of the controlled path X (w).

The value 4/3 is somewhat arbitrary here. Our analysis could be managed with another
exponent strictly greater than 1, but this would require higher values for the exponent ¢
than that one we use in the definition of the rough set-up — recall ¢ > 8. It seems that
the value 4/3 is pretty convenient, as 4/3 is the conjugate exponent of 4. It follows from
the fact that || X (w)||+ [0,1], is finite that an w-controlled path is controlled in the usual
sense by the first level (W (w), VVt(-))Ogth
considered as taking values in an infinite dimensional space, see Section [3.2] below.

of our rough set-up, provided the latter is

We now define the notion of random controlled trajectory, which consists of a collec-
tion of w-controlled trajectories indexed by the elements of €.

Definition 3.2. A family of w-controlled paths (X (w)).eq such that the maps

Q3w (Xi(w))oper € C([0.TIRY), Q2w — (5, Xi(w))
Qowm— (5u t<w))0$t$T € C([O, TL L4/3(Q,f, P; Rdxm))’
Qow— (R§t<w))(s,t)esg e C(ST;RY),

C([0,T7;R™™)

0<t<T €

are measurable and satisfy

(Ko + XX Olto 1.5 < 22 (3.2)
is called a random controlled path on [0, 7.

Note from (2.9)) the following elementary fact, whose proof is left to the reader.
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Lemma 3.3. Ler ((X;(w))) o<i<p)wen be a random controlled path on a time interval
[0, T]. Then, forany 0 < s <t < T, we have

1/2

(X)) < X Oy st )77
1/
< X O lorranss st < 2K Oy, wls, tw)'.

Similarly,

(Kot < UXOlliormpds Cwls 1 ))g" < 2 X O lomap s wis,,w) .

A straightforward consequence of Lemma [3.3]is that a random controlled trajectory
induces a continuous path from [0, 7] to L(£2, F, P;R?).

3.2 Rough Integral

Set U := R™ x L9(2, F,P;R™) and note that U ® U can be canonically identified with
(R™ ®@R™) @ (Rm ®LI(Q, F, P; Rm)> o (Lq(Q, F,P:R™ ® Rm>
® (L"(Q. F,P;R™)®2).

We take as a starting point of our analysis the fact that W (w) may be considered as a
rough path with values in U @ U®?, for any given w. Indeed the first level w (w) =
(Wi(w), Wi(+)) 1=0 Of W (w) is a continuous path with values in U and its second level

w L (.
wo = (i) W)

is a continuous path with values in U ® U, with W ;(w) seen as an element of R™ ® R™,
W3, (w, -) as an element of R"®L?(Q, F, P;R™), Wy, (-, w) as an element of LY(Q, F, P; R™)®
R™, and W, (-, -) as an element of LY(Q2, 7, P;R™) @ LY(Q, F,P;R™). Condition (2.4)
then reads as Chen’s relation for W (w).

We can then use sewing lemma [22], in the form given in [15} [16]], to construct the
rough integral of an w-controlled path and a Banach-valued rough set-up.

Theorem 3.4. There exists a universal constant ¢y and, for any w € (), there exists a

continuous linear map

(X (W) geper = (f Xou(w) ® dwu(m)

(s,t)eST

from the space of w-controlled trajectories equipped with the norm || - ||, 0,17 onto

the space of continuous functions from S into R* @ R™ with finite norm || - |[[0.1).wp/2
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with w in the latter norm being evaluated along the realization w, that satisfies for any
0 <r <s<t<T theidentity

| ' X() @ AW ()

r

me ) @ dW ( JXSU ) ® AW (w) + Xy s(w) @ Wi p(w),

together with the estimate

(W) ® AW, (w) — {5me(w)Ws,t(w) + E[6, X, (w, )W (-, w)]}‘

< o [IX(@)llio.rypw (s, 0)*.

(3.3)

Here, 0, X (w) W (w) is the product of two d x m and m x m matrices, so it gives back
a d x m matrix, with components (6st(w)W8,t(w))i7j = Y (0. X w)) (W&t(w))k’j,
forie {1,---,d}andj € {1,--- ,m}. We stress that the notation E[ 8, X (w, )WL, (-,w)],
which reads as the expectation of a matrix of size d x m, can be also interpreted as a
contraction product between an element of R? ® LY 3(Q0, F,P;R™) and an element of
L9(Q2, F,P; R™) ® R™. This remark is important for the proof below.

Proof. The proof is a consequence of Proposition 2 in Coutin and Lejay’s work [15]],
except for one main fact. In order to use Coutin and Lejay’s result, we consider W (w)
as a rough path with values in U @ U®? and (X (w), 6,X (w), 6, X (w), R¥(w)) as a con-
trolled path; this was explained above. When doing so, the resulting integral is constructed
as a process with values in R? ® U, whilst the integral given by the statement of The-
orem takes values in R%. We denote the RY ® U-valued integral by (I!X,,(w) ®
AW ,(w))(s,)est- We use a simple projection to pass from the infinite dimensional-valued
quantity I'X, ,(w) ® dW ,(w) to the finite dimensional-valued quantity Si Xsu(w) ®
dW ,(w). Indeed, we may use the canonical projection from R? ® U = (Rd ® Rm) ®
(R?®L%(Q, F,P;R™)) onto R?®R™ to project I' X ,(w) ® AW, (w) onto §’ X, ,(w) ®
AW ,(w). []

As usual, we define an additive process setting
[ K@) = [ Xoule) 0aW ) + Xefe) @2 ),

for 0 < ¢ < T. We can thus consider the integral process (Sé Xs(w) ® dWS(w))0<t<T as
an w-controlled trajectory with values in R¥*™, with z-derivative a linear map from R™

into R*™ and entries

(5] [ 218 dws«u)]t) = Cae
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fori € {1,---,d} and j,k € {1,---,m}, where ¢;;, stands for the usual Kronecker
symbol, and with null ;-derivative, namely

5“[ L | X5<w>®dws<w)] — 0. (3.4)

t

This property is fundamental. The remainder R} X®W can be estimated by combining
Definition [3.1]and (3.3) together with the inequality

0e X ()W (@) + E[3, X, (w, WL (-, w)]’
< { sup 0, X, (w,-)| + sup <(5HXT(w)>4/3} w(s, t,w)??
re[0,T] re[0,T]

< H‘X(W)H’*,[QT]MW <1 + w(07 T7 w)l/p) w(57 t? W>2/p7

so that, with the notation of Definition|3.1]

When X (w) is given as the w-realization of a random controlled path (X (w’)), eq, the in-

< 0. 3.5)
[O,T],w,p

L’ X,(w) ® AW ()

tegral may be defined for any ' € . For the integral §, X, (w) @ dW ,(w) to define a ran-
dom controlled path, its |- ||[0,7],.p-semi-norm needs to have finite 8-th moment, see
(we give later on more precise estimates to guarantee that this may be indeed the case).
In this respect, it is worth noticing that the measurability properties of the integral with
respect to w can be checked by approximating the integral with compensated Riemann
sums, see once again (3.3). This gives measurability of 2 5 w — Sé Xs(w) ®dW 4(w) for
any given time ¢ € [0, T']. Measurability of the functional Q 3 w — | X, (w)@dW ,(w) €
C([0, T]; R‘®R™) then follows from the continuity of the paths. When the trajectory X (w)
takes values in R? ® R™ rather than R?, the integral S(t) X, (w)®dW ,(w) e RTQR™ @ R™
may be identified with a tuple

(( [ X@)® dWS(“))i,j)

We then set fori € {1,--- ,d}

( | t Xs(w)dWs(w))i - i( | X, () @dwsw)) §

4,4,

(i,5,k)e{1 0+ d} x {1, m}x {1, m}

and consider S(t) X, (w)dW 4(w) as an element of R%,
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3.3 Stability of Controlled Paths under Nonlinear Maps

We show in this section that controlled paths are stable under some nonlinear, sufficiently
regular, maps and start by recalling the reader about the regularity notion used when work-
ing with functions defined on Wasserstein space. We refer the reader to Lions’ lectures
[31]], to the lecture notes [9]] of Cardaliaguet or to Carmona and Delarue’s monograph [[10,
Chapter 5] for basics on the subject.

o Recall that (2, F,P) stands for an atomless probability space, with {2 a Polish
space and F its Borel o-algebra. Fix a finite dimensional space £ = R¥ and denote
by L? : = L?(Q, F, P; E) the space of E-valued random variables on 2 with finite second
moment. We equip the space Py(F) := { L(Z); Z € L2} with the 2-Wasserstein distance

d2(MhM2) = inf{HZ1 - Z2H2; ﬁ(Zl) = M1, »C(Zz) = ,UQ}-

An R¥-valued function u defined on P,(E) is canonically extended into L? by setting, for
any Z € L2,
U(Z) = u(E(Z))

e The function u is then said to be differentiable at ;1 € Po(FE) if its canonical lift is
Fréchet differentiable at some point Z such that £(Z) = u; we denote by VU € (L?)*
the gradient of U at Z. The function U is then differentiable at any other point Z’ € L?
such that £(Z") = pu, and the laws of VzU and V /U are equal, for any such Z’.

o The function w is said to be of class C'* on some open set O of P,(E) if its canonical
lift is of class C'! in some open set of L? projecting onto O. It is then of class C! in the
whole fiber in L? above O. If w is of class C' on Py(E), then VU is o(Z)-measurable
and given by an £(Z)-dependent function Du from E to E* such that

VzU = (Du)(2); (3.6)

we have in particular Du € L2 (E; E*):= L*(E, B(E), j1; E*) , where B(E) is the Borel
o-field on E. In order to emphasize the fact that Du depends upon £(Z), we shall
write Du(L(Z))(+) instead of Du(-). Sometimes, we shall put an index p and write
D,u(L(Z))(-) in order to emphasize the fact that the derivative is taken with respect
to the measure argument; this will be especially useful for functionals v depending on
additional variables. Importantly, this representation is independent of the choice of the
probability space (€2, F, P); in fact, it can be easily transported from one probability space
to another. (Simpler proofs of the structural equation can be found in [} 138].)

e As an example, take u of the form u(u) = ., f(y)du(y) for a continuously dif-
ferentiable function f : R? — R such that Vf is at most of linear growth. The lift
Z — U(Z) = E[f(Z)] has differential (dzU)(H) = E[V f(Z)H] and gradient V f(Z).
Hence, DU (11)(z) = f’(z). Another example (to which we come back below) is u(u) =
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f(§za [22(d)), for a continuously differentiable function f : R — R. The lift Z —U(Z) =
f(E[|Z|?]) has differential (d,U)(H) = 2f'(E[|Z]*) E[ZH] and gradient 2f' (E[|Z|*]) Z
s0 Du(p)(2) = 2f'( §za |2[*1(dzx)) = here. We refer to [9] and [10, Chapter 5] for further
examples.

« Back to controlled paths. Let F stand here for a map from R? x L%(Q, F, P;R?) into
the space .Z(R™, R%) ~ R? ® R™ of linear mappings from R™ to RY. Intuitively, F should
be thought of as the lift of the coefficient driving equation (I.2)), or, with the same notation
asin ((1.3)), as F itself, with the slight abuse of notation that it requires to identify F and F.
Our goal now is to expand the image of a controlled trajectory by F.

Regularity assumptions 1 — Assume that F is continuously differentiable in the joint
variable (x,7), that 0, F is also continuously differentiable in (x,Z) and that there is
some positive finite constant A such that
sup F(z, p)| v |0.F(z, p)| v [02F(z, 1)| < A,
zeRY, puePs (RY)

sup |\V2E(x, Z)||, v |0.V zF (2, Z)|, < A,
zeR4, L(Z)eP2(R4)

(3.7)

and
VF(z,-) : L3(Q,F,P;RY) - L*(Q, F,P; Z(R:,RY®@R™))
Z > N4F(x,Z) = D,F(x, L(Z))(Z)

is a A-Lipschitz function of Z € L*(Q, F,P; RY), uniformly in v € R

Importantly, the L2-Lipschitz bound required in the second line of may be formu-
lated as a Lipschitz bound on P, (R%) equipped with dy. Moreover, notice that the space
L2(Q, F,P; . Z(RY, R‘@R™)) can be identified with L?(2, 7, P; R?)**™; also, 0,F(z, Z)
and V zF(x, Z) will be considered as random variables with values in LRI RIQR™) ~
RY® R™ ® R?. As an example, the functions F(z, ) SRd w(dy) for some func-
tion f of class CZ, and F(z, ) = g (z, 5. yp(dy)) for some functlon g of class C%,
both satisfy Regularity assumptions 1. A counter-example is the function F(z, u) =
fra 212p(2):

We expand below the path (F(X;(w),Yi("))) s> Which we write F(X (w),Y(-)),
where X (w) is an w-controlled path and Y'(+) is an R?-valued random controlled path,
both of them being defined on some finite interval [0, 7']. Identity (3.4)) tells us that a
fixed point formulation of will only involve pairs (X (w), Y'(+)) such that

5,X(@) =0, 5,Y()

0, (3.8)

which prompts us to restrict ourselves to the case when X (w) and Y have null p-derivatives
in the expansion (3.T).
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Proposition 3.5. Let X (w) be an w-controlled path and Y (-) be an R*-valued random
controlled path. Assume that condition (3.8)) hold together with the w-independent bound

M := sup <]6 Xi(w)| v <5th(-)>OO> < .

0<t<T

Then, F(X (w),Y(+)) is an w-controlled path with
0. (F(X (@), Y()) = GF(Xi(w), ¥i(-) X (w),

which is understood as (Z?zlﬁwFi’j (Xt(w), Y}/()) (5fo(w))k)ijk, withi € {1,--- ,d}
and j,k € {1,--- ,m}, and (with a similar interpretation for the product)

Oy (F(X (w),Y <'>))t = VzF(Xi(w), () 8:Yi(-) = D,F(Xy(w), L(Y2)) (Yi(-) 8. Yi(-),
and one can find a constant C yy, depending only on A and M, such that
IFCX@), YO gy < Catt (1 IX @y + Y Ollor100)%)-
Proof. For 0 < s < t, expand F(X (w),Y(-))s into
F(X(@), Y ())se = F(X,(w), Yi()) = F(X,(w), Y;())
= {F(X:(w). Y1) = F(X.(), Yi()) f+{F(X. (@), Yi0) - F(X.@).Y.0)} 3.9
~{m+@+3f+{@+®1.

where

1) :=20 F(Xs(w) Y, (')){535X3(W)Ws,t<w) + th(w)}

) = L [a F(XSW ) (XS( Y w),ys(.))]xs,t(w) d\,
3) = JO [a F(Xg” ) y;(.))]xs,t(w) X,

@ = (VF(X,(@), Y)Y, )><WF() LONBY.OWal) + RLOD,
= [ (VR Y200) = VR, Ve0) ) ool )k
we used here the fact that X (w) and Y'(-) have null p-derivative and where we let

)
Xs;(s,t)
We read on (3.9) the formulas for the x and p-derivatives of F(X (w), Y(+)). The remainder

RgftX’Y) in the controlled decomposition of the path F(X (w), Y'(+)) is

(W) = Xo(w) + AX (), Y, () =Yi() + V(). (3.10)

0P (X (@), Yo() B (@) + (VAF(X, (@), () RL() ) + @+ B) + (). Gl

We now compute ||F(X (w),Y(+))

*7[07T] 7w7p
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e We have first from the assumptions on F that the initial conditions for the quantities
F(X(w),Y ("), 0:(F(X(w),Y (")), 0. (F(X(w),Y(-))), are all bounded above by
A(14M), the bound for 6, (F(X (w), Y (-))) being understood in L**(Q2, F, P; R/®
R™ ®R™).

e Variation of F(X (w), Y (-)). Using the Lipschitz property of F and Lemma[3.3] we
have

[F(x (@), Y ()],

= [F(X(@), Y ()], = [F(X (@), Y ()],
<A (|Xelw)] + (Varl)),)
<2 (IX @) llor1mp + Y Ollinmians, ) wls. t,0)'

e Variation of ¢, (F(X (w),Y(-))) and 6, (F(X (w), Y ())). The Lipschitz properties
of 0,F and V zF(z, -) also give

Op [F(X(w), Y('))]s,t

< 280 (X @) lorap + Y Olloriws, ) wls, t,w)
+ A @) o1 w(s, 1),

and, applying Holder inequality with exponents 3/2 and 3,
(ulFX@. YO,
< YD, ([DEE @) YO)],, ), + (DF (X (). V() ) (8Yeu),
< 208V, (1X@) o100 + Y Olliaryanga) wls, t.0)"7
+ A0 Yo ()
< 20M (IX (@) om0 + Y Olloryp21) (s, 8,7
+ 28 (1Y (Vo105 W, £ ) .
e Remainder (3.11). The first two terms in (3.11)) are less than
A1 X 0,71, w(s, 1, w)*? + AR (),
< A X om0 w(s, 8,0 + AY ()l o, w(s, 8, )7,

2/
< AMIX o700 ws, £, )P + ALY () llo170p0, (s, t,))) "
<A H|X‘H [0,T],w,p w(57 t, W)Q/p +2A <‘HY<) H|[0,T],w,p>4 w(sa t, w)Q/pv

from Lemma[3.3|and the fact that p € [2, 3). We also have

@)] < A Xe)] Vet < 28X @)y Y Ol (s, £, 0)7,

)] <A@ < AJX @ 5, wlo. b
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Last, since V zF is a Lipchitz function of its second argument,
2 2
(5) < AY,0())2 < ANY () lliorrn’ wls, tw)?.

Collecting the various terms, we complete the proof. L

4 Solving the Equation

We now have all the tools to formulate the equation (1.4)) (or (1.2)) as a fixed point prob-
lem and solve it by Picard iteration. Our definition of the fixed point is given in the form
of a two-step procedure: The first step is to write a frozen version of the equation, in
which the mean field component is seen as an exogenous collection of w-controlled tra-
jectories; the second step is to regard the family of exogenous controlled trajectories as an
input and to map it to the collection of controlled trajectories solving the frozen version
of the equation. In this way, we define a solution as a collection of w-controlled trajec-
tories. In order to proceed, recall the generic notation (X (w); 6,X (w); 0,X (w, -)) for an
w-controlled path and its derivatives; we sometimes abuse notations and talk of X (w) as
an w-controlled path.

Definition 4.1. Let W together with its enhancement W satisfy the assumption of Section
on a finite interval [0, T, and let Y (-) stand for some R%-valued random controlled path
on [0, T, with the property that 0,,Y (-) = 0 and supy,;<p {6:Yi(-)) < 0. For a given
w € Q, let X(w) be an R¥*-valued w-controlled path on [0, T, with the properties that
0, X (w) = 0 and supgcicr |0: X (w)| < 00. We associate to w and X (w) an w-controlled
path by setting

F(w7 X(w)7 Y())

= <X0(w) + J F(X,(w), Ys(-))dW (w) ; F(Xi(w), Yi(+)) ; 0)

0 0<t<T

A solution to the mean field rough differential equation d X, = F(Xt, /L(Xt)) dW, on
the time interval [0, T, with given initial condition X(-) € L*(Q, F,P;RY) is a random
controlled path X (-) starting from X,(-) and satisfying the same prescription as Y (-),
such that for P-a.e. w the path X (w) and I' (w, X (w), X (-)) coincide.

We should more properly replace X (w) in I'(w, X (w), Y (-)) by (X (w);0,X (w);0)
and Y (-) by (Y(-);6,Y(-);0), but we stick to the above lighter notation. Observe also
that our formulation bypasses any requirement on the properties of the map I itself. To
make it clear, we should be indeed tempted to check that, for a random controlled path
X (+), the collection (I'(w, X (w), Y (-))) __q»
controlled path. Somehow, our definition of a solution avoids this question; however, we

for Y'(+) as in the statement, is also a random
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need to check this fact in the end; below, we refer to it as the stability properties of T', see
Section

What remains of the above definition when W is the It6 or Stratonovich enhancement
of a Brownian motion? The key point to connect the above notion of solution with the
standard notion of solution to mean field stochastic differential equation is to observe that
the rough integral therein should be, if a solution exists, the limit of the compensated
Riemann sums

n—1

Z (F<th (w)> th ()) Wtj7tj+1 (w) + aIF(th (w)v th ())F(th (w)7 th ('))Wtj,th (w)

J=0

# (DX, 00, ) (X, ) (X, (). X (W, () ).

as the step of the dissection 0 = ;5 < --- < t,, = t tends to 0. When the solution is
constructed by a contraction argument, such as done below, the process (X(-))o<t<r 18
adapted with respect to the completion of the filtration (F;)o<;<7 generated by the initial
condition X;(-) and the Brownian motion W (-). Returning if necessary to Example
we then check that E[Wj;thrl (-,w) |]-}J] = 0, whatever the interpretation of the rough
integral, Itd or Stratonovich. Pay attention that the conditional expectation is taken with

134

respect to “-”, while w is kept frozen. This implies that, for any j € {0,--- ,n — 1}, we

have

{DUF(X3, (), X, (1)) (X, () F(X, (@), X, ()W, () ) = 0.
This proves that the solution to the rough mean field equation coincides with the solu-
tion that is obtained when (I.2)) is interpreted in the standard McKean-Vlasov sense (the
stochastic integral in the McKean-Vlasov equation being usually understood in the 1t6
sense and the iterated integral W being defined accordingly).

We formulate here the regularity assumptions on F(z, ;1) needed to show that I" sat-
isfies the required stability properties and to run Picard’s iteration for proving the well-
posed character of (I.4) (or (I.2))) in small time, or in some given time interval. Recall
from the definition of D,F(x,-)(-) as a function from P»(R?)xR? to £ (R? R? ®
R™) =~ R"@R™®R? such that D,F(x, L(Z))(Z) = V zF(z, Z), where we emphasize the
dependence of D,F(z, ) on pn = L(Z) by writing D,F(z, 1)(-). On top of Regularity
assumptions 1, we assume
Regularity assumptions 2 —

o The function 0,F is differentiable in (x, 1) in the same sense as F itself.

o For each (x, 1) € R? x Py(RY), there exists a version of D, F(x,)(-) € L,(R: R ®
R™) such that the map (x, ju, z) — D,F(x, 1)(z) from R x P(R?) x R? to R ® R™ @ R
is of class C*, the derivative in the direction i being understood as before.

o The function (x,Z) + 02F(z, L(Z)) from R x L2(, F,P;R?) 10 RIQR™ QR! ®
RY >~ Z(RI®@R% R ® R™) is bounded by A and A-Lipschitz continuous.
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o The three functions (v, Z) v 0, D,F(x, L(Z))(Z(-)), (x, Z) v D,0,F(x, L(Z))(Z(-)),
and (z, Z) v 0.D,F(x, L(2))(Z()) from R x L2(Q, F,P;R?) 10 L*(Q, F,P; R‘"QR™®
Rd®Rd), are bounded by \ and A-Lipschitz continuous. (By Schwarz’ theorem, the trans-
pose of 0, D, F" is in fact equal to D,0,F, foranyie {1,--- ,dyandje {1, -- ,m}.)

e For each ji € Py(R?), we denote by D2F(x, j1)(z, ) the derivative of D, F(x, 11)(z)
with respect to | — which is indeed given by a function. For 2 € R?, DiF(m, w)(z,2') is
an element of R @ R™ @ RY ® R%.

Denote by (Q F, P) a copy of (Q, F,P), and given a random variable Z on (2, F,P),
write Z for its copy on (Q, F,P). We assume that (z, Z) D>F(z,L(Z))(Z ('),Z(-)),
from R x L2(Q, F,P;RN 10 L2(Q x Q, FR® F,PR®P;R!® Rm ®RI®@RY), is bounded
by A and A-Lipschitz continuous.

The two functions F(x = { f(z,y)pu(dy) for some fuction f of class C}, and
F(z,pu) = g (x, Syp(dy) ) for some function g of class C7, both satisfy Regularity as-
sumptions 2. We refer to [[10, Chapter 5] and [11, Chapter 5] for other examples of func-
tions that satisfy the above assumptions and for sufficient conditions under which these
assumptions are satisfied. We feel free to abuse notations and write Z(-) for £(Z) in the
argument of the functions d,D,F, d.D,F and D "F. We prove in Section (4.1|that the map
I" sends some large ball of its state space into 1tself for a small enough T'. The contrac-
tive character of I' is proved in Section 4.2 and Section {.3]is dedicated to proving the
well-posed character of (1.4).

4.1 Stability of Balls by I

Recall A was introduced in Regularity assumptions 1 and 2 as a bound on F and some
of its derivatives. Recall also from (2:14) the definition of N ([0, 7], w; o). We also use
below the notations || - |{a.5,wp and || - |+[a,],w,p> for some interval [a, b], to denote the
same quantity as in Definition [3.2]but for paths defined on [a, b] rather than on [0, T'] (the
initial condition is then taken at time a).

Proposition 4.2. Let F satisfy Regularity assumptions 1 and w be a control satisfying
2.8) and 2.9). Consider an w-controlled path X (w) together with a random controlled
path Y (+), both of them satisfying (3.8) together with

sup <|5$Xt(w)‘ v <5$y;(.)>oo) <A @4.1)

o<t<T

o Assume that there exists a positive constant L such that we have

Y Ol ormp): < L, 4.2)
and
IX @)1 e < T 4.3)
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forall 0 < i < N, with N := N([0,T],w,1/(4L)), and for the sequence of times
(ti := 7(0,T,w,1/(4L))),_, . 41 8iven by ( @.13) with w(s,t) = w(s,t,w)"?.

Then:

e There exists a constant ¢ > 1, only depending on A, such that and remain
true if we replace L by L', provided that L' > cL and the partition (t;)i—o.... n+1 IS
recomputed accordingly (since L enters the definition of the partition). Also, we can find
a constant Ly, only depending on L, such that for the same constant ¢ and for L' > L,
the path T'(w, X (w), Y (-)) satisfies for each w the size estimate @&3), L being replaced by
c in the right-hand side and the partition (t;);—o.... n+1 in the left-hand side being defined
with respect to L' instead of L.

e Moreover, there exist two constants Ly and C, only depending on A, such that, if L

n (4.2) and is greater than Ly, the following estimates hold for each w:

I X @), YOI 1y, < € {1 3 (10T, 1/02) 7,

2 < O Xo(w)|* + C {1 - N([O,T],w, 1/(4L>>2(11/p)} %

T (w0, X () YO o110
(4.4)

o Lastly, if X (w) is the w—realization of a random controlled path X (-) = (X (")) _,_,,
such that the estimate H‘X ft il < L holds for all &', for the w'-dependent
partition (t; := 7,(0, T, o’ 1/(4L))) na1 O [0, T, with Lin satisfying L = Lg
and with N := N([0,T],w’,1/(4L)), and if T is small enough to have

<N([0,T],-,1/(4L))> <1

8

then
U0 X)) lortwmes 2C <

and <mr(-,X Y) *7[07T]7w7p>z < C(2+ (Ko())3)-

Following the discussion after (3.5)), the measurability properties of the map w —

I'(w, X (w), Y (-)) implicitly required above can be checked by approximating the integral
in the definition of I'(w, X (w), Y'(+)), using (3:3). We also notice that the constraint L >
L required in the second and third bullet points may be easily circumvented. Indeed, the
first claim in the statement guarantees that, for L satisfying (4.2)) and @.3)), L’ > cL also
satisfy (4.2) and (.3), see footnoteﬂ In particular, we can always apply the second and
third bullet points with L' > ¢ instead of L itself, which is a good point since L’ is here
a free parameter while the value of L is prescribed by the statement.

®While the reader may find it obvious, she/he must be aware of the fact that, in @3), ¢; and #; 1
themselves depend on L, which forces to recompute the subdivision when L is changed.
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Proof. We first explain the reason why (4.3]) remains true for possibly larger values of L
provided that the right-hand side is multiplied by a universal multiplicative constant. Take
L’ > L and call (¢ ) . n'+1 the corresponding dissection. It is clear that any interval
[t}, 1}, ] must be 1nc1uded in an interval of the form [t;, t; 10 A T) If [, 8], 1] < [ti, tisa],
the proof is done. If ;1 € (t},},,), it is an easy exermseﬂto check that || - [ ¢, jwp <
Y Mg eei10w + Y+ Wisr tisaT10,p» fOr some universal constant -y. This yields || -
e Lo < 2vL'2, which is indeed less than (L')"/2if L' > 22~2L.
Given this preliminary remark, the proof proceeds in three steps.

e For w € (2, consider a subdivision (t;)o<;<n+1 of [0, 7] such that w(t;,t;11,w) < 1
for all i € {0,---, N}, for some integer N > 0. Then, following [16, Proposition 4]
(rearranging the terms therein), we know thaﬂ

|

7 The proof is as follows. By the super-addivitiy of w, see (2.9), and the inequality a’? 4 p/r <
2!71/P(a + b)V/7, the terms [ X (w W)l 1w 102X (W) e 01, 1,0, a0d X (@, g er1,00,p,4/3 aTE
easily handled. So, the only difficulty is to handle |RX ||[t;,t3+1]’w7p. By (3.I), we have, for any 0 < r <
s <t <T,RY,(w) = R (w) + RE,(w) + 6 X s (W)W t(w) + E[6, X, s (w, ) Wi ¢(-) ], which suffices
for our purpose.

8 In fact, the inequality may be checked directly. Identity (3.3) together with Proposition

and Regularity assumptions 1 say that the remainder RIF in the w-controlled expansion of
St7 F(Xr(w)7 Yr('))dWr(w) satisfies

IR o gy < 2 wp(m L]+ (X (@), Yo (0) D)

€[t tiv1]

F(X (@), Y (Dt b1 1wpt0 (Eis tier, w) P
<7+7\HF( (@), Y ()

| B v paw

[tistiv1],w,p

<y 4+ yw(ts, tiva, W)l/p F(X(w), Y())

)
[tistiv1],w,p

1
[tuti+1]7w~,pw(ti7 Lit1, w) /p’

for a constant v that may depend on A. This permits to handle RIF. As the Gubinelli derivative of
§, F(Xr(w),Y,(-))dW ,(w) is exactly given by F(X.(w),Y.(:)) itself, we get from (BI) with X =
that

[F(X (@), Y ()]

oty <2 SUD (}6I[F(Xs(w),Ys(.))]‘ + <5H[F(Xs(w),Ys(.))]>4/3)

SE[ti,tiJrl]

+ HRFH[tqz,ti+1],w,p/2w(ti7 tit1, W)l/p7

where RY is the remainder in the expansion of F. We conclude as for RIF. In order to control the variation
of §, F(X,(w),Y,(-))dW (w) itself, it suffices to invoke (3-T) again, but with X = {F, which yields

j E(X, (@), Yo () dW, ()

i

[tistis1],w,p

< sup |F(Xs(w)7ys('))|+HRsF|

SG[ti,ti+1]

1/p.

[ti,ti+1]7w’P/2w(ti’ tit1, w)

The conclusion is the same.



28 1. Bailleul, R. Catellier, FE. Delarue

for a universal constant y that may depend on A. By Proposition [3.5]and (.1)), we deduce

j F(X (), V() dW ()

t;

that (for a new value of C )
[tiati+l]7w7p (4'5)

<7+ Craywtsstion, @) (14 IX @R, g aganp + Y Olorn)s)-

By the first conclusion in the statement (see also the discussion after the statement itself),
we can assume that L differs from the value prescribed in the statement and is as large
as needed. So, for the time being, we take L > 1 and we assume that w(t;, t;41, w)l/ P <
1/(4L) < 1and

Y Ollorwss < L (4.6)

and
X @)ll;

<L, (4.7)

tz tz+1] w,p

but we are free to increase the value of L if needed. Then, by (.5),

Hence, changing ~y into (1 + Cy )7,

if L > ~2, in which case I'(w, X (w), Y (-)) satisfies (#3). This completes the proof of the
first bullet point in the conclusion of the statement.

< (1 + CA,A)")/-

[tistiv1],w,p

L F(X ), Y)W, ()

2
<+ <L, (4.8)

[tistiv1],w,p

| FOx i paw @

» We now use a concatenation argument to get an estimate on the whole interval [0, T].
For all s < tin [0, 7], we have

![P(w,x<w>7y<->)]st
;‘ ())]t; thi

N
1/p
J’ J+1’

N 1/p
(Z £ by, w ) (N + 1)(;0_1)/,) < yw(s, t,w) P (N + 1)(”_1)/”,

(4.9)

where we let ¢, = max(s, min(¢,¢;)) and where used the super-additivity of w in the last
line. In the same way,

5. [ (w, X (@), Y())],, (s,,w) "7 (N 4+ 1), (4.10)
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N tl'+1
=, (J F.(w,)dW . (w) — Fy(w, .)Wt;7t9+1) (4.11)
i—0 \Jt}
jN
= SR )+ (Fy )~ Fufe, ) Wy ()
j=0

The most difficult term in is Z o (Fy(w,") — Fy(w,-)) Wy v (w). We notice

that Fyy (w, ) — Fs(w, ) = (5 [ (w,X( ) Y( )]sz, »forj =0,---, N, can be bounded
by y(N + 1)~ U/Py(s, t), w)'/?, see @I0). We deduce that the sum Z;V:O (Ft; (w,-) —
Fy(w,")) Wy ., (w) is bounded by

(N + 1)~ pr (s,t,w) L w)P < y(N + 1)2(p_1)/pw(s,t,w)2/p.

J’ J+1’

||M2

To proceed with the other term in (4.11)), we note that the remainder term Rt, i ( ) can
be also estimated by means of @ We have ]Rt, . (@) < qw(th th,w ) . Since
2(p—1)/p=2—1/p = 1, we deduce that there ex1sts a constant C, depending only on

~ such that
IR, (w)| < Cy (N + 1)2P=D/P (s, t,w)¥P.

Changing the value of (', from line to line, we end up with

‘HF w, X (w) < O (N +1)2e-1/p

‘H [0,T],w,p
<O, (1 + N2(p—1)/p).

which proves the bound (#4) by choosing (¢;);,... n+1 = (:(0, T, w, 1/(4L)))i:0,._' N1
as defined in 213), and N = N([0,7],w,1/ (4L)). Recall that the above is true for
L >~
o Assume now that X (w) is the w-realization of a random controlled path X () =
(X(w'))weqr satisfying for any w’, for the w’-dependent partition (¢;)i—o,... N+1-
Then, taking the fourth moment with respect to w the conclusion of the second point
we get
2 2(p—1)/p
{re.xom) 5 <o (1 (N (.11 1/an)) ),
[0,7],w,p/ 8 8

We get the conclusion of the statement if one assumes that (N ([0, T],-,1/(4L)) ), < 1,
by choosing L such that 2C, < L. Il
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Remark that if (N ([0,1],-,1/(4L))), is finite, then we can choose T" < 1 small
enough such that (N ([0,77],-,1/(4L)) ), < 1. (Since N ([0,t],w,1/(4L)) converges to
0 ast \, 0, for any w € €2, the result follows from dominated convergence.)

4.2 Contractive Property of T’

Proposition 4.3. Let F satisfy Regularity assumptions 1 and Regularity assumptions 2
and w be a control satisfying and 2.9). Consider two w-controlled paths X (w) and
X'(w), defined on a time interval |0, T, together with two random controlled paths Y (-)
and Y'(-), all of them satisfying together with

0. X (w)] v [0 X" (w)| v (.Y (), v {8:Y'(-)), <A, (4.12)

together with the size estimates

<||Y, o715 < Lo, 4.13)
Y Ollortways < Lo,
and
X @00 Jwp <Los I @00, 1 < Eos *+-19)

forie{0,---, N, for some Lo > 1, with N® = N ([0,T],w,1/(4Lo)) given by 214),
and for the sequence (19 = 7;(0, T, w, 1/(4[10)))1-:0,... o1 given by 2.13).

Then, we can find a constant vy, only depending on Lo and A, such that, for any par-
tition (t;)i—o reﬁmngﬂ .o and satisfying w(t;, tiy1, w)YP < 1/(4L) for some
L > Ly, we have

| P v)aw ) - | ), ), o)

ti ti [tistiv1],w,p

w(0, 1) (1 + >(mAx sz * IAY Olliorns)

gl
17 (AX @) g +<H|AY lior100)s).

where AX,(w) := X;(w) — X (w), AY;(+) =Y, () = Y/(-), te][0,T].

Proof. We get the conclusion after four steps. Following the statement, we are given
a subdivision (¢;);—o... y+1 of [0, 7] such that w(t;,t;11,w)"? < 1/(4L), for a frozen
w e Qand for L > Lj. We assume that (¢;);—¢,... n+1 refines the subdivision (t? =
7:(0, T, w, 1/(4L0)))Z.207M7N0+1, where N°(w) = N([0,T],w,1/(4L)). Like in the first

°This means that (¢;);—o,... n is included in (t9);—¢.... no
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step of the proof of Proposition (see in particular footnote®), we start from the estimate

) L F(X, (W), Y, () dW . (w) — J F(X(w), V() AW, (w)

ti

[tistiv1],w,p
<o (_swp [F(s. ). Vi) = Fls. X ). YI0)

+ e[futp ]‘590[F<57Xs(w>7}/8(>) _F<57X;(w>>}/s,('))]‘

b s (B[P X0, Y50) = Fl X, 0N, )

+yw(ti, tisa, w)l/p H‘F(X(w), Y()) - F(X/(W)7 Y/('))

[tistiv1],w,p’
for a universal constant v > 1. Modifying the constant ~ if necessary, we may easily
change s into ¢; in the first three lines of the right-hand side. We obtain

l

[ Feo v aw.w - [ R ye)iw.w)

+ 18, [ F(Xe, (), Y;(~>) F(X’ )]\ (4.15)
+ <5 (X0 (), Y2 () = F (X, >4/3)

+yw(ts, tigr,w)? }HF( (w),Y () — F(X (W), Y'())|

[titiv1],w,p

[t tiv1],w,p’

The first point is to bound the quantity ||F(X (w), Y (-))—F(X'(w), Y'(-))
which contains all the terms that appear in the above inequality.

*7[t’i7ti+1]7w7p’

Step 1. We first analyse the term
AF(wv ) = F(X(w>7 Y()) B F(X'(w), Y/('))
— (F(Xi(@), Yi() = F(X)(@), ¥/()))

« Initial condition of AF(w, ) — As |[[AF(w,)],,| < A(JAXy, (w)] + (AY;()])2),
we have, from Lemma and from the two identities A Xy(w) = 0 and AYy(+) = 0,

IAF@, o] < 28 w(0,t1,)"® (JIAX @)l 10 + IAY (Vlogans, )

0<t<T

e Variation of AF(w, -). Using the notations (3.10) together with similar ones for the
processes tagged with a prime, we have

[AF(W’ '>:|s,t
' M) M) () (A
_ L {&xF<XS;(S¢) (@), Y, (S’t)(.)) X, (w) — (3xF<XS;(S,t) (@), Y, (S’t)(.))X;t(w)}d)\

1
i f E{F (X (@) Y (0)) Yaul) = VR (X QY (@), Y () Y2 far.
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We now use the following three facts. First, Xo(w) = X/ (w) and Yy(-) = Y{(+); second,
from Regularity assumptions 1, for any z € R? and Z € L*(Q, F,P;RY), |0,F(x, Z)|
and (V zF(z, Z)), are bounded by A; last, (z, Z) — 0,F(z, Z) and (z, Z) — V zF(z, Z)
are A-Lipschitz continuous. Hence, allowing ~ to depend on A and to increase from line
to line, we get, for s, ¢ in the interval [¢;, ¢;11],

[AF(w, Y]o] < A (JAX (@] + (AYar()),)
A (1 Xua ()] + (Vo))
x {\AXS(w)\ + (AYS ()2 + [AX p(w)] + <AYQ¢<')>2}

< (a) + (b),

where (a) 1= w(s, t,w)"? <H|AX(w)|
(by) x (by) with

b0 = (s, 1) (1X@)putren + Y Olliidos,)
(b2) = w(0,1:,0) " (IAX @) linaaep + AT O llinagoess)

+ w(ti’ Lit1s w)l/p (‘HAX(W)‘ [tistit1],wp T <‘HAY()‘ [ti,tz‘+1]7w7p>4>'

[ti,tis1],w,p + <|HAY()| [ti,tz‘+1],w,p>4>’ and (b) =

It follows that we have
tetsrrta < 7 (IAX @) lterrtap + AY Ollttatens, )
1 (IX @i + Y Oty ) * B2

Allowing the constant 7 to depend on Ly and A, and using (4.13)) and (#.14) together with
the bound w(t;, t;1,w)? < 1/(4L), we get

HAF((JJ, )

AR, Vigotis 00 < Y IAX @) et p + AY Oty 00 )

(0,0 (JAX @)l + TAY Olliortnds )

Step 2 — We now handle the Gubinelli derivative 0,| AF(w, -)]. We start from

5:1:[AF(W7 )]t = [axF(Xt(w)7 }/t()) - aa:F(X;(w% YZ())] 5a:Xt(w)

(4.16)
+ 0F(X](w), Y/ () A8, X ().

« Initial condition of 6, AF(w, -)|. By Regularity assumptions 1, (#.12) and the fact
that A(SxXt - 5IAXta
0. [AF(w, )], | < A(J8AX @) + [AX, )] + (Y, ()), )

< 7w (0,t,0)" (IAX @10+ A Ollorgss )
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* Variation of 0,[ AF(w, -)]. Similarly, using formula (#16)), we get

5. [AF(w, )]

< A|[0.X (w)] s (IAXS(W)I + <AYS(')>2>
4 Al[0F(X (@), Y () — &F(X (@), ()],

st

4.17)

+ A|[26,X(w)]

+ AJAGX, ()] [[0F (X @), ()],

s,t

The second term in the right-hand side is handled as [AF(w, -)]5 in the first step, with s, ¢
in [¢;,t;1]. By the aforementioned identity Ad, X (w) = 6,AX (w), the third term is less
than Aw(s, t,w)"? | AX (W) ||t t:11],0p- The term |AG, X, (w)|[[0F (X' (w), Y'(-))]s,| is

less than
s, )7 (1000, 4,0 PIAX @) o + Wt tisr, ) P IAX @) et )
x (I @Mt + YOty (4.18)

<Y IU(S, L, w)l/p (w(07 li, w)l/pmAX<w) ‘H [0,t;],w,p + “‘AX@})‘ [ti7ti+1],w,P> )

where we used again (.13)) and (.14)). Now, the first term in (4.17) is less than

yw(s, t,w) || X]

[ti7tz‘+1],w,P{w(0> t;, w)l/p (‘HAX(W) ‘H [0,t:],w,p + <H|AY() H|[0,tz‘]7w7p>4>

[ti,tit1],w,p + <‘HAY()‘ [ti7ti+1],w,}7>4) }

Fwlts tien, )" (|AX(@)]
Hence, by (#.14) and the fact that w(t;, t;, 1, w)"? < 1/(4L),

18X @) (|8, ()] + JAY()])2)
< (s, t,0)"" {w(0,t5,0)"" (JIAX @) 0.0 + IAY OVllo100), )
+ (IAX @y + DAY (Vi) )

So, the final bound for | J, [ AF(w, )]

[tistiv1],w,p

v <H|AX(W)| [ti,tis1],w,p + <H|AY(>‘ [ti,ti+1]7w7p>4)
+yw(0,t5,0) "7 (IAX @) losgp + IAY Ollpsgus)
which yields the same bound as in the first step.
Step 3 — We now handle the other Gubinelli derivative 4, | AF(w, -)|, for which we
have
5u[AF(w, )], = [V2F(Xu(w), Yi() — V2E(X{(w), ¥{())] 8.50)
+ V2F(X[(w), Y/ () A& Yi(-).
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« Initial condition of §,[ AF(w, -)]. Proceeding as before,

<6H[AF((’U7 ')]ti>4/3 < A(‘Axti(w)‘ + <AY;%‘(')>4 + <6xAY;fi(')>4)

< 7 w(0,150)"? (IAX @) loatup + DAY (Ve sds )
where we used the Holder inequality with exponents 3 and 3/2:

4/3

e[20,¥, 0 [V F(X(w). /)]

1/2

< E[maxyt(-)r‘]1/4E[\VZF(X£(w),YZ(-))\Q]

e Variation of 0, AF(w, -)]. Following (4.17) and using again Holder inequality with
exponents 3 and 3/2,

< A<[5IY(-)]8¢>4<\AXS(W)’ + <AYs<->>2)

+ A[VAR(X (@), Y () - V/F(X' (), Y’<->)]S,t>4/3 (4.19)

+ AAGY ()]ued, + AA8Y (), [VAR(X @), V()]

2

{[0u[AF(w, ], )

4/3

As for the fourth term, we get, following (4.18)),

(8, [V2F(X (). YO)],, ),
< Y w(s, t7 W)l/p (w(()? tiv w)l/p <H|AY() ‘H [O,ti],w7p>8 + <|HAY() H|[ti7ti+1]zwap>8> :
Recalling that A8, Y (-) = 6, AY(-), the third term in #.19) is less than 2Aw(s, t,w)"/? x

LAY ()[lft;.t:411w.p5- To handle the first term in @T9), we proceed as in the second
step:

{[8:Y (Vow, (18X (@)] + (AY:()), )
< yw(s,t,w)" {w(0, t,w)? (IAX @)lpsgup + NAY (Vllorgwss)
# (IAX @t + DAY (Vllsteritan)s)

As for the second term in @I9), we write [V,F(X (w), Y (-)) — VZF(X'(w),Y'())]_,
in the form [D,F(X(w),Y () (Y (")) — D,F(X'(w),Y"(")) (Y’(-))]Si and then expana
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it as

[ oD (X022 0) (200 0) Xuate)

A A A
=D F(X 0, Y 0) (Y0

(4.20)

where the symbol ~ is used to denote independent copies of the various random variables
and where, as before, we used the notation (3.10), with an obvious analogue for the pro-
cesses tagged with a prime or a tilde. By using Holder inequality with exponents 3 and
3/2, we get

([V2F(X(@),Y () = V(X @Y 0)],,)
X @) (|AX @) + AV (), + |[AX o1 (@)] + (AYie()),)

+ Yot (18X (@)] + CAY,()), + [AX o1 @) + (AYou()), ) .

1 < 7{AXee@)] + V),

where, to get the first line, we used the boundedness and continuity assumptions of the
functions d,D,F, ¢,D,F and DZF. Up to the exponent 4 appearing on the first and
last lines of the right-hand side, we end up with the same bound as in the analysis of
[AF(w, )]s in the first step, namely

AR,y g <7 (18X @) st + DAY Ollptertnss)

(0, 1) (|\|Ax<w>|\|[o,ti],w,p + <\|\AY<~>m[o,ti],w,p>8).

Step 4 — We use (3.11) to write the remainder term R-F in the form

RAF = (0F(X,(w), Ya() — 2 (X(), V() ) R (@)
+ OF(XU(w), V() (B (@) — B (W)
+ B[ (V2F(X.(0), Ya() = V2F(X!(). Y()) ) BL ()]

+E| VAF(XU(w), /() (RL() = RL0)) |
+2)-2)+ Q@) - 3)+ () —(5),
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with

@ = j {2 (X0 @), 1)) = 2 (XU (@), Va()) f Xialw) d

@ = [ {er(xi, . Ys<->) — F(X,(), V() } Xaa()

) —f (VP (Xo(@) Y)0) = VAF (X, (w), () fYael) ) X,

and similarly for (2°), (3’) and (5’), putting a prime on all the occurrences of X and Y.
We start with the first four lines in R2F. Doing as before, the first line is less than

2P (Xo(w), o) = AR (X1(w), YI()) | BE ()
< (s, t, @) {w(0, )" (|AX @) st + IAY () losrwns)
+ (IAX @)ty + DAY gt )s) -

We also have

F(XUw@), YI0) (R () = BE(@))| < Awls, 6,0)7 JAX @)l uteatop

Similarly,

[ (V2F(X.(). Ya() = V2F(XUw), YI0) ) B0 |
< (s, t,w)?7 {w(0, 1) (H\AX(w)H\ ot + IAY Oy
+ (IAX @t + DAY O llticitns)
E| VAP (X (@), V() (RY() - RZ,L(-))] < 28a0(s, £,w)" CIAY (e tapann s

Now, ”)| is bounded above by

yw(s,t,w) 2/p H‘AX

Moo
ey (X)
+7w(s,t,w)l/pfo f KVz(?xF(XS,(S t)(w),Y;;(s,t)(‘)>Ys,t(')>
— (V2B (XG @) YE () YL Y|drax,
s0 |(2) — (2°)| is bounded above by

Yw (8 t W 2/p{mAX H’t tiv1]w + <‘HAY ‘Ht tivi] wP>8

(0,0 (IAX @) o + AY (Vllpstmss) }-
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The difference (3) — (3’) can be handled in the same way. We end up with the term
(5) —(5). As Y, and Y;t may be estimated in L*, it suffices to control

(5a) := VzF(XS(W),}/;(?zt ( )) VZF( ( )7}/:9(»’
(5a) — 5a) 1= (V2F(X, (), VL), () = V2F(X. (). Y.()))
_ (vZF(X;@),ng?g;)(-)) — VAF(X (@), YI()),

in L*3. We have first ((52)) .5 < ((52)) , < yw(s,t ,w)Y?_ In order to estimate (5a)-
(5a’), we rewrite (5a) in the form

(5) = DuF(Xo(@), Y, 00) (Yl () = DuF(Xu(), ¥.()) (%2()
<3 [ DR (X Y 50) (Y0 ey
£ f B[ D2F (X (), Y 0) (YA 00, T () ) |

Then, using Holder inequality with exponents 3 and 3/2 as in (4.20), we obtain that
{(52)-(52%)) ,, is bounded above by

yw(s,t,w)? {H‘AX(Q})}

+ <‘HAY ¢+1]7w7p>8

[tz tz+1

(0, ti,ww (|\|AX<w>|\|[o,tJ,w,p +AY Ollpegusds ) §

and end up with the bound

< 7 {w(o,ti,w)" (mewum,td,w,p + AY Ol s)

X @y SHAY Ol oD -

[tisti+1],w,p/2

Conclusion. Plugging the conclusion of the previous steps (including the analysis of
the various initial conditions) into equation (4.13)), we get

[ Fec@viw. ) - [ Fae. v mw.w)

ti

[tistiv1],w,p

<~ <|AXti(w)| + 6, AX,, ()] + (A (), + (5.AY, (),

+yw(ts, tivr, w) 7 [F(X (@), Y () = F(X'(w), Y'(-))]

[tmtmme) 4.21)
<y w(0,t:,0)" (I AX @) o0 + A Ol

ity tiyn, ) { (IAX @)oo + AY O llter Vs

+ w0t (18X @) o + IAY Ollagusds) b
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Recalling that w(t;, t;, 1, w)Y? < 1/(4L), we finally get

[ POt v 0)aw ) - [ Fx) v 0)aw @

t; t;

[tistiv1],w,p
1
< yw(0,t;,w)"? (1 + E) (H‘AX(W)W[O,ti],w,p + <‘HAY(')‘H[O,T]7U}J’>8>

v
+ 2 {IAX @t + A Ollpaswnds

This completes the proof. O]

4.3 Well-posedness

We first prove a well-posedness result in small time from which Theorem [I.1] follows.
Recall from Definition [4.1] the fact that the map I depends on X (w).

Theorem 4.4. Let F satisfy Regularity assumptions 1 and Regularity assumptions 2 and
w be a control satisfying (2.8) and (2.9). Assume there exists a positive time horizon T
such that the random variables w(0,T),-) and (N ([O, T],-, a))a>0 have sub and super

exponential tails respectively, namely

P(w(0,T,) = t) <crexp(—t), P(N([0,T],-,a) > t) < caa) exp(—t' =),
(4.22)

for some positive constants c¢; and ¢4, and possibly a-dependent positive constants co(a)
and e9(«v). Then, there exists four positive reals 7y, Ly, L and n, only depending on A and
T, with the following property. For 0 < S < T such that

<N([0, s], -, 1/(4L0))> <1, (4.23)

8

and

N([O,S],~,1/(4L))
<[7(1 +w(0,T, -)I/P)] > <, (4.24)

32
and for any d-dimensional random square-integrable variable X, there exists a ran-
dom controlled path X (-) = (X (w))weq defined on the time interval [0, S] satisfying
<51X(-)>OO < A, and <‘|‘X<'>H|[0,S],w,p>8 < @ (the bound for the latter only depend-
ing on A and the parameters in @.22)), such that, for every w € §), the paths X (w)
and T'(w, X (w), X (+)) coincide on [0, S]. Any other random controlled path X'(-) with
X{ = Xo almost surely, and such that the paths X'(w) and ' (w, X'(w), X'(+)) coincide

almost surely, satisfies

P(IX0) = XOllfosig =0) = 1
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Proof. We construct a fixed point of I, see Definition {1}, as the limit of the Picard se-
quence

(X"“(w); 5 X" (w); O)

=T (w, (X" (w); 6, X" (w); 0), (X™(w'); 0, X" (w'); O)wm) , (4.25)
started from (X°(w); 9, X°(w);0) = (Xo(w);0;0), for each w € Q. By induction, for
any n > 0, the pair (X (w),Y(-)) = (X"(w), X™(-)) satisfies in the statement of
Proposition [4.2] Moreover, by the first bullet point in the conclusion of Proposition 4.2]
X(w) = X™(w) satisfies (4.3)) for any n > 1, provided that L therein is taken large enough
(independently on n). By @D and from the tail estimates (4.22)), we deduce that, for any
n = 0, || X™(-)|ljo,r],w,p has finite moments of any order: According to Definition (3.2,
each X"(-) = (X™(w))weq, n = 1, is a random controlled trajectory.

Step 1. Instead of working with S such that (N ([0, 5]+, 1/ (4L0))> 1, we directly
assume that <N [0,T],-,1/(4Ly)) >8 < 1, with Ly as in Proposition 4.2, Recalling that
we may take Lg large enough so that (4.3)) holds true with L = Ly and X = X" for any

> 0, we deduce that, for any n > 1, both X™ and X" ! satisfy (#.13) and (#.14): (@.13)
follows from the third item in the conclusion of Proposition 4.2} whilst (4.14) follows from
the first item. Hence, by Proposition MAX”(w)‘ PRI with AX™ := X"+l X7
is bounded above by

v, (14 ){WAX“ Migasnn + IAX™Olloes) }

# 2 {IAX 7 gy IAX om0, }

for any n > 1, where ~y depends on Ly and A, L is greater than Lj, and the sequence
(ti)i=o... v is as in the statement of Proposition The precise value of L will be fixed
later on; the key fact is that it may be taken as large as needed. We start with the case
1 = 0. The above bound yields, for all n > 1,

n 37 n— e
IAX" @ g < 77 UIAX @ g + BAX Olltor100) -
So, recalling that AX°(w) = X!(w), we have, for any n > 1,
AX™(w

M [0,¢1],w,p

37\ N AN -
< (52) IX @lpes + 25G7) IAXT Olloarans ),

k=1

(4.26)
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We proceed with a similar computation when ¢ > 1. By induction, we have, for n > 1,

18X @M ip < () TN
Loy \ ok B
+ ,;1(41) [’Yw((),ti,w)l/p (1 + E> |ax*k 1(w)“‘[0,ti],w,p]

+

3(p)" Plag et 0o ) }IAXS Ollonas) ]

Following footnote, we get, for a new value of ~,

||M:

IAX™ )l 0100100 < TNAX" @O 107005 T NAX |11 g0
o
NAX™ ) 0401000 < T IAX™ @107 0 ﬂ( ) X @ s g0
X ()" oo (14 L) lax @l )

T
L

+”Y

()" + w0+ N IAX )]
which we can rewrite as
AKXl 0 <€D () A g
() I e+ D) 1A Ol ), |

provided we choose v > 1, and with ((w) := 1 + w(0, T, w)"/? (1 - ﬁ)
Step 2. Combine the above estimate together with (4.26)) to get

HM:

n+1

n+l-k 3 k—1
185 sy <76 B5p) (G2) 1K Ollosias
k=1

+7*C(w Z(l)ni i(i) ﬂi<“AXi_l('>|‘}[o,T],w7p>s

i=1

#776) Y () ARy, 4976 () I @y

o

[y

o
—_



Mean field rough equations 41

Hence we have

n 37 " & L\n+1-
IAx"@llgg <766 (37) (14 G ) 1K @l

() LG X Ollon ), 3

i=1
n

@ NG a0, 0

Therefore, using the bound Y,_; 3¥ < 3"1/2, we deduce
n 2 37\ 1
18X @) g < 376 (52) 1) o 10
"3\ ntl—i A
#arc R () (AT Ollorin),

We here assume that L is chosen big enough to have 3y < 4L. The above inequality may
be summed up into

n 37 "
IAX" e < 2 (77) 10

e N(G) AT Ol

=1

where ¢, (w): = 372 (w). Set now ¢;(w) := (372§(w))i_1

Comparing the previous estimate of }HAX "(w) }H [0.t2]0,p with (4.26]) and iterating over

the time index ¢; from the conclusion of the first step, we obtain, as long as t; < T,
IAX 1 < ) (Z2) X2 @)
[0t wp = 47, [0.t:],w,p
A AN 1
ra@ N(q) WA Ollomu),

Step 3. Noting that we can take N in Theorem {4.3|less than N ([0, T'],w, 1/(4Lo)) +
N([0,T],w,1/(4L)) < 2N ([0,T],w,1/(4L)), see definition (2.14), we deduce that

y 2N(w,1/(4L)) /3y \ 7
IAX" @) gg1.p < (373¢()) () 1 @M o700

2N (w,1/(4L)) (4.27)
+ (3724“ (w )

()" IAX = Olloryan),

k=1

where we let N (w,1/(4L)) := N([0,T],w,1/(4L)). It follows from the assumed tail
)

behaviour of N(-,1/(4L)) and w(0,T’,-) that we have, for a > 1 and any integer k the
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upper bound

P({w e Q: NE@I/AL) () > a}) <P(N(-,1/(4L)) > k) + P(C? = a'/¥)

(4.28)
< cexp(—k“@) + cexp (_a61p/(4k)) :

for a constant ¢ > 1 depending on L and with 5 = €5(1/(4L)). In order to derive the last
term right above, we used Markov inequality together with the fact that E[exp(¢517/2)] is
bounded by a constant depending on ¢y, €, and L. For k = (Ina)/(1+e2/2),

e N0}, P({weQ: VeI > al) < G,

for a constant C; depending on /, from which we deduce that { (37%() NG (4L))>1 .

Setnow A := (372¢)?N-V/A4L) Importantly, A depends on the time horizon T through
¢ and N(-,1/(4L)) (and this on L as well). In order to emphasize the dependance upon
the time argument, we expand the notation and write Az := (372¢y)2N (0 T]1/(AL)),

Clearly, Ag < (372¢p)?NU0511/(4L) [since  and (r are greater than 1. Since the term

N([0,S],-,1/(4L)) tends to 0 with S, we have limg o <(372@)QN([O’S]"’l/(4L))>16 =1,
so limg o(As ), = 1. Hence, taking the L® norm in with T replaced by S,

(IAX" Ollstsy, < 145 () X Ollp sy
o) B () A Ollsg),

=1

= (1436 (57) U Ollp g
+ 0+ 88) 5 ()7 UAX Ol g,

where §(.S) > 0 tends to 0 with S. So, we have

() WA Ol

n

<@+3) 3(g7) " (i) UK Ollpsian),

Fa) 330 ax O, 33 ()"
< (1+6()) (j_g)”/ z CO 5 Oll sy
S () S 6D A Ol
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Assuming that 37/(4L) < 1/16 and choosing S small enough, we may assume that

1 +6(5) 37\ 12
C1- 37/(4L)<4L) =

we can find a positive constant C' such that

() WA Ol g,
< O(j_z>n/2<mX1(')Hl[0,517w7p>16 +a ;(ig) <HlAXl )|l 0.5] wp>

Changing the value of C' if necessary, we obtain

S ()" axtOllnsien) <€ () QX Ol g

(4.29)

Using (4.27), we eventually have, for a new value of C,

IAX" @) g5 < € (B¢ T

Y 1 @l + () UK Ol 510910

In order to conclude, we notice the following two facts. First, the above estimate re-
)|l (0.5].0.p OY Aax™(w)||,  [0.5]0p i the left-hand side.
Second, Proposition “ guarantees that <\HX ") o870 < oo Using a Cauchy like
argument, we deduce that, for any w € €, the sequence (X" (w), 0, X"(w), R*" (w @) =0
is convergent for the norm || - ||, 0,5,w,p- Using Proposition the limit is a fixed point
of I'.

Uniqueness — Let (X'(-); 8,X’(-); 0) stand for another fixed point of I', with 6, X’(w) =
F(X'(w), X'(-)), for almost every w € (, together with <HlX/(')H|[O,T],w,p>8 < . In
particular, we have <(5 X'( )>OO < A Allowing the value of the constant L to increase,

(4.30)

mains true if we replace H‘AX (

we can assume that || X”(-)||jo.r] wP>8 Lo. We can also assume that, for P-a.e. w,

X (w < Ly, with (to) as in the statement of Proposition |4.3

m (2,62 Jwp

- ,NO+1
The proof of 'the latter claim is as follows For a given w such that |0, X'(w)| < A and
for a given i € {0,---, N°}, call ¢/, the first time when [| X (w)|? (0.0, = Lo. If
th 1 <9, then (@3] gives Loy < [| X (w)|? 0., <+ Can(2Lo + 1)/(4L0), which

is indeed impossible if L is large enough.

Therefore, we can apply Proposition {4.3|in order to compare X and X’ and then du-
plicate the analysis of the convergence sequence, replacing AX"™ by AX = X — X',
Similar to (recalling that X! therein is understood as A X(w)|| 07w p 1S
bounded above by

n

(3r26) ™ T X+ () UAXOllpsresds|

i=1
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Letting n tend to oo, this yields

ax( < (3¢

(1A Ol

‘HOT 1,w,p 1

Taking the L® norm, replacing 7' by S as in the third step and recalling from (#.29) that
\/37/(4L) 2N([0,5],,1/(4L))
P (3™ e

1—4/3v/(4L)

< 1, we get uniqueness in small time. [

Application to the proof of Theorem [I.1] Applying iteratively Theorem [4.4] along a se-
quence (Syp = 0,---,5, = T) (shifting in an obvious way [0, 5] into [S}, S2], )
satisfying

2(p=1)/p
<N([Sj 1, S; ]a 71/(4L0))>8 < ]-,
]N([Sjl,sj],-,l/(z;L))

S,
32

and <[7(1 +w(0,T,-)¥P)

we get existence and uniqueness on the whole interval [0, 7']. We notice that, at each node

(85) =1, ¢ of the subdivision, {Xg; (-) )2 < (X, (-))2+2{[[ Xl[{s,_1,5,1,p)4{w (0, T’ -) 4,
which is finite by a straightforward induction. By sticking the paths constructed on each

subinterval of the subdivision, we indeed obtain a random controlled path on the entire

[0,7"]. This is Theorem Importantly, uniqueness holds whatever the choice of w in

and (2.9): If X and X' are two solutions, driven by different w and w’, then we may

easily work with w + w’, which also satisfies (2.8) and (2.9). The control (w + w')'/?

also satisfies (4.22), see for instance for a simple bound on the local accumulation

associated to the sum of two different controls w and w’.

5 Uniqueness and Convergence in Law

5.1 Uniqueness in Law on Strong Rough Set-Ups

Since the solution given by Theorem[4.4]is constructed by Picard iteration on each interval
[Sj-1,S;], for j = 1,--- ¢, we should expect its law to be somehow independent of
the probability space used to build the rough set-up W. Recall indeed from (3.3)) the
following expansion, which holds true for any rank 7 in the Picard iteration (¢.25)) and for
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any subdivision 0 =ty < --- <tg =T,

F 2R (@), X7 0) (PO @), X0, ()W, (@)

- 2157

(5.1)
the last term converging to O as the step size of the subdivision tends to 0. In the second
line, the matrix product 0,F (X7 (w), X2(-)) (F(X(w), X7(-))W,4(w)) should be under-
stood as (S, 37, 0 B9 (X2 (w), X70)) (B4 (X2 (), X2 ()W (@), ., and
similarly for the term on the third line. Our guess is that the above expansion should
permit to identify the law of X"*! and, passing to the limit, to express in a somewhat
canonical manner the law of the solution of the mean field rough equation in terms of the
law of the rough set-up.

However, although it seems to be a relevant concept in our context, uniqueness in law
requires some care as the rough set-up explicitly depends upon the underlying probability
space (2, F, P); recall indeed that the random variables Q2 > w — W (w, ) and Q 3 w —
W (-, w) are not only defined on (2, F, P) but also take values in L9(Q2, 7, P; R™). The
fact that the arrival spaces of both random variables explicitly depend upon the probabil-
ity space is a serious drawback to get a form of weak uniqueness. It is thus relevant to
identify the canonical information in the rough set-up that is needed to determine the law
of the solution. Somehow, we encountered a similar problem in the example of a rough
set-up given by Proposition The difficulty therein is indeed to reconstruct the iter-
ated integral W (0, w) from the observation of W (w), W (w’) and W(w); in the proof
of Proposition this is made at the price of an extra source of randomness. Interest-
ingly, things become trivial when W (w’, w) can be (almost surely) written as the image
of (W (w), W (w')) by a measurable function. Fortunately, all the examples we may have
in mind in practice enter in fact this simpler setting. For instance, both Examples
and [2.5] fall within this case. More generally, in the framework of Proposition [2.4] we
can write W' as the almost sure image of (W', W?) by a measurable function from
C([0,T7; Rm)2 into C(ST;R™ ® R™), when, for a.e. £ € Z, the quantity W*!(£) can be
approximated by the iterated integral of mollified versions of W1 (&) and W?2(€), provided
the mollification procedure defines a measurable map from C([0,7]; R™) into itself. The
following proposition makes it clear.
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Proposition 5.1. Within the framework of Proposition define, for 1 < 1 < 2 and
n = 0, the linear interpolation W™ of W* at dyadic points (tfi = kT/Q”)kZO’.” g1 of
[0,7):
i T (1 - 2"(t — )
W@ = 3 (WHEO + W @) 1)
k=0
Iffor Q-a.e. £ € E, forall (s,t) € ST,

W2HE) = lim | (W2n(e) - WEn(©)) @ dW (),
s,t

then there exists a measurable function I from C([0,T]; R™)? into C (82T ;R™® Rm) such

that

Q({é eZ W (¢) = I(W2(§),W1(§))}) L

The scope of Proposition is limited to so-called geometric rough paths, but the
underlying principle is actually more general. This prompts us to introduce the following
definition.

Definition 5.2. A rough set-up, as defined in Section |2| is called strong if there exists a
measurable mapping I from C ([0, T1; Rm)2 into C (ST ;R™ ® R™) such that

P®2<{(w,w/) e 0?1 Wh(w,w') = Z(W(w), W(w’))}) ~1. (5.2)

So, Proposition [5.1] provides a typical instance of strong set-up, which covers in par-
ticular Examples and However, it is worth mentioning that strong set-ups may
not fall within the scope of Proposition [5.1] since the latter is limited to geometric rough
paths, see footnotﬂ

Proposition[2.4]sheds a light on the rationale for the word strong in Definition[5.2] Here
strong has the same meaning as in the theory of strong solutions to stochastic differential
equations: The second level W2 of the rough-path is a measurable function of (W2 W!).
In contrast, the general set-up considered in the statement of Proposition [2.4) may not be
strong as W2! may carry, in addition to (W', W?), an additional external independent
randomization. If this additional randomization is not trivial, the set-up should be called
weak, see again footnoteé for a typical instance. Also, we refer the reader to Deuschel and
al. [21] for a related use of the notion of strong set-up, although the terminology strong
does not appear therein.

We now have all the ingredients to formulate a weak uniqueness property.

10" A trivial example of rough set-up is given by the collection of real-valued rough paths W!(¢) =
W2(&) =0, Whi(¢) = 0, ny’tl(f) = a(é)(t — s), (s,t) € ST, for £ in a probability space (2,3, Q),
where a is a real-valued random variable on (=, G, Q). If a is deterministic and non-zero, the set-up is
strong but is not geometric. If the support of a does not reduce to one point, then the set-up induced by
(W), W2(-), WhE(-), W21(-)) is not strong.
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Theorem 5.3. Let Xo(-) := (Xo(w)) o X0(-) = (X{(w)) __(, and

welY’

W() = (W(w),W(w),Wl(w,w/))weﬂw,eﬂ,
W'() = (W’(w),W’(w),Wl"(%w’))

weY ,w'eN?

be two square integrable initial conditions and two strong rough set-ups with the same
parameters m, p and q, defined on two probability spaces (2, F,P) and (Y, F',P’), such
that the random variables

0?5 (w,w') — (Xo(w), W(w),W(w), WH(w,w)),
()% 2 (w,0) = (Xp(w), W'(w), W (w), W (w,w')),
have the same law on R? x C([0,T];R™) x C(SI;R™ @ R™) x C(ST;R™ ® R™). Then,

the corresponding two solutions (X (W), oq and (X'(w)) to (1.2) have the same law
on C([0,T]; R™).

we)!

As the two set-ups have the same law, we can use the same mapping Z in the repre-
sentations (5.2) of Wt and of W, Iterating on n in (5.1)), the result easily follows by
proving, at each rank, that the law of (W, W, X™) is uniquely determined.

5.2 Continuity of the Ito6-Lyons Map

As expected from a robust solution theory of differential equations, we have continuity of
the solution with respect to the parameters in the equation, most notably the rough set-up
itself. The next statement quantifies that fact.

Theorem 5.4. Let F satisfy the same assumptions as in Theorem[@.4] Given a time interval
[0, T'| and a sequence of probability spaces (2, Fy,,P,), indexed by n € N, let, for any
n, X0(-) == (XMwn))w,cq, be an R%-valued square-integrable initial condition and
W) = (W7 (), W) W (wf)))
Wi wh €L
be an m-dimensional rough set-up with corresponding control w", as given by (2.10), and
local accumulated variation N™, for fixed values of p € [2,3) and q > 8. Assume that

o the collection (P, o (|X{(-)[*)™") _, is uniformly integrable;

n=0
e for positive constants €1, ¢; and (e2(a), ca(0)) a0, the tail assumption (4.22)) holds

for w™ and N", for all n = 0;

o associating a control v" with each W"(-) as in 2.7), the functions (S > (s,t) —
(u™(s,t, -)>2q)n>0 are uniformly Lipschitz continuous.
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Assume also that there exist, on another probability space (S, F,P), a square integrable
initial condition X(-) with values in R? and a strong rough set-up
W() = (W(w),W(w),WHw,w’)) B

with values in R™, such that the law under the probability measure P®? of the random
variable Q% 5 (wp,w),) — (X3 (wn), W (wn), Wy (wy), Wik (w,, w),)), seen as a random
variable with values in the space R*xC([0,T];R™) x {C(ST;R™ ® Rm)}Q, converges in
the weak sense o the law of 0% 3 (w,w’) — (Xo(w), W (w), W(w, ), W (w,w’)).

Then, W (-) satisfies the requirements of Theorem @4.4{for some p' € (p,3) and ¢’ €
[8, q), with w therein being given by (2.10). Moreover, if X™(-), resp. X (-), is the solution
of the mean field rough differential equation driven by W"(-), resp. W (-), then X"(-)
converges in law to X (-) on C([0,T]; R).

The rationale for the framework and the assumptions used in the statement of Theorem
[5.4]is two-fold. First, it allows for a proof based on compactness arguments; in particular,
the proof completely bypasses any lengthy stability estimate of the paths with respect to
the rough structure, which, in our extended framework, would be especially cumbersome.
Also, this compactness argument is pretty interesting in itself and complements quite well
Subsection on weak uniqueness; noticeably, it allows the set-ups to be supported by
different probability spaces. Second, our formulation of the continuity of the It6-Lyons
map turns out to be well-fitted to the applications addressed in our forthcoming compan-
ion paper [4]], see also Section 4 in the earlier version [3]].

The assumption that the limiting rough set-up is strong is tailored-made to the com-
pactness arguments we use below as it permits to pass quite simply to the weak limit along
the laws of the rough set-ups (W"(-)),>o and to identify the limiting law.

Proof. Throughout the proof, we call p € [2,3) and ¢ > 8 the fixed indices used to define
the set-ups and, in particular, to control the variations in the definition (4.22)) of each w",
n = 0, w" being associated with v™ through (2.10). This is important because, at some
points of the proof, we will use other values p’ > p and ¢’ < q.

Step 1. We prove key properties on the tightness of the sequence (W"(:)),>0.

=

1a. For any n > 0, we introduce the modulus of continuity of (W™ (-), W"(-), W™1(.)),
namely we let, for any 6 > 0,
<" (5, W, w;) = sup W/ (wn) — W (wy)|
|s—t|<d

+  sup WD (wn) — W2 (ws)|+  sup ’W;l,i% (Wn, W) — W:,i% (Wn, Wl

n n
[s—s'|+[t—t'|<6 [s—s'|+[t—t'|<8

where (w,,w!,) € Q2. Since the laws of the processes (W™(-), W*(-), WL(-,-)),>0 are

n
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tight in the space C([0, T];R™) x {C(S7;R™ ® Rm)}2, we deduce that

Ve >0, hmsupP®2<{(wn, ')e ((5 Wry, W ) 6}) = 0.

N0 >0

1b. We now prove that, for any ¢’ € [8, ¢), the laws of the processes (Qn 3wy, —
W (W, )g) 2, are tigh and similarly for the laws of the processes (2, 3 w, —
W (-, wn)dg), - By 210), we have, for any w,, € €2,

sup <W?7’tl(wn, -)>q < (w"((), T, wn))2/p.
(s,t)eST

By the second bullet point in the assumption, the tails of the right-hand side are uniformly
dominated. So,

lim sup Pn<{wn €,

A—o0 n=0

sup (W23 (o, .)>q > A}) =0, (5.3)
(s,t)eST

which is one first step in the proof of tightness. For any a > 0, we now consider the event

E,(0,a) := {wn e, : Pn<{w; €y 0 60, wp,w 5}) }

By Markov’s inequality and then Fubini’s theorem,

P, (E.(5,0)) < a_1P§)2<{(wn, e 0266, wn W) = g}),

the right-hand side converging to 0 as n tends to co. Clearly, for any € > 0, we can find a
collection of positive reals (a.(d))s=0 such that

lima.(d) =0, and limP, (En(é, ae(é))> ~0.

Take now w, € E,(d, a.(5))" such that sup(57t),a.>~2T<WZ”tJL (Wn, ~)>q < A, foragiven A > 0.
Then, for any ¢’ € [8,¢) and (s, 1), (s, ') € ST with |s — §'| + |t — /| < 6,

‘<W !t wm : - <W wn, .)>q’
<Wn’i%(wnv ) - Wg:tﬂ(wna )> <e+t Aas(é)l_ql/q‘

ql

For A fixed and ¢ small enough, the right-hand side is less than 2¢. We easily deduce that,

>e}) _ 0,

for any € > 0,

lim sup P,, <{wn e, : sup <WZ,£(wn, -)>q, — <Wf;;}(wn, -)>q,

N0 n>0 [s—s!|+]t—t'|<d

""In the notation ¢, the expectation is implicitly taken under P,,.
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which, together with (5.3)), proves tightness. Clearly, the same holds for the family (Qn 3
Wy > (WL (- wn)>‘l’)n>o' Similarly, the two deterministic functions (<I/V"(-)>q/)n2 , and
((wmt(, -)>>qr)n>0 are relatively compact in C([0, T]; R) and C(S7; R).

1c. For each coordinate of the family of processes

(20 2 wn > (W23 ()l W ()] QW (i, ), W) s )

)
n=0

we know that the corresponding family of laws is tight in C(S1'; R) and that the associated
family of p-variations over [0, 7'] has tight laws in R (because of the second item in the
assumption). Hence, we can apply Lemma below, with any p’ € (p,3) instead of p
itself, and with Z}!,(w) equal to one of the coordinate of the above process.

We proceed in the same way with the coordinates of the deterministic sequence (z;jt =
(<W;ft(-)>q,, ((WZ”tJL(-, Na') (s,t)ESQT)nZO' We deduce that, for any p’ € (p, 3), the sequence

of probability measures (P o (8T 5 (s,t) — v™(s,t, -))_1> is tight in C(S%;R) and
n=0

hence that
Ve >0, limsup Pn< sup  v™(s,t,¢) > 5) =0,
(s:t)

N0 >0 eSg:tfsSJ

where v™’ is associated with W"(-) through using the pair of parameters (p’, ¢)
instead of (p, q).

1d. Obviously, v™'(s,t,-) < (v"(s,t,-))?/?. Since p'/p < 2 and the function S{ >
(s,t) — (v"(s,t,-))s, is Lipschitz continuous, uniformly in n > 0, we deduce that
(s,t) — (v™(s,t,-)), is Lipschitz continuous, uniformly in n > 0. Hence,

Ve >0, limsup Pn( sup  w"(s,t,) > 6) =0,
00 n>0 (s,t)eST t—s<6

where, as above, w"’ is associated with v™’ and (p/, ¢') through (2.10). Importantly, we
deduce from the bound (v™/(0, 7T, -))"*" < (v™(0, T, -))"/P that, similar to w™ and N™ (the
latter is associated with w” through (2.14))), the function w™’ and the corresponding local
accumulated variation N™' (given by with o = w™’) satisfy the tail assumption
(#@.22), uniformly in n > 0. The bound on the tails of N"’ is easily obtained by compari-
son with the tails of N".

Step 2.
2a. The next step is to observe, as a corollary of the proof of Theorem see (4.30),
that there exist a constant C' and a real S > 0 such that, for all n > 0,

(X" Ol spaner ), < C-

The fact that C' and .S can be chosen independently of n is a consequence of the fact that
the tails of N and w" are controlled uniformly in n > 0. Here .S is chosen small enough
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so that (4.23) and (4.24) in the statement of Theorem4.4]are satisfied, uniformly in n > 0.

2b. Arguing as in the derivation of Theorem from the statement of Theorem
4.4l we can iterate the argument and construct a sequence of deterministic times 0 =
So < § =5 < ... <S¢ =T, for some deterministic X > 1, such that, for all
n = 0andall je {0, K — 1}, {IX"()lis,.5,100m0 s < C. Up to a modifi-
cation of the constant C', we deduce that, for all n > 1, {|[|X"()lljo1uwmp g < C-
Recalling that (P, o (\Xg(-)|2)—1)n>0 is uniformly integrable, it is easily checked that
(Pn o (supgerer [ X7 ()[?) 1), o, is also uniformly integrable.

2c¢. As another result of the previous step, for any € > 0, we can find a > 0 such that
sup Pn<H|Xn(')‘H[O,T],w”»/,p’ > CL) < g,
n=0
from which, we deduce that

Va>0, 3Je>0:supP, (V(s,t) e Sy, ]X;"ft\p' > aw"”(s,t)) <e

n=0

Combining with 1d, this yields

Ve > 0, %imsup Pn( sup | Xy > 5) =0.
(s:t)

—0n>0 eSS t—s<6
From the conclusion of 2b, the sequence (P, o (X™(-))~") _ is tight in C([0,T];R?).

Step 3.
3a. As a consequence of the assumptions of Theorem [5.4]and of Step 2, we have the
following tightness properties:

o (Pno (I/V”(-))*l)n20 and (P, 0 (X”(~))*1)n20 are tight in the spaces C ([0, 7']; R™)
and C([0,T;R);

o (Pno (W")7H(1)), 5, is tightin C(S3;R™ ® R™);

. <P§2 0 (Qg 5 (W wl) — Wk (w,, w!) € C(ST;R" ® Rm)) _1>n>0 is tight in
C(ST;R™Q@R™);

. <Pn o (v””(wn) Q3w > (ST 3 (s,t) > 0™ (s, t,w,)) € C(ST; R)>1>n>0 is
tight in C(S7;R);

3b. By Skorokhod’s representation theorem, we can find an auxiliary Polish probabil-
ity space ((AZ, F , I?’) such that, up to a subsequence, for P-ae.He Q,

lim, (T74(@), T2(@), W (@), W21(@), 5(3), 2/(@), X (@), X2(@))

= (WH@), W2(@), WM @), W21 (@), 5V(2), (@), ' (@), X2(@) ). (5:4)
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A~

where (W’”, Wn2 Ll el gul(@) 5m2(@), X™1(@), X2 (@ )) has the same law
as the random variable
Qi 3 (wWp, w))

o (W7 (), W (), W (), WP ), 07 (), 07 (), X ), X7 (7)),

which takes values in the space {C )1 T];R™) }2 X {C (S¥;R™®@R™) } x {C(87; )}2 X

{c([0,T];RY) } , and where (Wl(), 2(.), WLL(), W21(), X, ¢ (+)) has the same law as
the random variable

0?5 (w,w') — (W(w), W(w'),vv(w),wi(w',w),xo(w)>. (5.5)

3c. At this point of the proof, the difficulty is that (171\/1(), W2(), Whi(.), 171\/21())
does not form a rough set-up. Still, we have the following two properties. First, using the
fact that the limiting set-up is strong, we have

ﬁ({@ eQ: W2,1(@) = I(W2(@),W1(@))}> _1

for a measurable mapping Z : C([0, T]; R™)? — C(S; R™®R™), which follows from the
identification with the law of (3.5)). Also, passing to the limit in Chen’s relations satisfied
by each W", we have, for P-ae. (e (AZ, andall 0 < r <s<t<T,

Wi (@) = WH@) + WH@) + L@ @ W, (@),

W (@) = W2 @) + W (@) + W2, (@) @ WL(©@).
Obviously, (W2, X?2) is independent of (I//I\/l, Wit X1 5l ') Following the proof of Propo-
sition [2.4] but in a simpler setting here since the hmltmg rough set-up is strong, we can

find

o four random variables W(),VAV(), %'(-) and X (-) from (Q, F, FA’) into C([0, T']; R™),
C(ST;R™®@R™),C(ST;R) and C([0, T]; R?) such that

p({oet: (7.0,8, )@ = (0 w0, £)@))) = 1
o arandom variable W (-, -) from (522, Fe2 |3®2) into C(S¥;R™ ® R™) such that
/F3®2<{(&\),&\)’) c0?- Wi(&},@’) - I(W(@), W(&}’))}) 1 (5.6)

the rough set-up 1/47() = (W( ), W(-), W (., ) satisfying (2-4) with probability 1 and
P s @,0) — (W@),W@),WE@),WH@,0),7'(®),7'(@), X (@), X (@) having
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the same law as (W (-), W2(-), WUL(-), W21(-), 54(-), 5%/(-), X*(-), X2(-)) on the prod-
uct space

(C(0. TR Y x {C(ST:R @R™) 1 x {C(ST:R)}* x {C([0.T]:RY))™

Pay attention that, at this stage, we do not whether X solves the mean field rough equation.

3d. We know from the previous step that the limiting set-up satisfies (at least outside
an exceptional event) the required algebraic conditions. We now check that ﬁ\/() satisfies
the required regularity properties.

We start with the variations of W (@), (W (-))g, W W(@), W@, ))gs (WL (-, D))y and
(W (-, -))q- To do so, we recall that, for a.e. & € Q, ¥/(®) is the limit of o™/(%). By
passage to the limit, ¢’ inherits the super-additive property of the (v"),>¢’s, see step 1d,
and its tails satisfy (uniformly in n > 0) a bound similar to that satisfied by the (v™),>0’s
in the first item of the assumption. Also, SI 3 (s,t) — (V'(s, t,-)), is Lipschitz.

Passing once more to the limit, we get that, for a.e. w € @, for any (s,t) € 82T ,
]I/A\/&t(@)\p' < v'(s,t,w), from which we deduce that the p’-variation of ﬂ\/(@) is dom-
inated (in an obvious sense) by ?’. A similar augment applies for <W(c)>q/, W(@) and
(W) ) )

It thus remains to handle (W (@, -)>q/ and (W (-, @)>q,. In order to control their vari-
ations, we proceed as follows. For any non-negative valued bounded continuous function
gon C([0,T];R™) x C(S8F;R) and for every (s,t) € ST, we have

Jﬁ[g(W(@ 7(@) (WA (@,)" ] (@
- J [o( @), 7 @)@, o) ]dP@?(A &)

= Tim | g (W), 0™ () W (s )| [ dPE2 () 00,

n—0o0 02
n

where we used Fubini’s theorem to pass from the first to the second term together with
(5.4) to pass from the first to the second line. Now, we use the very definition of v™’ and
the second item in the assumption to deduce that

[ o7 @).7@) i @0 ]aP@

< lim [g (W"(wn), v""(wn)) (v""(s, t, wn))q//p,] dP,,(wy)

n—o0 Q
n

:HQ(W(@),a'(@))(a'(s,t, 2)"" | aP(@).

a
Recalling from (5.6) that Q50— <VA\/JL (W, )> is U{W(-)}—measurable, we get, for any
(s,t) € ST and for a.e. & € (), <W >p (s,t,@). Obviously, the latter is true
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for a.e. , for any (s,t) € S n Q% By almost sure (in (,&’)) continuity of the paths
ST 5 (s,t) — VAVth (W, ") and by Fatou’s lemma, we deduce that it holds true for a.e. &,
for any (s,t) € SI. The same holds for <W§Lt(, @)>q,.

Associating with the rough set-up W a (random) control function v’ through the def-
inition (2.7) with (p, q) replaced by (p’,¢’), we deduce that, for P-ae. & € Q, for all
(s,t) € ST, ¥'(s,t,@) is less than V'(s, t, D).

Modifying the definition of the set-up on the possibly non-empty null event where one
of the aforementioned properties fails (see the proof of Proposmon 2.4] for detalls) we
can assume without any loss of generality that, for any & € Q, the variation of W( ) is
dominated by v'(&) and that the latter is finite for all & € (). Also, we can assume that
Chen’s relationship, see (2.4)), is satisfied for every & € Q.

3e. We let @' (s, t,0) :=v'(s,t,0) +C(t—s), where C is the Lipschitz constant in the
second item of the assumption. Clearly, &’ satisfies the first tail estimate in (4.22). More-
over, if we associate with @' the (random) local accumulation N'(-, &) := N, wne ([0, 7], @)
as in (2.14), then we must haV N'([0,T],@) < 2liminf, Nignoyn([0,T], @) + 1,
where W™’ (s,t,00) = v™'(s,t,w) + C(t — s). In particular, N'(-, «v) satisfies the second
tail estimate in (4.22)) (for possible new constants cy(«) and e5(v)). Obviousy, the same
holds for the counter N'(-, o) associated with ¥/(-). In the end, ﬁ\/() satisfies all the re-
quirements of Theorems [4.4]and

Step 4.
4a. For each n > 0, we define 5, X"(-) and RX"(-) as

3, XD = F(XM®), LX), RN (@) = XP (@) — X2(D) — 6, XM @)Wr(D),

(s,1) € ST, & € Q, from which we easily deduce that (6, X"(-), RX"(-)). _, converges
with probability to 1 to (690)? (), RX () defined as

6. %(3) = F(X0). LX), RL©) = K@) - X.(0) — 4. X,(@)Wor(D),
(s,t) e ST, &€ Q). In order to pass to the limit in the measure argument of F, we use the
fact that, for any ¢ € [0,T], (£(X"))n0 converges in the weak sense to £(X;). By the
uniform integrability property 2b, the convergence also holds in 2-Wasserstein distance
ds. By continuity of F with respect to d,, we easily conclude.

4b. By the second step, (P, o (||X™(-) H|[O,T],w”’/,p/>_l)n>0 is tight in R, where we take
w™ (s, t,wy,) = v™'(s,t,w,)+C(t—s), for the same C' as in 3e. Hence, we can add a new

12 The proof is as follows. Call N’ = N (-, ). Without any loss of generality, we may assume N’ > 2
Define (t; := 77(0,@))i=0,... nv—1 as in @.13), with @ = (@")'/P, and let t s := T. We also let K :=
|N'/2| = 1. By super-additivity, we have, for any k € {0,--- , K — 1}, w(tak, tag+2) = 2aP. Recall now
that, almost surely, @™’ converges uniformly to %’ on SI. Hence, almost surely, for n large enough, we
must have W™ (tax, tak+2) > aP, which implies that N(gn.y1» ([0, T], ) > K.
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coordinate to the almost surely converging subsequence (5.4) inherited from Skorokhod
theorem. This new coordinate represents ([|X™(-)||[0,77,ump )n=0- In fact, since P, o
(X7™(-),8,.X"(-), RX" (-),v™(-)) " coincides with Po (X (), 6, X" (-), BX"(),5/())
for each n > 0, the new coordinate in the Skorokhod subsequence may be chosen as
(H|)A("(-)\H[07T]@n,/7p/)n>0 itself, where, as before, W™’ (s,t,&0) = 0™'(s,t,0) + C(t — s).
We thus assume that the latter sequence is almost surely convergent. Moreover, identity in
law of (W"(-), X"(-)) under P, and of (I//I\/"( ) )A("()) under P also says that, for P-a.e.
e Qandany (s,t) € ST, [X2@)] < [|X"@)]] 11,000, (@™ (5,6,2))"". By G3)
and 3¢, we get, for P-a.e. & € ), for all (s,t) e ST,

X.4(@)] < (lim | X™(@) ) (@ (s, 1,3)) "7

N0 ‘HOT ;on p!

Proceeding similarly for 5, X "(-) and RX" (+), we deduce that, for P-ae. e Q,
X @)llo . < lim 1X™(@) |l jo.zy.dm

which shows in particular by Fatou’s lemma, see step 2b, that <H\X Mo, >8 < 0.
Although v'(©) (and thus @’ (@)) is not associated with W( ) through (2.7)), we shall say
that, for a.e. & € Q, X (&) is an &-controlled trajectory for the rough set-up ‘//[\7() (We
come back to this point right below.)

Step 5.

Sa. So far, we have constructed ()? (0); F()A( (W), X (-));0) as an -controlled trajec-
tory for the limit rough set-up ﬁ\/( ), but for & in a full event Q' < Q. For free, we
can modify the definition of X (W) for W € Q\Q’ and define §,.X (@) accordingly so that
()A( (@); 6, X (@); 0) is an &-controlled trajectory for any &. Then, ()A( (@) ,.q forms a
random controlled trajectory.

5b. In order to conclude, it remains to identify ()? (0); F()A( @), X (-));0), for P-ae.
5 e Q, with s, ()A((@), F(X (D), X()); O), where the index W in ', is to emphasize
the rough set-up upon which the map I' in Definition is constructed. To do so, we
recall from (3.3)) the expansion (see also (5.1)))

X (wn) = X3 (wn) +2 (X7 (wa), L D)W (wn)

+ Z SE(X] (w), LX] ) (F(X;;_l(wn), LOXP )W, (wn)> (5.7)

+ Z<D FOXE ) 07 )) (X2, 0) (FOX 0 L0 WES () ))

+ Z S’Z’—l’tj (wn),

j=1
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that holds true for any w,, € €2,, any n > 0 and any subdivision 0 = t; < t; < -+ <
tx = T, with K > 1, and with (see Theorem [3.4] Proposition 3.5 and 2b)

‘Sg—l»tj (W'n,)‘ < C(l + ‘HXn(wn)m [0,T],w™", ’) wn’,(tj—lvtﬁw”)wp‘

In order to pass to the limit in (5.7)), we consider a non-negative valued bounded continu-
ous function g on C([0, T];R™) x C(ST;R™ ® R™) x C(ST;R) x C([0, T]; R?). We then
multiply both sides of by g(W"(wy), W*(w,), v™ (wn), X™(w,)) and integrate w,
with respect to P,,. It is absolutely obvious that

lim B, (W7 (), W (), 0™ (), X" () X2() | = E|a(W (). W), (), X)) K ()],

n—0

and similarly with ¢; replaced by 0. In the same way,

Tim E, g (W7 (), W2 (), 0™ (), X C)F (X, (), £XE_))WE ()]

tj—1,t;

= E|g(W O, WE), (), ROIF(Ke, (0, £(86)) Wiy, ()],
and similarly for the terms on the second line. As for the fifth term in the right-hand side,
we have

limsupEn[g(Wn(')>Wn<‘)aUn’/(‘) )lS; 1,5 )‘]

n—0oo
< Clim Soglp E, [g(W”(),W"(), U"’/(‘), Xn())
(L X O ey (557 |

Transferring the right-hand side into an expectation on (Q, F, f’) and using obvious uni-
form integrability properties, see 2b, we deduce from 4b that

lim sup En[g(W”('),Wn('),Un’/(') MISE L, )’]

n—0o0
< CE|g(W(), WE), (), K)) (14 Tim 1ROl 50 ) B (851,150 |
Of course, the most difficult term to treat in (5.7) is the fourth one in the right-hand side.
This can be done by using Fubini’s theorem:

[, Pt [o 0V ) W) ), X )

(DE(D o) 00 ) (X7 () (X2 0 LG Wi Cwn) )|
= |, P ) [o (0 o) W) ) X )

DF(XE (), £O5 ) (X7, () (FOXE (w
= E|g(W1(), W (), A““() X))
DUF(RI (O, LX ) (X2 0) (FRE2 0, L0 )W, 0) |

b L W o))
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We now use (5.4) in order to pass to the limit. The only slight difficulty is that we must
ensure that the regularity conditions satisfied by D, F are compatible with the almost sure
convergence property (5.4). Recall indeed that the continuity property Regularity as-
sumptions 1 is formulated in L,. By [[10, Proposition 5.36], this implies that the mapping
v — D, F(x, )(v) is Lipschitz continuous, uniformly in  and . The latter guarantees
that, for a.e. & € Q,

lim D,F(XP @), LX) (X122, (@) = DuF(X] (@), £(Xe,)) (X7, (@)
So, the limit of the summand on the fourth line of is
Bl (W (), W (), 8, ()
DF(RE (LX) (R, 0) (F(R2L 0, L)W, 0) |-
and our reconstruction of the limiting set-up permits to rewrite it in the form
| @ [o(@).W@).7@).X@)
(DUF (R, @), £81,1)) (R O) (F(RL O, LR )W (2)) )

Importantly, since the limiting set-up is strong, the term in bracket in the last line is
o{W, X }-measurable.

Sc. Let now

- Z<DMF()AQJ.1(@), £(%,0)) (Ko () (R, (0, LK )W (43)) ).

By the conclusion of 5b, it is U{W, W, X }-measurable and it satisfies, for any g as in the
previous step,

—~

E[g((), W), 7). £0) 170
<E[g(W(). WO (). XO) (14 lim 18O fryanny) D30 (st 7.

Therefore, for P-a.e. &,

(Z ti1,tj,0 3/p> [7}1_{20 H‘Xn(')H‘%U,T]@"v’,p"U{W’W76/7X}]<@)'
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By super-additivity of @, X,(®) and Xo(& "’So X, (w), X, ())dﬁ\f (w) coincide. Note
that this is true although the functionals v'(&0) and w'(@) that control the variations of
X are not associated with W( ) through (2.7)); the sole fact that v’(@) dominates v'(&)
(which is associated with ﬁ\/’( ) through (2.7)) and that @'(©) satisfy (2.8) and (2.9)
suffices.

The domination of v'(&) by v'(@), the latter satisfying the tail properties in Theorem
suffices to duplicate the uniqueness argument. In words, X (+) is the solution to the
mean field rough equation driven by 114 and, by uniqueness in law, X (+) has the same law
as X (). O

We used the following lemma in the proof of Theorem

Lemma 5.5. For a separable Banach space (E,| - |), call C5"*(S1; E) the space of
continuous paths G from SI into E that are null on the diagonal, i.e. Gy, = 0 for all

t € [0, T], and have a finite p-variation, i.e.

N-1

HGH [0,T],p—var = 0<t1<s}~1£tN=T ;} ’Gti,ti+1|p < 0.
Foreachn = 0, let Z" = (Z},), s be a process defined on (2, F,,, Pr,) with trajecto-
ries in Cyy " (83 ; E). Assume that the family of distributions (P,, o (Z™)~
C(ST; E), and that the family of distributions (P, o (| Z"||jo7) p—var)~ )n>0 is tight in R.
Then, for p' > p, the family of distributions (Pn 0 (83 3 (s,t) = | Z" s p/—var €
R)il)nzo is tight in C(ST; R). In particular, for any € > 0, there exists § > 0, such that

1 . . .
)7120 is tight in

Pn( sup HZ"H[S’,&]J,/,W > 5) <e.
(s,)

, ESQT:t—SS(S

Proof. The first part is an adaptation of Proposition 5.28 and Corollary 5.29 in [24]]. The
second part is a consequence of the fact that ||z —var = 0, for z € C§ (S5 E). O

A Proof of Theorem 2.6

We provide here the proof of Theorem We follow the proof of Theorem 11.13 in
[23]], see also the proof of Proposition 6.2 in [12]]. Throughout the proof, we use the same
notations as in the statement of Theorem

Notice first that handling the local accumulation of w'/? is the same as handling the
local accumulation of w. This amounts to change the argument « into o? in (2.14). Recall
now that w(s, t,w) is given by and v(s, t,w) therein consists in six different terms,
see (2.7). It is an easy exercice to check that it suffices to control the local accumulation
associated with each of these six terms. To make it clear, we have the following property.
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For a given threshold @ > 0 and for any two nondecreasing continuous functions v; :
87 > Ryand vy : S — Ry, set Nj(a) := N, ([0,7],a), for1 <i < 2,and N(a) :=
N4, ([0, T], @); see (2:14) for the original definition. Then

max(Nl (2> N2<2)) > N(a). (A.D)

For sure, the result is true with the first and third terms in (2.7) as this fits the original
property established in [[12]]. Also, it is obviously true for the second and sixth terms
since they are completely deterministic. Hence, the only difficulty is to control the local
accumulation associated with the fourth and fifth terms.

The strategy is as follows. As we work with Gaussian rough paths, the set-up, as
defined in Section [2} is strong. So, we can transfer it to any arbitrarily fixed probability
space (provided that the letter is rich enough). Hence, we can choose {2 as the path space
W, see the notation in the statement of Theorem [2.6]

We denote by W (w, w’) the enhanced Gaussian rough path associated to (W (w), W’ (w'))
along the lines of Example [2.5] for P®*-a.e. (w,w’) € Q2. The second level of W (w,w’)
reads

W(w, ) = < W(w) (W (w), W'(w)) ) |

Z(W'(w'), W (w)) W(w')

where 7 is as in Definition [5.2] and where we used the same symbol W as in Section 2]
for the enhanced path although the meaning here is not exactly the same. Here, W (w, w')
is a function of both w and w’ and takes values in R*™ @ (R?™)®2, Following Section 3
in [12]], see also (11.5) in [23]], we define, for h ® k € H @ H the translated rough path
(TherW ) (w,w’), where, as in Example H is the underlying Cameron-Martin space.
We then recall that, with probability 1 under P®2,

TharW (w,w') = W (w + h,o' + k).

Following the argument given in Proposition 6.2 in [12], see also Lemma 11.4 in [23], we
have, for any h € H and any (s,t) € ST,

IW (@, I, v < € (1Th00W (@) I, 1 IR v

where we recall that 1/p + 1/0 > 1 and ¢ only depends on p and o, and where

IW (@, &) is1p-var := [ (W, W) (@, &) a1, var+\/H (w, @) .1, (p/2) ~vars

and similarly for | T;,g0W (w, w’)[|[s,4,p—var- Taking the power ¢, allowing the constant ¢
to depend on ¢ and integrating with respect to w’, we get

2
<HWJ_ P/ 1,(p/2)— var>q = C<<|]Th@0W( )I] [5,t] pva_['>q + Hh||1[)s,t],gfvar> :
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We now let
[ W (w, ") [s.0,0/p)-Hot
= | (W, W) (w, @) | s.01,(1/p) 151 + \/ W (@, ) 5,11, ¢2/) -1

for the standard Holder semi-norm of the rough path, see Theorem 11.9 in [23]]. Then,

p/2
(W@ ) < e({1Te0W @y o) (= )+ TRl o)

Therefore, if |1 [s,4,0—var < 1, then

p/2
<\NJL > = C<<|:|Th@0W(w7 .)HZ[)O,T],(l/p)—H61>q<t B 3) + Hh”f&t],g—var) :

;[s:t],(p/2)—var

Observe that if the left-hand side is equal to or less than «, the above statement remains

true even if |A|sq,0—var > 1; it suffices to change the constant ¢ accordingly. Define
i 1 p/2

now N([0,T],w,a) := N([0,T7], @), when w(s,t) = (W(w [0 (/2) —var” L1ETL

by super-addltwlty of || - [|5_yars

N([0,T],w, a)a < c<<|]Th@OW(w, o] I /p)Hm>qT + Hh||~[@0,TLMr).

By Proposition 11.2 in [23], we get (for a new value of ¢)
N([0.T].w, ) < e DThaoW (Mo ) T+ BT,

where || 4 is the standard norm on the reproducing Hilbert space H, see again for instance
Appendix D in [24]]. We conclude by recalling that the quantity << W (-,-) ﬂfo,T],@ /p)—Hol >>q
is finite, by observing that

E = {(w,w') € Qz : Th@OW(w,w') = W(W + h7w/)7 he H}’

is of full P®2-probability measure, see Theorems 11.5 and 11.9 in [23]], and then by in-
voking Theorem 11.7 in [23]].
As for the sub exponential integrability of w(0, T, ), we just proceed with the tails

of @ 5w > Whw,) Z / [207T]7p /2o TO do so, it suffices to prove that the integral

§o, exp (W (w, ) H([]O - (2/p)7H61>€/q) dP(w) is finite, for some € > 0. We then notice that
the function (0, +90) 5 z — exp(z), is convex on [A., ), for some A. > 0. There-
fore, Jensen’s inequality says that it suffices to prove that

L exp (A7 v [WH( )dP(w)dP(w') < oo,

(w, ' H [0,T],(2/p)—Hol

which follows from Proposition 6.2 in [12] and Theorem 11.13 in [23]], provided we
choose ¢ small enough.
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