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Quasilinear generalized parabolic Anderson
model equation

. BAILLEULI and A. DEBUSSCHE] and M. HOFMANOVAf

Abstract. We present in this note a local in time well-posedness result for the singular
2-dimensional quasilinear generalized parabolic Anderson model equation

Otu — a(u)Au = g(u)€

The key idea of our approach is a simple transformation of the equation which allows to
treat the problem as a semilinear problem. The analysis is done within the elementary
setting of paracontrolled calculus.

1 Introduction

Tremendous progress has been made recently in the application of rough path
ideas to the construction of solutions to singular stochastic partial differential equa-
tions (PDEs) driven by time/space rough perturbations, in particular, using Hairer’s
theory of regularity structures [12] and the tools of paracontrolled calculus intro-
duced by Gubinelli, Imkeller and Perkowski in [ITI]. We refer the reader to the
works [2], 6], 8], 14} 15, [16] for a tiny sample of the exponentially growing literature
on the subject. The (generalised) parabolic Anderson model equation itself was
studied from both points of view in different settings in [5, [6] [7, 1T, T2, 13]. The
class of equations studied so far in the literature centers around semilinear problems
with nonlinear lower order terms that are not well defined in the classical sense.
We investigate in the present paper the possibility of extending these methods to-
wards a quasilinear setting, that is, towards problems with nonlinear dependence
on the solution in the leading order term. The first result in this direction was
obtained very recently by Otto and Weber in their work [I7], in which they study
the (1 + 1)-dimensional time/space periodic equation

Oy — P(a(u)Au) = P(g(u)f),

with a mildy irregular time/space periodic noise ¢ of parabolic Holder regularity
(a — 2), for % < a < 1 — P stands here for the projection operator on zero spatial
mean functions. They develop for that purpose a simplified, parametric, version of
regularity structures in the line of Gubinelli’s approach to rough differential equa-
tions using controlled paths. This approach requires a whole new setting that is
described at length in [I7]. It is elegantly rephrased by Furlan and Gubinelli [10]

in a work which is independent and simultaneous to the present one. They use a
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variant of paracontrolled calculus based on paracomposition operators for the study
of the evolution quasilinear equation

oru — a(u)Au = g(u)é, u(0) = uo,

where £ is a space white noise on the 2-dimensional torus. This is the equation
which we study here.

Recall that the zero mean space white noise £ over the 2-dimensional torus is
almost surely of spatial Holder regularity o — 2, for any % < a < 1, and write
(€9)0<e<1 for the family of smoothened noises obtained by convolution of £ with the
heat kernel. See below for the definition of the spatial and parabolic Holder spaces
C* and C$ mentioned in the statement.

. Theorem — Let a function a € C3, with values in some compact interval of (0,0),
and a function g € Cg’ be given. Let also a reqularity erponent o € (%, 1) be given,
together with an initial condition ug € C%. Then there are some diverging constants
¢ and a random time T, defined on the same probability space as space white noise,
such that the solutions u® to the well-posed equations

= afu) = g(u) € e { (£2) ) - () w0}

a a?

with tnitial value ug, converge, as € decreases to 0, almost surely in the parabolic
Holder space C$ to a limit element u € C$, unique solution of the paracontrolled
singular equation

oru — a(u)Au = g(u)é, u(0) = up. (1)

A solution to a paracontrolled singular equation is more properly a pair (u,u’);
the above improper formulation is justified in so far as «’ will actually be a func-
tion of u. This statement is the exact analogue of the main result obtained by
Furlan and Gubinelli in [I0], using their extension of paracontrolled calculus based
on paracomposition operators. The present work makes it clear that the basic tools
of paracontrolled analysis are sufficient for the analysis of this equation. Note here
the slight improvement over [I0] in the convergence of u¢ to the limit function u,
that takes place here in the parabolic Hélder space C$ rather than just in CrC“.
Note here that our approach works verbatim if one replaces the operator a(u)Au
by a® (u)&?j, for some matrix-valued function a(u) that is symmetric and uniformly
elliptic, and for u taking values in some finite dimensional vector space. Adding a
term b%(u)0; in the dynamics would not cause any trouble in the range of regularity
«a € (%, 1) where we are working. Last, note that in the scalar-valued case, solving
equation ([dl) is equivalent to solving an equation of the form

o — A(b(v)) = f(v)&, v(0) = vo,

after setting v := A(u), with A a primitive of 1/a, with b the inverse of A, and
f=1(g/a)ob.

The precise setting of paracontrolled calculus that will be used here in the analysis
of the singular equation (I]) is detailed in Section 2] where the proof of Theorem [I]
is given in three steps. A number of elementary results have been put aside in
Appendix.



Notations. We gather here a number of notations that will be used in the text.

e Let P stand for the heat semigroup associated with the Laplace operator A
on the 2-dimensional torus, .% := d;—A stand for the heat operator, and .% !
stand for the resolution operator of the heat equation Lu := (d; — A)u = f,
with null initial condition, given by the formula

(£ = | Pecsuds,
0

for a time-dependent distribution f. We use a similar notation if A is replaced
by another uniformly elliptic operator.

e Given a positive time horizon 7', a regularity exponent «, and a Banach
space I, write C3F for C’O‘([O,T], E) Given a real regularity exponent «,
we denote by C% the spatial Holder space and by C* the parabolic Holder
space, both defined for instance in terms of Besov spaces built from the
parabolic operator .Z — see e.g. [5]. For a € (0,2), the parabolic space C,

or Cf, coincides as a set with C7C* n C%/ 2LOO7 and the Besov norm on C¢
is equivalent to the elementary norm

|- leo == lerce + 1+l gorz e

2 Paracontrolled setting

Let € stand for a space white noise on the 2-dimensional torus. In its simplest
form, the multiplication problem raised by an ill-posed product, like the term g(u)¢
in the model 2-dimensional generalised (PAM) equation

ZLu = g(u)g,

is dealt within paracontrolled calculus by looking for solutions u of the equation in
an a priori rigidly structured, graded, solution space, whose elements locally look like
some reference function built from £ only by classical means. This approach requires
the problem-independent assumption that some product(s) involving only the noise £
can be given an analytical sense in some appropriate distribution/function space(s);
this is typically done using some probabilAistic tools. The datum of £ and all these
distributions defines the enhanced noise £. In the present setting where the spatial
noise ¢ is (o — 2)-Hélder, for 2 < a < 1, only one extra component needs to be
added to & to get the enhanced noise, the associated solution space has two levels,
and a potential solution u two components (u, u’ ) The structure of the elements in
the solution space and the datum of the enhanced noise allow for a proper analytical

definition fo the product g(u)¢ and show that
v:= Pug + f_l(g(u)@

takes values in the solution space; write <I>(u, u’ ) = (v, v’ ) for its components, with
® a regular fuction of (u, u’). The equation

u = Pug + X*I(g(u)f),

or rather,

(u,u') = @(u,u')
is then solved on a short time interval using a fixed point argument. The short
time horizon is what provides the local contracting character of the map ®. This



scheme works particularly well for an initial condition uy € C?®, as the term Pug
can then be inserted in some remainder term; see for instance [5]. One needs to
adopt a different functional setting for the levels of the solution space to work with
an initial condition ug in C%, see [11]. Schauder estimates are used crucially in this
reasoning to ensure that .#~! (g(u)f ) takes values in the solution space, and one has
good quantitative controls on its two levels.

The situation gets more complex in the quasilinear setting where the operator
LY =0y —a(u)A

depends itself on the solution u of the equation .Z%u = g(u)&. Both Otto-Weber [17]
and Furlan-Gubinelli [10] work with parameter dependent operators .£? := 0; — bA,
for a real-valued positive parameter b ranging in a compact subinterval of (0, o), and
take profit from b-uniform Schauder estimates. The difficulty in their approaches is
to get a fixed point reformulation of the equation in an adequate setting. The new
rough path-flavoured setting developed at length by Otto and Weber in [I7] has an
elegant counterpart in the relatively short work [10] of Furlan and Gubinelli, that
requires an extension of paracontrolled calculus via the introduction of paracompo-
sition operators and associated continuity results, mixing seminal works of Alinhac
[1] in the 80’s and the basic tools of paracontrolled calculus [I1]. We show in the
present work that the analysis of the quasilinear generalised (PAM) equation (1) can
be run efficiently using the elementary paracontrolled calculus, with no need of any
new tools.

The foundations of paracontrolled calculus were laid down in the seminal work
[11] of Gubinelli, Imkeller and Perkowski, to which we shall refer the reader for a
number of facts used here — see also [5], 16}, [7] for extensions. We refer to the book [4] of
Bahouri, Chemin and Danchin for a gentle introduction to the use of paradifferential
calculus in the study of nonlinear PDEs. We shall then freely use the notations
g and II(f,g) for the paraproduct of f by g and the corresponding resonant
term, defined in terms of Littlewood-Paley decomposition, for any two functions f
and ¢g in some spatial Holder spaces of any regularity exponent. We will denote
by II the modified paraproduct on parabolic functions/distributions introduced in
[11], formula (36) in Section 5, in which the time fluctuations of the low frequency
distribution/function are averaged differently at each space scale. (This modified
paraproduct is different from the parabolic paraproduct introduced in [7].) The
following definition of a paracontrolled distribution will make clear what a “rigidly
structured, graded, solution space” may look like. We fixz once and for all some
reqularity exponents o € (%,1) and B € (% v %,a), and define X € C% as the
(random) zero spatial mean solution of the equation

~AX =€

Definition — We define the space C,3(X) of functions paracontrolled by X as
the set of pairs of parabolic functions (u,u') € C* x C? such that

uf i=u—T,X eC”
satisfies

sup tQBT_a HuﬁH 05 < 00.
0<t<T e
Setting
28—
(s g 1= s + el + sup 675 o]



turns Co 3(X) into a Banach space.

Mention here that different choices can be done for the norm on the space of con-
trolled functions; different purposes may lead to different choices — see for instance
the study of the 2-dimensional generalised (PAM) equation done in [5]. Given a
positive time horizon T, set

u(j; = Pruy,
to shorten notations, and recall for future use the bounds

_2B—«a
[ug lc2s S T2 Jug|ce
and
T _ < T3
HUO UOHLw ~ HUOHCO‘-
Our starting point for the analysis of the quasilinear generalised (PAM) equation
oru — a(u)Au = g(u)é
is to rewrite it under the form

L = du — a(ud) Au = g(u)é + (a(u) — a(u)) Au. (2)

Notice that the term (a(u)—a(ud))Au is still part of the leading order operator, so
one cannot expect to treat it by perturbation methods. A suitable paracontrolled
ansatz allows however to cancel out the most irregular part of this term and leave
us with a remainder that has a better regularity and can then be treated as a
perturbation term. This simplification mechanism rests heavily on the fact that
since the solution remains “close” to its initial value on a small time interval, the
difference a(u) —a(uf), and (a(u) —a(uf))Au with it, needs to be small in a suitable
sense.

2.1 Fixed point setting

We rephrase in this section equation (), or equivalently equation (2]), as a fixed
point problem in C, g(X) for a regular map ® from C, 5(X) to itself. This requires
that we first make it clear that the a priori ill-defined products g(u)¢ and (a(u) —
a(ug))Au actually make sense for u paracontrolled by X. This holds under the
assumption that II(X,¢) can be properly defined as an element of C7C?*~2; such
matters are dealt with in Section 2.3l from which Theorem [I] will follow. Given the
regularizing properties of the resolution operator of the operator .#°, encoded in the
Schauder estimates that we shall use below, terms in CpCZ**+#~2 where the space
CrC>*+8-2 ig the intersection of CrC7 for v = o +  — 2, will be considered as
remainders in the analysis of different terms done in this section.

The analysis of the term g(u)¢ is done as in Gubinelli, Imkeller and Perkowski’s
treatement of the generalised (PAM) equation, using paralinearisation of g(u) and
the continuity of the correctors

Cla,b, €) = I(ILb, ) — all(b,£),

Cla,b,€) = I(TLb,€) — all(b,€),
from C7C x CrC?? x C*~2 to CpCte2+t2=2 provided aq + ag + o > 2. Tt gives
g(w)§ = yp)€ + e (g(w)) + g'(w)u' (X, €) + (), (3)

for a remainder (+) that is the sum of ¢’(u)II(u*, ) and an element of CpC?+8-2,

whose norm depends polynomially on H(u,u’)Ha and which depends continuously

76,



2.

on & € C*2. Given the regularity assumption on uf the term g’(u)H(uﬁ, f) can only
be evaluated in a weighted space.

We shall use the following elementary lemma to make clear that the term (a(u) —
a(ug))Au is well-defined when u is paracontrolled by X, and give a description for
it up to some remainder term; the proof of the lemma is given in Appendix for
completeness.

Lemma — The following two estimates hold.

o Let f,ge CP, ae C* and be C*2 be given. Then

HH(Hfa,Hgb) ~ fgT(a, b)’

crors—z < fleslgleslalcalblca-z.

o For f in the parabolic Hélder space CP, we have the intertwining continuity
estimate

| LT X) = T, (— AX)

—

_2f-a
< (147755 Juollce ) I£les | X e

CTCVO"HE_2

We shall use the notation () for an element of C7C>*+#~2 which may change
from line to line, but which depends continuously on & € C*~2; such distributions
are remainders in the present analysis. We use first the paracontrolled structure of
u in the term Aw, and the continuity result on the commutator [A,ﬁ], given in
Lemma 5.1 of [I1], to write

(a(u) — a(ug)) Au = —(a(u) — a(ug)) € + (%) + (a(u) — a(uf)) Auf
= _H(a(u)fa(ug))u’g - H<a(u) - a(ug)a Hu’g) + (*)
+ (a(u) — a(uOT))Auﬁ;

the second equality is a special case of Theorem 6 in [6]. Note that the term in Auf

cannot go inside the remainder as it has an explosive spatial C?# norm at time 07.
Using that (Huf - Huf) e OrC*t#=2 such as proved in Lemma 5.1 of [I1], the
first continuity estimate of Lemma [2] then gives

I (a(w), €)= a'(w) () TX,€) + 0/ (T (u,€) + () (4)
we have in addition
HH(a(ug),ﬁuf)‘

(Schauder estimates for the resolution operator of .#° will later take care of the
exploding factor in 7.) We can thus rewrite equation (2)) at this point under the
form

_28—«a
erns S ol (14 T Jugllon ) Il €lco-e

L0 =y (au)-a@uiywt + (au) = alug)) A + (x1);
building on the second identity of Lemma 2] we end up with the equation
Mot yw + LU =T (o) —aqudyw + (1) — a(ug)) Au? + (k2),
that is
L0 = Hg(w)—a(uywé + (a(u) — a(uOT))Auti + (k2).

We use here the notation (3;) to single out these particular terms, as opposed to
the above unspecified remainders; each of them takes the form

(%) = (¢ (w) — @ (') (e, €) + (ki)za+ -2,



with (3ki)satp-2 € CrCZ2P=2. As said above, the term involving u* needs to be
evaluated in a weighted space, although it has positive space regularity at each posi-
tive time. Let say that a constant depends on the data if it depends on ||€|ga-2,
I1X e, |TI(X, §)HCQQ_Q, Hchfja ”a”CE and possibly ||ug|ce. Given the fact that
(%i)>a+p—2 is given explicitly in terms of multilinear functions of u,u’ or Cg func-
tions of u, the term (3k;)>q+3—2 defines a function of (u,u’) € C, g(X) that is locally
Lipschitz, with a Lipschitz constant that depends polynomially on H(u, o’ )Ha 5 and

(%:)>a+p—2 has itself a C7CZ**#~2norm that is polynomial in terms of | (u, )|

oz,ﬁ;
everything depends of course on the data.
For (u,u’) € Co p(X), set
b (u,u’) = (v,0'),
where
, . 9(w) = (au) — a(ug))u'
v o= =
aluy )
L = gy + (a(u) — a(ud)) Auf + (1),
with vi—g = ug, and
L0 = (a(u) — a(ud)) Auf + (%2), (5)
with 1)3:0 = ug — ﬁv{:OX' For )\ positive, set
g(uo)
Br(A) := {(u,u/) e Ca,g(X); U= = UQ, uz/t:O = m, |(u’u/){a,5 < )\}.

We are going to prove that

o the map ® sends Br(A) into itself, for an adequate choice of radius A and a
choice of sufficiently small time horizon T,

e it is in that case a contraction of B ().

2.2 Fixed point

We first give in the next lemma a control on the two terms involving vf in the
dynamics (5l) of v.

. Lemma - Given u:= (u, u) up ( ug, ’2) ug := (ug,ub) € Bp(N), set
eifu):=¢ = (¢'(u) — d(wu/) (W4, €),
ga(u) :=ea(u = (a(u —a(uOT )Auﬁ.
Then we have the estimates
S 7 10 s < Cr(luls).
OSIIETt “62 )(t) ch y < T3 Cl(H ||a5) + Oy

for a constant C1(||u]a,3) depending polynomially on the data and |ula,s, and Co
depending on the data, and

sup £ H gi(ur) — 5'(U2))(t)

(gi(ur) —ei(u2)) (t)

pons S Ol . Juzlos) fur = val .

sup t %
o<t<T

ST Cs(Jutlap [u2]as) Jur — s,

C2B8-2



for a constant C3(||ut]a,p, [uz]a,s) depending polynomially on the data and |ui|ap
and uz]a,p-

Remark the gain of a factor 772 in the estimate for the local Lipschitz character
of €9 as a function of u; this is taken care of by Schauder estimates for ¢7.

Proof — The size bound for ;(u)(t) is elementary. For €1(u), write

10/ = @)1 30| ., < 1600 = @ @) O o [0 s Il

SECEN] G] 1 [ e

C2a—2

with

() =l ler (A + Jullee) + lla'lor (1 + fulles) [ les,
and use the fact that 35 — 2 is positive to get

[{(au) = aug)) A }#) | s < la(u) — aug)] a6 ()] cas-
This can be further estimated using
Ja(u) = a(ug)]es < Jalw) = a(uo)|es + |a(uo) — alug)| s,

where

Ja(w) — a(uo) s < T2 Jallea (1 + Julea ) lu = uolee,
and from Lemma [§ in the Appendix

la(uo) = a(uf)] oo < la'lorfuo = ug | . + la”[colluo = ug | o Juolon + o lcouo — u e
ST Juee.

Therefore

[€a(0) — o)) B} ()] e € 77 (14 e+ Jolln) (0] o

We only look at the Lipschitz estimate for €5 and leave the reader treat the
easier case of 1. It suffices in the former case to write

{ (atw) — a(u)) At = (a(uz) - awd)) Aub } )] |
< [{(atw) = a(w))auiy o] ,, , +|{(atw2) —a@f) Ak —ub) 1)

< [(a(w) = a(u2) ()] s [ | oo + (Jaur) = aluo) s + Jatuo) = alud)] o ) Juf = v o

C28-2

< T“T“Haucz(l + unee) Jur = uzeauf ()] s
+ 75" (Jalos (1 + Jutlle=) + fuollc ) fuf = b
to get the result. >

4. Lemma - For uj,uy in Bp(N) and vi = $(up) = (vl,v’l) and vy 1= P(uy) =
(v2,vh), we have the estimates

[viles < T2 C1 (Jutllas) + Co,

[vh — viles < T°F Cs(Jurlas: luzlas) [ur — uaf], -



Proof — We first bound HviHcg and start for that purpose from the rough estimate

1

[oilles < HW@) <H9 )]s + [ (a(w) — alug )uchﬁ)

(old
Lemma [§] gives on the one hand

lo@n)les < T2 Igler (1+ Jurllex ) + [ou0)] o

(Be careful that w; is not the time 1 value of some u.) On the other hand, as
in the proof of Lemma [B] we have

ST (1+ furoo + fuolce) o es.

|(a(u) — auf))ui| ,
In order to obtain the Lipschitz bound of the statement, Lemma[§] gives us again
a=p
o) = gua)] o < T gl (1 + Jurlea ) lur = uzle,
and, with b; := a(w;) — a(ud), for i = 1,2,

|bruy = baus| s < [[illeslluy — gl orre + [billopreuy — b es
+ b1 = balles [ug|opre + b1 = ballopreusles
B
< T2 [alor (1+ Jurllew + ol )[4 — whlcs
a / /
+ T2 |afcrlutfeeur — uglles
a—B
+ T2 afee (1 + [utlea) Jur — uzlcaus e
+ T2 a2 (1 + uzfee) [ur — uzfes |ucs-
>

5. Lemma - Let an initial condition fo € C® be given, together with another function
g € C?, bounded below by a positive constant. Let also ¢1 € C((O,T], C’QB_Q) with

sup tw;a H¢1 (t) HCQB_2 < o, (6)
o<t<T

and ¢ € C((0,T7], C‘”B*Q) with
sup ¢72° H‘b? t)| garea < 0 (7)

0<t<T

be given. Let f be the solution to the evolution equation

of —gAf = g1+ ¢o, f(0) = fo. (8)

Then, choosz’ng the time horizon T small enough, we have the estimate

S £ | £( ) gas + 1 Fllce

9)
a—p (
< ”fO”Ca + SUP 75 H¢1 )”02,8—2 + 7172 OSthlth H¢2 )||Ca+,8—2?
with an implicit multzplzcatwe positive constant in the right hand side depending only
on the C*-norm of g.

The fact that this multiplicative positive constant depends only on the C“-norm
of g is crucial for what comes next.
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Proof — Let (Q¢)o<t<7 stand for the semigroup generated by the operator div(gV-).

|f(t) -

We know from [3] and [5] that the resolution operator associated with the heat
operator built from div(gV-) satisfies the Schauder estimates, such as stated
in Lemma A.7-A.9 of [II] and Corollary 4.5 in [9], with implicit multiplicative
constants depending only on the C“norm of g. Write Vg - V f for > 0;g 0;f.
The solution f to equation (§]) is given in mild formula

t t t
fi = Qufo —fo Qi—o(Vg - Vf(s))ds + fo Qi_sti(s)ds + fo Qi—s2(s) ds

Note that since the exponent (25 + o — 2) is positive, we have

OSItmTt 2 |V V)] pan Hcha s 2 (0] pas

It follows from the Schauder estimates that we have at any positive time ¢ in
(0,T] the upper bound

26 a a—p 2B—a
£ @)l 5 52 57 01| gars + TF sup 577 0205 |
1+a 28
+T HQHCaosup 77 £ ()] s + Iollcm

taking the time horizon 7' small enough then yields part of the estimate of the
statement. Next, we have

) o <N@t-s =Td) fo] o +

th +(Vg-Vf)dr

T f (Qrs — 1)Qs_ (Vg - Vf)d

L

+ J(Qt s_Id)Qs 7"¢1

f Qt—rP2(r

=+ +l7
L®©

L®©

+ f (Qtfs - Id)str¢2 (T) dr
0

Using Lemma A.8 [11] to the first term, we obtain

i S [t = s|% | follce-

For the other terms, and for any positive exponent a, we use repeatedly the
following elementary extension of Lemma A.7 of [I1]

| Qe e < t7% [ufg-a. (10)

(It can be seen to hold as follows. Writing L for the operator div(gV-) and
setting R, := (sL)e~*L, we know that R,u is bounded in L® by s~%?2 if u is C~¢
— this semigroup picture of Holder spaces is explained and used for instance in
[5]. The above continuity estimate comes then from the integral representation
Qt = S:O R d—ss) Apply then (I0) to the second term and Lemma A.8 of [I1] to
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the third one to get

t 1 o S
o +13 < f (t— T)%"Vg : vf<7a)HCa71 dr + [t — s[2 fo HQs—r(Vg : Vf(r))H dr
’ t a—1 _ 28—«
Sloles { sup 5 0w [ 0= 7F 5 0

a 28—« s 1 28—«
+[t—=s|2[glce | sup 72 [ £(7)] e J(ST) 2rm 2 d
o<r<t 0

r

g(ufsﬁmfﬁw%%% ¢~ 51%) lallen { sup #5100} o

< o .
% lglle {oi“pf = | £(r) cw}

We bound similarly the quantities

t s
bty < f (1 — 1) 61 ()] s + |1 — 53 f Qe 1 (1) o
s 0
t
< |t — 3|% { sup r 2 “¢1 “026 2}j (t _ 7,) 1+6-5 ” 2,32—a dr
O<r<t s

$ —«
Fle=sft { sup r5 or0)gana | [ (5008
O<r<t 0

2 dr
and, since 28 — o <

B, and one can assume 0 <t < T <1

)

S
64175 [0 s g ar 1517 [ [Qurtatr)
S
t
<|t— s|% 75" { sup - 2re Hq§2 )cawz}f (t—r)_”g r_g dr
O<r<t s
#le=sff 75 sup 5 or0) e [ (5= E e Ea
O<r<t 0

Since for any fixed positive exponent 6 € (0,1), we have

¢
J (t — 7“)71J”s r0dr < 1,
0

uniformly in ¢ € (0,7] and 7' < 1, we deduce that

HfHCamLoo < | folee + SHP N = | ( )] o2
T .
+T°2 Osgth = b2t s

Very similar arguments give the estimate

_28—«a
27 2 dr

t
[Felce = [ folla + lgloe sup, e ||wa (t—=r)”

"
+ sup Pt H¢1 H(;w 2 f (t — 7")_1+B_% 255 A
o<r<t 0

B t ,1+§ B
+ sup r:2 H¢2 (T)HCoz+/3—2 (t - T) 2r 2 dT‘,
o<r<t 0
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from which we finally get

I fllzece < [l folce + e T = p1(t)] s
+T 2 sup t H¢2 )HCO‘JWB72’
o<t<T
and the result of the statement. >

Recall that wug is a-Holder. The following statement is a direct corollary of
Lemma [B] and the fact that while ug is regular as a consequence of the regular-

izing properties of the heat semigroup, its norm as a regular element blows up as T’

decreases to 0. On the other hand, the spatial a-Hélder norm of ul, or a(ul), is

controlled in terms of the a-Hélder norm of ug, with no exploding factor, uniformly
in T near 07.

. Corollary — Assume we are given some functions ¢1 € C((O,T],CZﬁ_Q) and ¢o €
C((O,T], C‘Hﬁ_z) satisfying the estimates @) and (). Given zg € C* and 2’ € CP,
let z stand for the solution of the quation

(ﬁt — a(ug)A)z = Ha(uoT)Z,f + ¢1 + ¢, z(0) = zp.
Then (z, z’) € Co8(X), and we have the size estimate

2, 5 [0 + e

a—38
<Honca+Hz’ HLOOHXHcaJrT = (1 +HUOHca)HZ’HcﬂHXHca (11)

sup 175 61O gar-a + TF sup 757 620 g

with an implicit multiplicative positive constant in the right hand side depending only

on the C*-norm of uy. If (y,y') € Cog(X) is associated similarly to another set of
data 11,19,y and 3y, with y solution of the equation

(0 — a(ug)A)y = Wyry, () + 91 + 2, y(0) =yo € O,
then

OiltlETt = 24— O] s + 2 = o

< |=0 —yoHca + 2 0) = 5/ O] o | X e + T (1 + HuoHCa)Hz —Ylles| Xl e

+0i1tl£Tt H¢1 () ch 2 T oS?th Hq§2 Q(t)HCa+/3—27

here again, with an implicit multiplicative positive constant in the right hand side
depending only on the C*-norm of ug.
Proof — Recall we write £ for the operator d; — a(ul)A, for short. Set
=2 — 1L X.
As this function is the solution of the equation

20 = 2%~ (LX)
)€ + @1+ ¢2 — { <ﬁz'X> + Ha(ug)zf(—f)} + 1) (=€)

0

we have

LOF =+ o — {go (LX) + Ha(ug)Z’(fé)}’
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with initial condition
Zﬁ(O) =2zZ0 — ﬁz’(O)X e C”.

We can then apply Lemmas [5l and 2] to get the estimate (1) from estimate (@]).
The estimate for zf — y? is obtained by the same argument. >

We now have in hands all we need to prove Theorem [lin its abstract form. Recall
that the map
O(u) = P(u,u’) =:v=:(v,0)
was defined at the end of Section 2, and note as a preliminary remark that
HULOHCQ < C(up) (1 + HXHCa), for a positive constant depending only on |jug|ce.

. Theorem — The map ® is a contraction from By (N) into itself, for X large enough
and T small enough.

Proof — Given the definition of ® and the size estimates proved in Lemma[3] Lemma
[ and Corollary [6, we see that the bound
a=p
Hq)(u)”a,g < Cl + CQ(Hu”aﬂ) T
holds for some positive constants C; depending on the data, and Cs depending
also on |ul|q,g. The set Br(A) is then sent into itself by ® for an adequate choice
of parameters A and T

The map inherits its contracting character on B (M) from the Lipschitz esti-
mates given in Lemma Bl Lemma [ and Corollary [, and the fact that ULO is

fixed, and depends only on ug, for functions v# built from ®. >

As the map ® depends continuously on the enhanced noise E = (f,H(X , 5)) €

C°2 x C?*72, and the contracting character of ® isAlocally uniform on &, its fized
point depends continuously on &; we denote it by ’J(§ ) Given a zero spatial mean
smooth function ¢ on the 2-dimensional torus, denote by Z the solution to the
equation —AZ = (. The function J extends the solution map I that associates to a
smooth 'noise’ ¢ the solution to the well-posed quasilinear equation

o — a(v)Av = g(v){, vi—g =ug e C,
in the sense that
I1(¢) = 3(¢,1(Z,Q)),
for any smooth noise. (The fact that all these functions can be defined on the same
time interval is part of the claim.)

2.3 Renormalisation

The above analysis of the singular quasilinear equation (II) requires that we start
from the data of ¢ € C*~2 and II(X, £) € €272, For a typical realization of space
white noise, X is only in C* and one cannot make sense of the resonant term II( X, £)
on a purely analytical basis. Gubinelli, Imkeller and Perkowski first showed in [11]
that if €€ := P.£, and X € solves the equation —AX€ := £¢, then there exists diverging
constants ¢ such that

H(Xe’é-e) o ce
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converges almost surely in C?*~2 to some limit element, denoted by II1(X, £). At the
same time, identities ([B]) and (4]) make it clear that

3 m(xe ¢) — ) = 14(),

where 1€ stands for the solution map that associates to a smooth 'noise’ ¢ the solution
to the well-posed quasilinear equation

/ 2
= a(w)a0 = o) - {22~ (D)} 0. vmo =
a a
Theorem [ follows as a consequence of the continuity of the map J and the almost
sure convergence of <§€,H(X€,§€) — c€> to (§,1’[(X7 §)) in C*~2 x C?*72, together
with the remark that for (u,u') € C, g(X), we have the bound
lulea < 4 les | X lca + ] o

a consequence of the elementary Lemma

A Elementary side results

We collect in this Appendix a number of elementary side results, together with
their proofs, to make this work self-contained. They can all be found somewhere
else in some form or another. As a warm-up, we start with some elementary claims,
used in the main body of the text. Recall the classical notation A; for the Fourier
multipliers used in Littlewood-Paley decomposition; refer to Bahouri, Chemin and
Danchin’s textbook [4] for the basics on this subject.

8. Lemma - 1. For u in the spatial Hélder space C'*, we have

lg()] e < lgller (1 + ulca),
and
lg(w) = 9(0)] g < llglle2 (1 + Jufa)u—v]ca.

2. For u in the parabolic Holder space C%, and 0 < 8 < «, we have

apB
lg(les < T2 llgler (1 + lullex) + [g(uo)] o
and if ui—g = vi=g, then
a=pB
lg(w) = 9()]es £ T llglez (1 + ullee) [u — vl
Proof — The Lipschitz estimate of point 1 comes by writing
(9(u) = g(v)) (z) = (9(u) — 9(v)) (¥)
as the boundary term of the integral of the derivative of the function s € [0,1] —

(9(u) = g(v)) (y + s(z —y)).

To see point 2, take any function h € C? and start from the following two

estimates i
27 [hleree
[Ai{n(t) = n(O)}] o < { T3 ||h||0;2m

to get by interpolation of the two upper bounds the estimate

a—p _
[Plleres T2 |hlgpce RIS+ [R(0)] s
Cp L®
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It follows that if u;—g = vi—g, then we have

<T 3 “g

lg(u) — HCTcﬂ ”)HZTCaHQ(u) “CO‘/2L°°

< T gl (1 + fuloren)lu = vlcren

(1 Jul oo o ) =Vl g

The Lipschitz estimate of point 2 then comes as a consequence of the inequality
a=f
lof) ~ 90)] e < T ) — 900} |

a=p
<77 glon (1 + g )t = vl gy
>

The next result is a variation on Gubinelli, Imkeller and Perkowski’s fundamental
‘commutator’ lemma; it is the first part of Lemma 2l It also happens to be special
case of a more general result, proved in Theorem 2 of [6]. Recall that we work with

2

9. Lemma - Let f,ge C8, and a e C® and be C*2 be given, such that T1(a,b) is a
well-defined element of C**~2. Then

HH(Hfa,Hgb) ~ (fg)T(a, b)’

erss S I loslglosllalceblgens.

Proof — Denote by K, ,(2) := Kj(x — z) the convolution kernel of the Littlewood-
Paley projector Ay. We have

Ak< (I1sa,1I, b Jka II(If(ya, 1T (y)b)>(y) dy

+
—
5
8
/N
=
—~
=
~
8
=
‘Q
ii
&
S
~
N——
<
N~—
U
<

The first term gives
(10, Ty(05) ) () = 2 A (M) ()2 Ty b) (9)
i~j
= Zf (1)g9(y) (Aia) () (A;0) (y) = f()g(y) T(a, b)(y)

so it remains to estimate ly and l3 in the spatial Holder space C?*+8-2 We

have
el = | [ Kialo) 3 A1y 590) o) (A0) ()
i~k
< [ fleelalce HQHwachf\Kk,x(y)\ (Z 2_(2“+5_2)i> dy;
>k

since 2a + 8 — 2 > 0 we obtain in the end

- —2)k
lla| 5 27 G2 £ palall o lg] o | a2
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Similarly, we have

- —2)k
l13] 5 27 CH02E) £ e a0 g o5 Bl o2,

which completes the proof. >

10. Lemma - Given f € C*, g € CP, and h € C*2, with regularity exponents in
(0,2), we have

|fTgh = Tpgh] a2 < IFlc2slgllos |l ca—s.

Proof — We have
fHgh = Hy(gh) + I, n(f) + H(f, gh)
= (Iy(Ilyh) — Mygh) + Mypgh + Iy, (f) + (£, TIgh),
where
|11 (Tgh) — Tgghf povas < 1flLe lglcs IRlca-,

due to Proposition 23 of [6], and

ITT(f, TTgh) | 2pas < If 2 gl Il ca-s

[T f| ooz < 1flce lallze= Rl ca-2.

>

The next proposition gives the second part of Lemma 2 recall £° = 0; — a(ug)A.

11. Proposition — Given u' € C?, we have the following continuity result for a commu-
tator

fad _ 26—«
|20 (M X) Dy (-AX)| s (10 T fuollon) o s | X e
Proof — Recall first from Lemma 5.1 in [11] that
[Ty (AX) =T (AX) | oy oo S [0 gz e [ X o (12)

Then we write

LMy X) — oy (—AX) = {go (M X) + a(ul )ﬁu/(AX)}

uT !
+a(ud ){nu,(AX) - ﬁu,(AX)}
+ { Ty (AX) = a(ud Lo (AX) },

a
and observe that the second term on the right hand side can be estimated with
inequality (I12])

@) {1 (AX) = To@X)}] % (14 Juola) 9] 2 | K o

and that the third term can be taken care of by Lemma 10

_28-a
1Ty (AX) = @ )T (AX) | oo € (L+ T2 Jluofoe) | los | X e
We now estimate the first term. Since X does not depend on t,

8t (ﬁu/X) = Z é’t(Sl,leu’)AzX
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The spatial Fourier transform of & (Si,lQiu’)AiX is localized in an annulus of
size 2¢, we obtain from estimate (32) in [I1] that

[0:(Si1Qit)] o e = [0:(QiSican)| o e

< 2*(1372)1'H&_W/HC?B/QLOO

< 9= (B=2)i |,/
~ Hu Hcﬁ/QLw7
SO
[0 (T X) | o rarsa S I lesl X o (13)
We have, on the other hand,
A,y X) = My (AX) = HauX — 2[gy (VX),
with
HQiSFlA“,HCTLw < HSFIA“/HCTLOO S 2_(6_2)Z||UIHCTCB
and
|QiSi—1 V|, 1o < 27 o s
Altogether, this gives
”A(ﬁu’X)*ﬁu’(AX)HCTCa+,8—2 = ”ﬁAu(X)*2ﬁVu’(VX)HCTCQ*'B—Q b3 ”uch,B ”X”CO"

(14)
so we deduce from (I3]) and (I4]) that
07T AN
Hg (ILy (X)) a(uo MLy ( AX)HCTCO‘H*”
) ) s,
< (L + Jad)les) 1 les | X e,
which concludes the proof. >

12. Lemma - Given f € C? and g € C%, we have
ITr9]ea < 1flcslglos

Proof — Let work here with the canonical heat operator .& := ¢; — A. We have
from the classical Schauder estimates

[Tsglea = W9l + -2 (Tr9) |y o
and the rough bound Hﬁf(o)gHCa < |fleprellgllce. Next, we write, with Zg =
_Aga
Z(Myg) = {-i” (Myg) —ﬁf(—Ag)} ~ Ty (Ag),

and use commutator Lemma 5.1 of [I1] to get

2 (Tg) ~ Ty (~Ag)| < Ifleslgllon,

CTcﬁ+a—2
and

(-89)|,, . S Wfllcrielglen
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