®3 measures on compact Riemannian 3-manifolds
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Abstract. We construct the @g measure on an arbitrary 3-dimensional compact Riemannian man-
ifold without boundary as an invariant probability measure of a singular stochastic partial differ-
ential equation. Proving the nontriviality and the covariance under Riemannian isometries of that
measure gives for the first time a non-perturbative, non-topological interacting Euclidean quan-
tum field theory on curved spaces in dimension 3. This answers a longstanding open problem of
constructive quantum field theory on curved 3 dimensional backgrounds. To control analytically
several Feynman diagrams appearing in the construction of a number of random fields, we intro-
duce a novel approach of renormalization using microlocal and harmonic analysis. This allows to
obtain a renormalized equation which involves some universal constants independent of the man-
ifold. We also define a new vectorial Cole-Hopf transform which allows to deal with the vectorial
<I>§ model where @ is now a bundle valued random field. In a companion paper, we develop in a
self-contained way all the tools from paradifferential and microlocal analysis that we use to build
in our manifold setting a number of analytic and probabilistic objects.
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1 — Introduction

d
In the setting of the discrete d-dimensional torus Ay = (% )", for d > 2, a field is represented
by a real-valued function ¢ on Ay. Write ¢ ~ j when two points ¢ and j are neighbours in A;. One

can assign an energy
1 1
S(@) =5 Y lov =i + 5 |l (11)
inj i

to any field o and define a Gibbs probability measure v, proportional to

e=50) H do;.
i€Ag
A random variable with values in the space £ = R¢ of fields, with law v, is called a discrete
Gaussian free field. The continuum analogue of this random variable is the Gaussian free field on
the torus T%, characterized by the fact that it is a random centered Gaussian field ¢ with covariance
(1—A)~! on the torus T%. This means that for any smooth real-valued test function f € C°°(T%)
the random variable ((f) is Gaussian with zero mean and covariance (f, (1 — A)~1f) r2(t¢)- One
can construct ¢ as a random distribution that is almost surely of Besov-Hélder regularity —d%Q —g,
for all € > 0. Note the dependence of the regularity on the dimension. Going back to the discrete
setting, we denote by Ag, the canonical Laplace operator on the field space &g ~ RA¢ and by 1 the
constant function on £y equal to 1. A dynamical picture of the Gibbs measure v, can be obtained
from the genuine identity
nglgd =0
by rewriting it under the form
Ve, (efSngeS)(efs) =0.
The density e~ appears here as an element of the kernel of the dual of the conjugated operator

{ng (evagdGS)}* = Agd — (ngS) . ng.
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This allows a construction of v, as the invariant measure of the Markov process on £; with gener-
ator Ag, —(Vg,S) - Vg, — provided this Markov process has indeed a unique invariant probability
measure. The diffusion associated with the operator Ag, — (Vg,S) - Vg, is the solution of the
stochastic differential equation in &;

dz; = V2dw; — Ve, S(z)dt,
for a Brownian motion w in &g.

The energy S in (1.1)) contains a kinetic term
the potential term an additional bit of the form

Q@) = > Q(a).

for a real-valued function @, typically a real polynomial bounded from below for the so—called
Ginzburg-Landau models. The corresponding Gibbs probability measure pa, can then be seen as
a perturbation of the discrete Gaussian free field probability measure vy,

HAq (dU) ~ eQ(a)VAd (dO‘)

The dynamics on &; associated with this measure is given as above by the stochastic differential
equation

and a potential term ) .. One can add to

i~j

dz = V2dw, — Ve, (S + Q)(z)dt. (1.2)
There is a problem for taking the formal continuum limit of these measures as the Gaussian free
field measure is supported by distributions of negative regularity, so an expression like [ Q(o) does
not make sense for a nonlinear function of a distribution o. It is the aim of the Euclidean quantum
field theory of scalar fields to make sense of and construct such measures, for some particular
examples of potentials . The ®4 measure corresponds to Q(a) = a*/4 in a 3-dimensional setting.

Quantum field theory was developed as a theory describing interactions of elementary particles.
It is arguably one of the most successful physical theory of the 20th century and has led to
remarkable physical predictions with unprecedented numerical accuracy. However, in spite of its
success in theoretical physics, a complete mathematical formulation and understanding of quantum
field theory is still work in progress. A major difficulty in the subject comes from the divergences
inherent to the formulation of the theory. In quantum field theory the perturbative calculation
of any physical process involves a summation over an infinite number of virtual multi-particle
states which is generically divergent, hence produces infinities. The divergences of perturbation
theory in quantum field theory are directly linked to its short distance structure which is highly
non-trivial because its description involves the infinity of multi-particle states. These divergences
must be carefully subtracted in some organized way compatible with physical requirements such
as locality, causality, unitarity. The methods developped to deal with these infinities were called
renormalization. Constructive quantum field theory provides one of the mathematically rigorous
approaches to quantum field theory. It was developped in the 70’s with seminal contributions of
Albeverio, Brydges, Feldman, Frohlich, Gallavotti, Gawedzki, Glimm, Guerra, Jaffe, Kupiainen,
Nelson, Rivasseau, Seiler, Sénéor, Spencer, Simon, Symanzik and Wightman to name but a few —
see e.g. Glimm & Jaffe’s book [40] and the references inside for an account of the early achievements
in this domain. One of the first successes of constructive quantum field theory was the construction
of the so called P(¢)s-model on R? and of the ¢3 theory on R® by Glimm-Jaffe [38,139] in the 70’s.
The recent breakthroughs by Hairer [5I] and Gubinelli-Perkowski-Imkeller [49] allowed several
authors to recover the results of Glimm-Jaffe following the stochastic quantization program of
Parisi & Wu [73], using only PDE and probabilistic techniques, without the intricate combinatorial
methods from the constructive school. However, we would like to emphasize that the powerful
cluster expansion techniques developed by the constructive school allowed, for both P(¢)s, 3
theories, to show the Borel summability of the partition function in the couplings, to control
the mass gap (exponential decay of the correlations), to study phase transitions (when there is
no longer exponential decay of correlations), to investigate fine properties of the spectrum and
scattering properties of these theories and finally, one of the deepest results of the constructive
school was the stability proofs of Yang—Mills in 3 and 4 dimensions due to Balaban [12] [13]. Many
of these results are currently out of reach of the stochastic methods, we refer to the book of
Rivasseau [77] for more information on the topic. The dynamical construction of the ®3 measure



was first done in finite volume on the flat 3-dimensional torus by Mourrat & Weber [68], Hairer
& Mattingly [52] and Hairer & Schénbauer [53] and Albeverio & Kusuoka [3], then in the infinite
volume 3-dimensional Euclidean space by different authors — Albeverio & Kusuoka [4], Moinat
& Weber [66], Gubinelli & Hofmanové [45] 46], Barashkov & Gubinelli [I4, [I5], using different
methods. A crucial integrability property of the ¢3 measure was proved in Hairer & Steele’s work
[64]. Gubinelli’s lecture notes [43] [44] provide a remarkable source of inspiration and information
on the stochastic quantization approach to the construction of the ®3 measure.

Yet most results in constructive quantum field theory are proved in the geometric settings of
either R3 or the flat torus T2. On the other hand, quantum field theory on curved spacetimes
has been studied since the 70s. Recent breakthroughs by Brunetti & Fredenhagen [20], Hollands
& Wald [55, 56] ad Rejzner [76] on Lorentzian manifolds, see [27] for a detailed mathematical
exposition of part of this approach, and Kopper & Miiller [61] in a Riemannian setting, lead to
complete proofs of perturbative renormalization on (pseudo)-Riemannian manifolds of dimension
less than or equal to 4. We also mention the approach of Costello [24] that is designed to work
on Riemannian manifolds, possibly with a boundary after Albert’s work [2]. However all these
results are perturbative and construct quantum field theory objects as formal power series. They
do not provide any probability measures, Hilbert spaces or operators in a straightforward way.
Constructive quantum fields on manifolds have been earlier addressed only on compact surfaces
in [74] by Pickrell and [30] by Dimock for the P(y)2 theories, in [62] by Lévy for the 2d Yang-
Mills theory and in [48] by Guillarmou—Kupiainen—-Rhodes—Vargas for the Liouville field theory on
Riemann surfaces. In Lorentz signature, we would also like to mention the work [I6] of Barata-
Jaekel-Mund who managed to define the P(p)s2 theory on 2-dimensional de Sitter space, extending
previous work [36] of Figari-Hpegh-Krohn-Nappi. From the PDE side, the constructions of Gibbs
measures on Riemannian surfaces that we are aware of, come from [22] by Burg-Thomann-Tzvetkov
for dynamical P(®)s and from [72] by Oh-Robert-Tzvetkov-Wang for the dynamical Liouville
model. It is therefore a longstanding open problem in both constructive quantum field theory
and field theory on curved spaces to construct the ¢3 measure on an arbitrary closed, compact
3-dimensional Riemannian manifold. As emphasized by Witten in the recent work [80]

“If a theory exists perturbatively in curved spacetime, and non-perturbatively in flat spacetime,
one would expect that it works non-perturbatively in curved spacetime. Unfortunately, not much is
available in terms of rigorous theorems, except for special models like two-dimensional conformal
field theories. That reflects the general mathematical difficulty of understanding quantum field
theory rigorously. One would think that rigorous results for a superrenormalizable theory in curved
spacetime might be relatively accessible, but such results are not available.”

Let us mention that both the 2d Yang-Mills and Liouville theories are integrable as mentioned
above by Witten. Our work seems to give the first construction of a nonintegrable, interacting
quantum field theory on 3—manifolds.

Let M stand for a closed 3-dimensional Riemannian manifold. This work is dedicated to con-
structing the ®3 measure over M, formally the ill-defined functional integral measure

4
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as an invariant probability measure of the dynamics
Ou=E+ (A —Du—u? (1.3)

where £ stands for a spacetime white noise. This noise plays in a continuum setting the role of the
Brownian motion w in in a discrete setting while the terms (A — 1)u and u® come from the
gradient terms of the energy S and the quartic potential @) respectively. The construction of the
®4 measure as the hopefully unique invariant probability measure of this dynamics was first put
forward by Parisi & Wu in a famous work of the early 80s; it comes under the name of stochastic
quantization. Note we define the ®3 measure as an invariant measure from equation . This
is a priori not equivalent to obtaining the measure as a scaling limit of lattice models which is a
highly non-trivial issue on manifolds since there is no canonical way of discretizing quantum field
theories on manifolds. We do not try to relate here our construction of the ®3 measure with any
such limiting procedure.



Equation involves the fundamental problem of considering a nonlinear function of a distri-
bution. Spacetime white noise on a 3-dimensional Riemannian manifold has indeed almost surely a
parabolic E| Besov-Holder regularity —5/2 — ¢, for all € > 0, so one does not expect from a possible
solution u to equation that it has parabolic regularity better than —1/2 —¢, as a consequence
of Schauder estimate. The term u? in is thus ill-defined. This kind of problem in a stochastic
partial differential equation (PDE) is characteristic of the class of singular stochastic PDEs, a field
that was opened around 2014 by the groundbreaking works of M. Hairer on regularity structures
[51] and Gubinelli, Imkeller & Perkowski [49] on paracontrolled calculus. The tools of regularity
structures and paracontrolled calculus were used to run the stochastic quantization approach to
the construction of the ®3 measure over a 3-dimensional torus and Euclidean space in a series of
works. Local well-posedness of equation was proved first by Hairer in [51] — see also Catellier
& Chouk’s work [23] for a proof of that result with the tools of paracontrolled calculus. Mourrat &
Weber proved in [68] an a priori estimate that gives the long time existence (and well-posedness)
of the solution to and the existence of an invariant probability measure. The uniqueness of
this invariant probability measure comes from the works of Hairer & Mattingly [62], on the strong
Markov property of transition semigroups associated to singular stochastic PDEs, and Hairer &
Schénbauer [53] on the support of the laws of solutions to singular stochastic PDEs. See Hairer &
Steele’s work [54] for more references.

None of the previous works are readily available in a manifold setting, and so far the only works
on singular stochastic PDEs in a manifold setting are the works [7} 8, [9] of Bailleul & Bernicot, and
the works [29], [70] and [IT] of Dahlgvist, Diehl & Driver, Mouzard and Bailleul, Dang & Mouzard
on the Anderson operator on a 2-dimensional Riemannian manifold. We refer to [71] for a lucid
exposition of some of the above results. We would also like to mention the forthcoming work of
Hairer—Singh [42] which develops a generalisation of the original Theory of Regularity Structures
which is able to treat SPDEs on manifolds with values in vector bundles in full generality. This
could possibly lead to similar results as ours. The aim of the present work together with our
companion work [I0] is to develop in a self-contained way all the tools needed to run the analysis
in a 3 dimensional closed Riemannian manifold. On the purely analytical side

— We follow Jagannath & Perkowski’ simple approach [57] of equation to prove that this
equation is locally well-posed. Their formulation of the problem avoids the use of regularity
structures or paracontrolled calculus.

— We study the vectorial ®3 model (sometimes called O(N) model in the physics litterature)
where ® is now E-valued where (F,h) is some Hermitian vector bundle over M. In this
case, the SPDE reads

0P+ (1-A)d=—-2(P,0), +<&k

where A is a generalized laplacian acting on E-valued sections, {g is some E-valued white
noise and the ®3 measure is still invariant under the Markovian dynamics. The crucial
ingredient for this part is a novel vectorial Cole-Hopf transform that we introduce in defi-
nition 23]

— We give a simple and short proof of an LP “coming down from infinity” property satisfied
by the solution to equation using energy methods. The longtime existence of a unique
solution to equation follows as a consequence.

— As usual in the study of singular stochastic PDEs we need to feed the analytic machinery
with a number of random distributions whose formal definitions involve some ill-defined
products, and whose actual definitions involve some probabilistic constructions based on
regularization and renormalization. Our approach to the renormalization problem is a far
reaching generalization of the Epstein-Glaser point of view where we benefit from the many
improvements contained in [75] 20] 55 56]. We reduce the problem of renormalization to an
extension problem for distributions on a configuration space defined outside all the diago-
nals, for which we develop a general machinery. We note that there is also a new approach
to SPDE’s relying on the Epstein-Glaser renormalization in the works [31] by Dappiaggi-
Drago-Rinaldi-Zambotti and [19] by Bonicelli-Dappiaggi-Rinaldi. However it seems that
these authors work only at a perturbative level whereas our results are nonperturbative.

1Meaning the time variable has weight 2 whereas space variables have weight 1



One remarkable feature of our approach is that we are able to renormalize equation using
universal counterterms — they do not depend on the metric on M. We emphasize that fact in the
following statement where ¢ € (0,1/8) is a positive constant and &, := e"(A~1¢ stands for a space
reqularization of £ by heat operator— so &, is still white in time. Set

r1/2 |log 7|
ay : ._

- = , 1.4
82 73/2 128 72 (14)

Theorem 1 — Pick ¢ € C~Y/27¢(M). The equation
(0 — A+ Du, = & —ud + 3(a, — by)u, (1.5)

with initial condition ¢, has a unique solution over [0,00) x M in some appropriate function space.
For any 0 < T < oo this random variable converges in probability in C([O,T],C_1/2_E(M)) as
r > 0 goes to 0 to a limit u.

The function u is what we define as the solution to equation and it turns out to be
a Markov process. The a priori estimate encoded in the coming down from infinity property
provides a compactness statement from which the existence of an invariant probability measure
for the Markovian dynamics follows.

Theorem 2 — The dynamics of u is Markovian and its associated semigroup on C~/2=5(M) has
an invariant non-Gaussian probability measure.

A <I>§ measure over M is that invariant measure. Note that the constants a..,b, in are
universal in the sense that they do not depend on the Riemannian metric on M; they depend
however on the regularization scheme we use, here the heat regularization in space which is fully
covariant w.r.t the Riemannian structure.

The study of equation on an arbitrary fixed time interval [0, 7] is the object of Section
We follow Jagannath & Perkowski’s robust formulation of equation which avoids the use of
regularity structures or paracontrolled calculus. The local in time well-posedness of is proved
in Section [2.I] We get the longtime existence from the r-uniform L? ‘coming down from infinity’
property satisfied by u,., proved in Section[2.2] This property is proved in Jagannath & Perkowski’s
formulation of equation . The results of Sectionshow that u,- depends continuously on a finite
family a of multilinear functionals of £,.. The functional setting needed to prove their convergence
in some appropriate space as r goes to 0 is detailed in Section A crucial role is played here
by a set of distributions with given wavefront sets and a certain scaling property with respect
to some submanifolds. The notion of scaling field is introduced in Section and the preceding
set of distributions is introduced in Section [3.2l We prove our main workhorse in Section
Theorem [II] It provides a numerical criterion for a distribution defined outside a submanifold,
with some wavefront set bound and some scaling property with respect to that submanifold, to
have a possibly unique extension to the whole manifold. We draw consequences of this general
statement for the particular case of a configuration space in Section [3.4] The relevance of Theorem
to the convergence problem for @ stems from the fact that we can formulate the latter as a
quantitative extension problem. This point of view is inspired by the Epstein-Glaser approach of
renormalization. The convergence of ET in an appropriate space is the object of Section |4l At that
point of the analysis of equation one can make sense of its r = 0 version as a Markovian Feller
dynamics in the state space C~1/275(M), for any fixed sufficiently small € > 0. The r-uniform
LP coming down property from Section [2.2]is used to get the existence of an invariant probability
measure for this dynamics. The non-triviality of this invariant probability measure is proved in
Section Last, Section |§| is dedicated to the construction of a ®3 measure corresponding to a
space-dependent coupling constant and also we discuss the bundle case. The detailed proofs of a
number of basic tools from microlocal and harmonic analysis are given in our companion paper
[10]. They are mainly put to work in our analysis of the convergence of the enhanced noise EAT in
Section [l
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Notations — Given 0 < T < co and a Banach space E we write CrE for C([0,T)], E). The parabolic
Besov-Hélder spaces on space time are denote by C7((a,b) x M), the Besov spaces on the manifold
M are denoted by B]‘;yq(M). The cotangent space to M is denoted by T*M and the conormal to a
submanifold E of M is denoted by N*(E).

2 — Long time well-posedness and a priori estimate

We prove the existence of a unique solution to equation over any fixed time interval
[0, T], for an arbitrary initial condition in C~/27¢(M), for € > 0 small enough. We adopt here
Jagannath & Perkowski’s robust approach [57]. They use a clever change of variable to reformulate
the equation as a non-singular parabolic partial differential equation with random coefficients
of regularity no worse than —1/2 — e. This allows to solve the equation locally in time by a
fixed point argument set in a classical functional space without resorting to regularity structures
or paracontrolled calculus. Section [2.2] is dedicated to proving an LP estimate on the solution to
equation that is independent of the initial condition. This plays a crucial role in proving the
existence of an invariant probability measure for by an argument using compactness.

2.1 Local in time well-posedness

This section is dedicated to proving the local well-posedness of a solution to equation ,
uniformly over r > 0. We follow for that purpose Jagannath & Perkowski’s remarkable work [57].
They noticed therein that a clever reformulation of the equation brings its study back to the study
of a nonsingular stochastic PDE for which local in time well-posedness follows from an elementary
fixed point argument.

Some distributions in the list below involve an operator ®, called resonant operator, that
we introduce formally in Appendix [A} its precise definition here does not matter other than the
fact that it is well-defined and continuous from Byt (M) x Bg2 (M) into some Besov space
if and only if a3 + as > 0, in which case it takes values in Bg’z*‘a?(M ), for some integrability
exponents p, ¢ whose precise value does not matter here. For A; € BS' (M) and Ag € B2 (M),

p1,9 Pp2,q
the product A; Ay is well-defined if and only if Ay ® Ay is well-defined. o

— The enhanced noise. We regularize £ in space (only) using the heat kernel and set
& 1= "N

this is a Brownian motion in time with values in a space of regular functions. The fact that & appears
in an additive form in does not make it necessary to regularize it in time. Regularizing &
only in space makes clear the Markovian character of the renormalized equation . Denote
by £, respectively £, the resolvent operator of (0 — A + 1) with null initial condition at
time 0, respectively at time —oo. Explicitely, L71f(¢,.) = fg =)A= £(s )ds and L' f(t) =
fioo e(t=5)(A=1) f (s, .)ds for any function f on R x M. The operator L7 provides stationary
solutions. Recall from the definitions of the constants a, and b, and set

?T = é_l(gr)

and



W, = (?r)j - 3ar?m quT = éil(o\?pr)
and

& i— (gr,%, @, ¥, o, ¥ o, - %’" hag= %’” Y, o, - br?r). (2.1)

One has & € C75/275([0,T] x M) and the restriction to any time interval [0,T] of the other
components of &, is seen as an element of the product space

CrC~172 (M) x C3/2732([0,T] x M) x C~*([0,T] x M)? x C"Y/275%([0, T x M). ~ (2.2)

Note that only %7, is an element of a space of the form CpC7(M), the other terms in &, are
elements of a parabolic space of negative regularity, which is less precise than being an element
in a space of the form CrC7(M) for a negative exponent ~. This is sufficient for our needs. The
enhancement §T can be seen as a placeholder for a number of products that are not well-defined
in the zero regularization limit. We will see in Section |4| that fr converges in all the LP(£2) spaces,
1 <p<oo,asr >0 goes to 0, to a limit that does not depend on the mollification used to define
& from & Using the operator £ ' rather than the operator £~! in the definitions of %, and
RTPT builds some random distributions that are stationary in time. This property will be useful in
Section [5[ to get a compactness statement on the farnily of laws of the solutions to .

- Jagannath & Perkowski’s formulation of equation (1.5)). Set
Vppet = 3L (63<Y)T {QTPT P — b (Tr + q?p ) })

This is an element of C7C'~¢(M). J agannath & Perkowski’ starting point for the analysis of the
renormalized form (1.5)) of equation is that wu, is a solution to (1.5)) if and only if

Vp 1= egﬁ)r (ur — 0+ QTpr> — Upref (2.3)

is a solution of a particular equation of the form
(0 — A+ 1), = —6VY, Vv, — e_GDYOva + Zg,rvf + Z1 00 + Zo s (2.4)

where Z3 ., Z1 ., Zp,» are elements of 6’71(2'_1/2_’7(M)7 for all n > 0, that depend continously on a
— see equation (2.4) in [57] (We deduce the regularity properties of the Z; from the fact that £7!
sends continuously C7([0,T] x M) into C7CY2(M) when —2 < v < 0.)

We now solve equation (2.4) with an arbitrary initial condition in C~/2=¢(M) — [57] only
considered the case of an initial condition that differs from ,(0) by an element of C3/2=2(M).

For that purpose, and for exponents a > 0, 8 € R, we introduce the spaces (o, 8) made up of all
functions v € C((0,T], C#(M)) such that

Ol —

and

[t 0(t) — s*0(s) 1~
— (0%
o0 += max{osup e e 1 A L

<t<T 0<t#£s<T
(The use of such weighted spaces is suggested in [57]; we use here the same spaces as in Section 6
of Gubinelli & Perkowski’s work [47].) The free propagation map

(Fa)(t) := A Vg

sends for instance C”(M) into (a, B + 2a), for all B € {R\N} and o > 0, and one has for all
0 < 4§ < min(B, 2)

1L () la-s/2,8-00 S I1f lga,5-2) (2.5)
This inequality allows to trade some explosion rate against some regularity. We also have for the

same range of exponents and all f € (a, 5 — 2)

I fllga—s/2.8-8) < I Nl o) (2.6)
These statements correspond in our setting to Lemma 6.6 and Lemma 6.8 in Gubinelli & Perkowski’s
work [47] — a proof is given in our companion work [I0]. Note that since the different components



of the enhanced noise are stationary they do not take value 0 at time 0. The initial condition for v,
is thus different from the initial condition for w,.. We keep the notation ¢ for the initial condition
for w, and write ¢’ for the initial condition for v,.. We will repeatedly use the estimate

£ gllcans<ifiicaliglgs (2.7)
if a 4+ 8 > 0 which follows immediately from Proposition

Proposition 3 — Pick ¢/ = 4¢ and set ag = 3/4 + (¢ +€')/2. For any ¢/ € C~/2=5(M) there
exists a positive time T* such that for all0 < T < T* equation (2.4]) has a unique solution

Uy € CTC_1/2_E(M) N (]Oéo7 1+ EID

with initial condition ¢'. This solution depends continuously on an and ¢’ € C~Y2=¢(M), and for
any small positive X these exist Ty € (A, T*) such that u € C([\,T»], C3/2~%(M)).

Proof — First, remark that lim; o+ t*F(¢') = 0, since |[F(¢')||r < V42| ¢/||_1jo-c, sO
F(¢') € CrC~Y2=5(M) N (ag, 1 + €’). We use a standard Picard iteration argument for the map
F(v) = F(¢') + £ ( 6V, Vo — e ST 4 Zy 0?2y + Zo,r>. (2.8)
Denote Bg the ball of radius R = 4||¢/||¢c-1/2-- in CrC~275(M) N (ag, 1 + €’). Let v1, v € Bp.
Our first goal is to get a bound of the form
1F (v2) = F(01)lgao 112 Sg. TR+ R)[lvs = 01l gag 1121

meaning F' is a contraction for the (ag, 1+ ¢’) norm by choosing T small enough. We have
1)~ F@0llan e < 117 69F - w2 = 00) s sy + 17 F 03 =00l 1100
—1 2 2 -1
+ HE (ZQ’T(UQ o Ul)”(]ao,l—i-s’[) + "C (Zl’»,‘(ﬂg - vl))”(]ao,l—i-s’D'
Since VY. € CrC~"(M) for all n > 0, we first use the estimate (2.5) with § = 0 and (2.7) to get

L7V - V(2 =) 0y 100 S Oiltlth%H (VY- V(vg —v1))| oy Se. Oiltlth%HV(W =)oz

ST va = vill(jay 1429, (a1 =3/4+ (e +21n)/2)
< TE//2777||112 —V1llgar,1420), (M=¢"/4)
< Ts,/4||v2 — 01 ag, 1427, (by with § =&’ — 2n).
Now using again , , and the fact that exp ( — 6%)70) € C'=(M) for all n > 0, we

have, for &/ = 4¢

£ (exp(—6Y,) (v — v3)) ||qa071+€,[) St OiltlthaoH(vg — 1) (v + 02+ ’UQUl)(t)HCT,.

S 7073wy — w1l gag m) (102l Gag oy + 01 lGag ap + 102l agmllvrllagm)s (@ = 1/4+ (€ +1)/2)
ST g — 01 [l m (1021 oy + 1011 Gag o + 1021l g0 mp 1011l g0 )
S Ta/2||v2 - 7)1||(]a0,1+5’D (‘|U2||(Iao,1+s’l) + ”leﬁao,lhs’[) + HU2||(|04071+€'DHvl”@‘loal‘*‘s/b)’

choosing n = /3 and using (2.6 in the last inequality. Next, with the same argument we have for
g’ = 4e, and setting af = 2 + (¢ +1)/2,af = 1 + (¢ +n)/2 in the third inequality

€7 (Zar 6 = 68 e S, 500, #2065 = DO

S sup %0 [va(t) — vr(t)][crr2n (lva () lly + lor(t)[l)
0<t<T

< T~ [log — v1lgag, 1724 (V2 llgag mp + 1villgag,m)
< TE 2272072010y — 0y ]| g 14e) V2]l o106 + 1011l gag,147)

< T2 vy — v1lgag, 142 (1021l a0, 146 + V11l gag,14e7 )



using (2.6 in the fourth inequality and choosing n = £/2 in the last inequality. Similarly, we get
||£71 (ZL?"(UQ - Ul)) ||an,1+s’[) 5&7 TE/ZHUQ - un HQOCOJ-*-E'D'
Therefore
1F (v2) = F (1)l jag 1o Sg, T2 (R + R)||v2 = 01| ag,1421)-

The rest is to estimate F(v;) — F(vq) in CoC~Y/27¢. Since vy, vy € Bg, for any s € [0,7], i = 1,2
and 0 < § < 1+¢’, it follows from (2.6)) that [[v;||(jae—s/2,1+e—s)) < R, hence we have

[0i(8)||c=1/2-= < R and ||v;|| grier—s < Rs™(@0=9/2), (2.9)

Recall the following estimate which is used many times below: if ||u(s)|cs < s77, for v < 1, then
T
e ules 5 [ s ST (2.10)
0
Using (2.9) and the fact that VY, € CpC~<"/4(M), we have
||v(¥)?” V(v2 — 7‘)1)(5)”0—1/2—5 S,ET HV(UQ —v1)(s )}

hence by (2.10)

L7 (VY- V(2 = v1)) || omrjeee S T % lva = 01llag14ery = T2 log = 01| ag14er))-

Again, by (2.9) and the fact that ¥, € CrC1="(M), and ||uv|cs < |Jullp<|v|lcs + ||v]|z=||lulcs,
for g € (0,1),

[ (exp(=6%) (v —v3)) ()| _, 5. g [|(v2 = v1)(v3 + 0% +v201) ()| o)

oo Sllve —vilgreer 57 lv2 — vill(jag,14e)

S oo = villg=1/2-2 03 + 07 + vavil| a2

2
S e —ville-ve-e Y loilleellviller/ere
i,j=1
< lvg — v1]|@otye—e s/ ATO/2R2
where we use (2.9) for both ||v;||c< and ||vj]|g1/2+2 in the last inequality. Hence by (2.10) we have
!lc*((expeﬂ’r)(v% >>|| C1jaee S, TR o — villg e
Now, with the same argument and (2.6)), for n > ¢, we have
H(ZQJ’(’U% - v%))(s)HC—lm e N§ H U2 Ul ||Cl/2+"

S (lvillen + llvallen)llve = v2lli/2+
/2+n

S s*(ao7(1*‘1’5/7,'7)/2)R871/276/2*T]/2||,U1 . U2|| tietn 1
(z+%3

< S—(3/4+5+")R||U1 — 02| ag,1+¢7)

hence, choosing n = 2¢ yields

1£7H (Zor (s = D) 1o S, TV Bllor = vall g 140

Similarly, we get

ch_l(Zl,T(v2 - 1}1)) Hcfl/z—s Sg T2 SE/QHvl - U2||(]06071+€’[)'

Therefore
IF(v2) = F(v1)llg-1/2-= Sg. T 52 R? oy — w1l g-1/2--

(T1/475/275’/2 T1/4—35R + T1/2735/2) H'Ul — g ano e)-

Combining the estimates above we infer that for 7' > 0 sufficiently small, depending on [|¢'||¢-1/2--,
&, the map F is a contraction on the ball of radius 4|4’ || c=1/2—- in CrC™H2=(M) N (g, 1+ €').
The unique fixed point is our solution on [0,7]. Taking the supremum of all such T gives the
maximal existence time 7*. Once we know that v takes values in (ag,1 + £’) we can restart the
fixed point procedure from a positive time, with an initial condition that is now of Holder regularity
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(1+¢'). It is elementary to adapt the preceding estimates to see that now the solution will take
values in C3/274¢(M).

For the continuous dependence on @ and the initial data, we define

F(EM ¢7 U) = et(A_l)(¢) +£—1 (_ 6v?r(€'r‘) Vo — e_GOfr(gr)'Ug +ZZ,T(€7‘)7)2 +Zl,r(€r)”+Z0,r(§r)).
Let K > 0 be a uniform constant satisfying
1A gllgr/o-e < K @llgr/2-e and (|37l gag, 140 < K[l (2.11)

Take the ball Bg in C~'/27¢(M). Since F depends linearly on fAr and exp(—6%,.), by the same
arguments above, for any ¢ € Br and we can choose T = T(R,E,«,a) small enough such that
C(T) < 1/2 and
|FEr.d01) = F(E 6, v2)llopcrre—e < CD)(llor = valleyorrne + l[or = valliag,4en + 1€ — E1)
and N . L

HF(fTv(bv 1)1) - F(ﬁ:ﬂqsvv?)H(]ao,l_i_ED < C(T)(Hvl - 'UZH(]ozo,l+€’[) + ng - f;”)
Now for ¢1, 2 € Br we have

[or (&, 61) = vr(&r D2)lopcrre-e = || F (s b1, 0r(61)) = F(E, b2, vr(62)) | o 1o -
< ||F(a~,¢1,vr(¢1)) - F(a”QSQ?’UT‘((ZSl))HCTCI/Zfs + HF(EM(ZS%UT(le)) - F(aﬂa¢23vr(¢2))HCTcl/275
< Kll61 = ballo-1/2- +C(T) (Ilon(61) = vn(62)llcporae + [00(61) = 0r(02)ll g 1220+ & = E11).

Similarly we have

lor(é1) = 0(@2)lgao,1 1) = [|F(Ers b1, 0-(01)) = F(& b2, vr(02)) | 01500

< K¢ — pallc-1/2- + C(T) ([[vr(¢1) = vr(92) oo en + 1E — €L,
SO

[or(é1) = vr(2)llcrcr/a=z + l0r(91) = vr(D2)ll g, 1421
< 2K||¢1 = p2llorcrz-c + C(T)||vr(d1) = vr(d2)llcro-r/2--

+2C(T)|Jvr(61) — vr(D2) lao, 147 + 216 — &Iy
and we read on the estimate
vr (1) — Ur(¢2)||CTC‘1/2*E + lvr (1) — UT(¢2)||(]ao,1+6’D

1 -~ ~,
S 12200 (2K||¢1 — dollg-1/2-e +20(T)|& — g;||)

the continuous dependence of the solution on E and the initial data. >

We see from the proof that T* depends only on 57 and ¢/ € C~1/2=¢(M). The following
additional piece of information will be useful when proving the coming down from infinity property
by energy methods in the next section.

Lemma 4 — Let 0 <ty < t1. For $ =3/2—¢ and any k < /2, then t — v,.(t,x) is k— Holder
continuous as a function from [to,t1] to L°°.

Proof — By the change of variable ¢t — ¢t — ty, we can assume tyg = 0,¢1 = T > 0 and v, €
CrC3/?=¢(M). We now show the Holder regularity of v, at time 0, the adaptation to arbitrary
times is straightforward. We have

t
Ur(t, ) _ et(A_l)UT(O) _|_/ e(t—s)(A—l)(_6V"f’r Vo, — e—ﬁo‘f)rvv?: 4 ZQ’TUE + Z1 v, + Zo,r)(s)ds.
0
We first remark that
on(t, ) — 0r(0)] < ["A 70, (0) — v,(0)] +

/ A ()], (2.12)
0
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where f,. = -6V, - Vo, — e“ﬁJrv;ﬂ’. + Zo 02 + Z1 00 + Zo,r. 1t follows from the time regularity
of the heat flow that [|(1 — e/ A=D)h|[ e <5 ||A]gs for 0 < B < 2, hence

€AV, (0) — v, (0)|| e < t7/2]|0,(0) | - (2.13)

Since v, € CrCP, with B = 3/2 —¢, VY, € CrC ¢, e_GOYOT € CrC'=¢, Z, = {Zor, Z1y, Zoy} C
CrC~* with a = 1/2 + €', using ||gh||corns S ||9]lcar | R]|ger for o + 5" > 0 we have

I £-(s, )le-o Sz, lvrllores S 1.
Then the estimate ||e!(A~Dh||cnir < t777/2||R)

t t
|G ds| ds< [T R ) oads S £
0 ce’ 0

By choosing &’ > ¢/2 we have k := 1 — «/2 —&'/2 < /2, therefore u is k-Holder from [0,T] to
L. >

cm, for v > 0 implies

As in Proposition 6.8 of Mourrat & Weber’s work [67] it follows from this property that the
function
t€(0,T] = [lor ()%
satisfies the equation
1

= (Ior 1 — e (1) :/: (071, Avy) _/: (/Me—e%‘z(sl)wz(sl))dsl

t
+/ (% (=6VF,, Vob) + (Za, 0l ) + (Z0,08) + (Zo,u? ™).
s (2.14)

2.2 Long time existence and coming down from infinity

We show in this section that the superlinear attractive drift — exp ( — G%DT) v3 in equation
entails an a priori bound on the LP(M) norm of the solution away from the initial time that is
independent of the initial condition. This bound entails the long time existence of the solution
v to and is the key to proving the existence of an invariant probability measure for the
dynamics via a compactness argument. This point will be developed in Section

We rewrite equation in the form
(0 — (A =1)+ B,V)v, = —A 02 + Zy ;02 + Z1 00, + Zor, (2.15)
with
B, = 6V, € CrC (M), A, =e 1" € CrC' (M),
and Z; . € CrC~/27=1(M), for all n > 0.

Theorem 5 — The solution v,.(t) € C3/?7(M) exists for all times t > 0. Pick an even integer
p > 8. There is a random variable C’(p7 £T|[07t]) that depends only on the restriction to the interval
[0, ¢] of@ such that one has
- 1
”Ur(t)”LP(M) < C(pv §T|[0,t])max{a1} (216)
Vit
for all t > 0, independently of the initial condition ¢' € C~/2=¢(M).
The upper bound in (2.16]) is in particular independent of the initial condition in (2.15); this

phenomenon is called coming down from infinity. We note for later use that keeping track of the
implicit constants in the computations below gives an upper in ([2.16)) takes for 1 < ¢ < 2 the form

L+ &) (exp (VIFPr o o21xan) +1) (2.17)

for some positive constants v = v(p),7 = v'(p), up to a multiplicative constant. We denoted here
by ||&-|| the norm of &, seen as an element of the product space where &, takes its values. We use a
priori energy estimates to prove Theorem [5] following the strategy initiated by Mourrat & Weber
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in their proof of a similar result in [68], Theorem 7.1 therein. Gubinelli & Hofmanové also used
energy estimates in their work [45] on the ®3 measure on R®. See also the proof of Proposition 3.7
in the work [78] of Tsatsoulis & Weber for an implementation of that strategy in the 2-dimensional
torus.

We will use in the remainder of this section the shorthand notation
BJ(M) := B (M)
forany vy € Rand 1 < p < oo. Set

Fo(t) := [lve(t )H 42 T ”Ur(t)”ngs-
pTH

We prove below that one has forall 0 < T < s <t<T <T* A1

t
o+ [ Flon) 5 dsn S5 1+ (o). (2.18)

This inequality shows that, all0 < Ty < s <t <T
t
/ Fi(s1)™ dsi Sg. 1+ Fo(s). (2.19)

It then follows from a modified version of Mourrat & Weber’s comparison test recalled in Propo-
sition [25] of Appendix [A] that there is an integer N > 1 and sequence of times Ty = to < t; < t2 <
- <ty =T such that for all n € {0,..., N — 1},
P

Fr(tn) ,Sgr 1 + tn+1_§a

for an implicit constant that does not depend on Ty,T. Pick ¢t € [Ty, T]. There exists n €
{0,---, N — 1} such that ¢ € [tp, t,+1]. Moreover, by (2.18) with s = t,,, we have
lorl5s Se 1+ Frlta) Sg 14 tusn % Sg 14075

This bound holds for T} arbitrarily small and 7' = 1, and can be repeated on [1, 2], etc, so that
the uniform estimate (2.16]) follows. Recall p > 6 so the space LP?(M) is continuously embedded
into the space C~1/27¢(M). Given that T* depends only on the restriction to [0,7*] of &, and
the initial condition ¢/ € C~/27¢(M) the uniform estimate (2.16)) and the continuous injection of
LP(M) into C~/27¢(M) imply we can extend the solution though T A 1, hence T* > 1. Then
Then we can repeat the same argument on the interval [1,2] and so on to get the long time existence
of v,.

On a technical level, our proof of Theorem 5] will only use the fractional Leibniz rule from Propo-
sition [26] and the elementary interpolation result from Proposition both recalled in Appendix
[Al Last, recall Young inequality that gives the existence for any positive ¢ of a constant Cy such
that one has

ab < SaP’ + 57513‘1/7

for all positive a,b and exponent 1 < p’ < oo with conjugate exponent ¢’. The proof of (2.18)
requires two intermediate results stated as lemmas.

Lemma 6 — For every 0 < s <t < T, we have
Jon ®) / lor(s)I2E% dsy S, 1+ lon(s) [ + / Jon(s) BHE dsi. (220)

Proof — Pairing the equation with vP~! with respect to the L? scalar product ylelds identity ([2.14).
As A is positive and bounded below and (vP~!, —Awv) is positive, since p is an even integer greater
than 4, we obtain

t
e 015 + [ ol S 1eno) + [ (B V) 4 ot )+ (Zr ) 4 gt
’ (2.21)

where the implicit constant is p(exp (6]1%r Il oo [0,21x 1)) + 1)
We bound the different terms in the right hand side of (2.21)). Recall that since B, is an element

of Bgof;o(M ) for all &' > 0 it is an element of By  (M). By the fractional Leibniz rule from
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g, -dependent multiplicative

Proposition [26| and Young inequality we have for ’(BT7 VuP)|,
constant, the upper bound

_ 2 _p—1 )
IVoRllBs S llopll gree S llo7 IHL%HUT”B?%Z S IIUTHLWIIWIIBHE S Sl +07 7 ||vr||,331£27

where § > 0 is arbitrarily small. For the other terms, we have ﬁrst

|[(Zor 0P| < va“ll ipe SIPN ez lonll sge S Nlorllzpralionl s

2
pt2 pt2

2

Here we interpolate the last term to obtain

lorll 2 ||vr||Lp+z||vr||Bl+s

2
L
and we deduce that
+1 1 pt2
|(Zoms 2| S lvrllpnZelonllZse < Sllopllh2s + Cllonll 2o
using Young inequality in the second inequality, here Cs = § -2

Similar estimates hold for the Z; , and Z;, terms. We have

[(Zyr0D)| Sg. 0l gree S IR 1|| pi2 [[orl e S ||vr||Lp+szr||31+E
3 d
2 _p—1 pt2
N 5”%”1;:% +67 3 Hvr||33i+s .
p¥2
and

|(Zor 02 D] Sg, 102 g S 0220 pes llorllpre S llonllZo2allonll prig
4

(p+2)7(117*2) +2 p—1 P42 +2
Solorll s 467 ”UTHBI+E S1+0772 lupllppie +67 ||UT||BI+E :

One can then absorb the § terms of these upper bounds in the corresponding LP*2 term in the left
hand side of (2.21) to get the result by integrating in time on the interval (s,t). Since we choose

§<(1+ & I)7?, then 05,5 55 > (14 ||&]) for some v > 0 dependlng on p. Combining with
the implicit constant in we obtaln that the implicit constant in is of form

(L + &) (exp (7P Lo ozixan) +1)

for some «,7" > 0 depending on p. The implicit constants in the next steps will be obtained in the
same way. >

Lemma 7 — For0<s<t<T <T*A1 we have
/ los(51) BH% dsi g 1+ Fi( / s (s1) 1252, ds (2.22)

Note that we have a Big norm involved in (2.20):

v (2) / [[vr(s1) |IZ§E2 ds1 < [|vr(8) ||z +/ [[vr(s1) BHE

while we estimate in a stronger B},ﬁe norm. We postpone for a second the proof of Propo-
sition |[7| and explain now how we get the estlmate (2.18)

t
o + [ Fo) ™ dsi S, 14 (o)
from (2.20) and ( - Since

p+2 pt2
Fo(s)™ S lon(s)llf32: + lor(s)l e
p+2
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we see as a consequence of (2.22)) that one gets (|2 if one proves that

[0 (2) / v (s)ll752 dsy Sz 1+ Fr(s). (2.23)

We start from the inequahty - ) and use the interpolation estimate

”v?‘”BHE S Hvr” p+2 HUTHBIJfE 5||vr||3 B2 + CS”'UT”BIHE 5||”T||Lp+2 + 06||UT||B1+253
22 pt2 pt2 pt2

with
1+4+¢ 30,

= <1, =
: 1 + 2 7T 9.
We feed this upper bound inside , the contribution of the small factor involving the LPt2
norm of v, can be absorbed in the correspondmg term in the left hand side of -, so we have

o (1) / lon (521252, dsy < lon(3)[2 s + / o (51 ||Bma | (2.24)

< 1.

We use Young inequality once more to bound
pt2 pt2
lor(s)l| F3e S Ollvr(s0)ll jivee + Cos.

By choosing § small enough we can absorb the LP*2 term that comes from ([2.22)) in the left hand

side of ([2.24) and use that [[v,(s)||} 42 < Fr(s) to get (2.23) from (2.24).

Proof of Lemma [f] — We proceed in two steps.

Step 1. We first prove that one has

3 t 3
¢ < flelt-(a-1) " =)
lor ()l preae Se, lle vy + IIvr s1)l[za ds ] (sl ghee dsi)
pi2 " s P2

(2.25)

We look at each term in the expression for v,(t) — el=*)(A=1y ()

t
/ AT (A, (51)p(51)" + Br(51) V(1) + Zap(51)0p(51)% + Zup(s1)0n(51) + Zo,r(51) ) dsi.

S

One has
t
H/ e(t—sl)(A—l)(AT(Sl)vT(81)3) dsl’

t
gz S/s He(t—51)(A—1)(Ar(sl)vr(slﬁ)HB%E ds,
3

5/:@—81)

t
1
S / (= 1) 5 oy (52) 3o sy

2
( / or(s1) ||W) |

_ (1+2e5)(p+2)

where we used Holder inequality, the integrability in time of (t — s1)”  2@-D  and the fact that
s < s <t<T < 1. Similarly, we have

)UT(Sl)?’HLp?‘ﬁ dsy

Blt2e d81
p+2

t t
H/ e(t_‘”)(A_l)(BT(Sl)va(Sl))dSlHBl+2s 5/ ‘e(t_SI)(A_l)(BT(SI)VUT(SI))H
s p+2 s

3 3

t
_ 143e
S [ s BT )z, don
s =

(1)l g1z, don
3
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3

t pt2 p+2
([ et )
: e
Next we have

t t
/e(t_sl)(A_l)(ZQ,r(Sl)UT(Sl)z)dsl ‘e(t_sl)(A_l)(Z2,r(51)vr(81)2)H

<
~Y
1+2¢
Bp+2
3

t 1-;-254-1Jra 2
g/ (t_ 51) HZZT 31 (31)H 14e dsSy.
s

Using the interpolation result from Proposition [27] and Young inequality we have

2 p+2
HZz,rv?H e S | TII e S [lorllzosallonl] 1= S IIUTHWIIUTIIBHE S ||vr\|ii+z+llvr||331+;27
2
3

2 2
P+2 i i
3 2

and the desired estimate follows as in the previous terms. One proceeds in exactly the same way to
prove similar estimates on the Z; , and Zp, terms. We leave the details to the interested reader.

Step 2. We first rewrite (2.25) at ¢ = s; and rise this inequality to the power %. It yields the
upper bound

p+2 p+2 S1 S1 p+2
b2 o b1z ” pi2
Wmm@ﬁiawﬁﬁ@“mmgw+/|mmw+/\m%m
Pg S

p+2
3
pt2 t
8 (A 2
5@ [|e(s1==)A 1)UT(3)||3311225+/ HUTHI;;H"‘/ ||Ur||Bl+e )
s s

which holds for ¢ > sy, using the fact that [’ [|v,[|* is increasing in s; whatever the exponent o
the norm on wv,. Integrating on s1 € [s,t], we obtain

t p+2 P ﬁ
vr(51)|| 2.s. ds els1=9)(A=1),, Eds)
(1l an) ™ 5o ([ (o) e
_3
P pF2
+u—s+[(/nwanmww0 # ([ ot )]

(2.26)
as the function [...] after (¢ — 3)1’% in the right hand side is increasing. We bound the first term
pt2
in ([2.26) by [lvr(s)[| ..., s, using the fact that the linear continuous map
P2
pt2
3

__3_
els1—=5)(A=1) . B;%)(l ”+2)(M) N B}%}QE(M)

_ 3(142e)
has a norm bounded above by (s; — s)” 2+2 < (s; — s)~'/2, a quantity that is integrable over

the interval ( ) The interpolation estimate

y
lon ()1, RIS EES S lor(s)ll | es2[lv(s )HBlJrZE SNor o + llor ()l gasae = Fols),
ya
P+2 3
gives F.(s) as a final upper bound for this term. Now, with v, evaluated at time s; and 6. = 11_5_+2857

we have
30,

||UTHBL+%E2 < ||'U7"||1 p+2 HUT”BWSZ S ||Ur| I%s + ||Ur||ip+2 < 5”1/7"”3%5 + O&(l + ||UrH3ip+2)a

3

for some Cs > 0 and § small enough so that the term related to 6Hvr||31++225 can be absorbed by
pT

the left hand side of ([2.26]). This gives inequality (2.22]). >
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3 — Scaling fields, regularity and microlocal extension

We state in this section an extension result, Theorem [I1] that provides conditions under which
a distribution on a manifold defined outside a submanifold can be extended to the whole manifold.
The quantification of this extension result involves the notion of scaling field that is introduced
in Section [3.1] Such vector fields are also known as Euler vector fields. Some function spaces
associated with a given scaling field are introduced in Section [3.2] they generalize the weakly
homogeneous distributions introduced by Meyer in [65] and Theorem [11}is proved in Section
This statement is put to work in the particular setting of a configuration space in Section [3.4] to
give a useful extension result for a class of Feynman graphs.

We work in Section [3.1]to[3.3]in the setting of a smooth manifold X where a smooth submanifold
Y C X is given.

3.1 Scaling fields

Definition — Let Jy be the ideal of smooth real valued functions on X that vanish on Y. Set for
k>1:
jy = {fl...fk; (fl,...,fk) Ejy X e ij}.
A wvector field p defined on a neighbourhood of Y is called a scaling field for Y C X if for all f € Ty
fepf+ ’J%,.

This type of vector field is also called an Euler vector field in the litterature. Denote by n the
dimension of X and by d the dimension of ). If p is a scaling field for J C X there exists a
neighbourhoof of Y that is stable by the backward semiflow (e™*?)>o of p and every point y € Y
has a neighbourhood U, in X on which coordinates

h=(h1,...,hp): U —=R"
are defined and such that
U,NY =h"*R?
with R* ¢ R™, and

n—d
i=1

(A proof of existence of a stable neighbourhood can be found in Lemma 2.4 of [28] and the normal
form theorem can be found in Proposition 2.5 of [28] — see also Lemma 2.1 in [63].) The example
of the configuration space of £ points in R* will be particularly relevant for us. The scaling field p
whose flow reads

e P(xy,...,x0) = (xl,e_t(xg —z1) + 1,6 (wp — ) + xl)
will move all points towards the deepest diagonal and its dynamics is tangent to all the larger
diagonals. We will mainly work in the sequel with product (sub)manifolds
X =RP x X,
Y={0} xR xY
with ({0} x R?) C R? and Y C X, and scaling fields of the form

q
p=> 20 + py (3.1)

j=1
for the canonical coordinates (¢;)1<j<q on R? and a scaling field py for Y C X. This is an example
of a weighted vector field on a weighted manifold. We give a formal definition in the case where our
submanifold Y is the transverse intersection Yy NY, where Y1 = ({0} xRY) x X and )V, = (RP x V).
Then one has a description of the ideal Jy as the product Jy, Jy, so the ideal Jy has a bifiltration

ko~ ~
‘Jy1Jy2 c--C jyljyz =Jy.

Now assume we want to put a weight 2 to powers of Jy, and weight 1 to powers of Jy,. We want
to give an intrinsic characterization for vector fields of the form given by equation ((3.1)).
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Definition — For all (k,1) and for all f € 3% 3}, . a parabolic scaling field p satisfies
of — 2k -+1)f € (313, + 34, 950).

In the sequel, we will simply call ‘scaling fields’ some parabolic weighted scaling fields as we will
only work with such fields. The weighted co-dimension of ) is here defined as

codim,,(Y) :=2(p — ¢) + dim(X) — dim(Y").

3.2 Function spaces associated with scaling fields

We assume from now on that X has a Riemannian structure and denote by Ki(x,y) its heat
kernel. Let now U C X be an open set and I' be a closed conic set in T*U\{0}. We denote by
D (U) the space of distributions on U whose wave front set is contained in I'. This is a locally
convex topological vector space endowed with a natural normal topology invented by Y. Dabrowski,
see [25], p. 823] and [I8] for results about why this topology is well-behaved wrt natural operations
on distributions. For the convenience of the reader, we recall the seminorms defining the normal
topology:

Al v = sup | (14 €)Y () (€)]
(ev

for all chart x: Q C U + RI™(X) integer N, x € C°(x(Q)), cone V' C R™ such that
supp(x) x V N &~ 1T =0, where £~ T = {(r(x); ("dr) " (§)); () € T'}.
And we also need the seminorms of the strong topology of distributions:

sup | (A, x) |
XEB

where B is a bounded set of C°(X) which means that there is some compact K such that
supp(B) C K and for any differential operator P, sup,¢p ||[Px||z=x) < +00. To be bounded
in Dp(U) will always mean that all the above seminorms are bounded.

The following elementary example will play an important role in the sequel. Assume k € N is
of the form d; + dy + d3 with d; € N\{0} and R¥ = R% x R%2 x R%_ and denote here by p the
linear vector field on R* whose restriction to R% is null, whose restriction to R% is the identity
and whose restriction to R% is twice the identity. So for z = (z,y,t) € R% x R% x R% one has

p = yOy + 2t0;.
This vector field over R¥ will be our model scaling field in a parabolic setting.
Lemma 8 — The family of distribution
5(2' — e *z2), (1<s<+00)

on RF x R¥ is bounded in Dfp(Rk x RF), where

r,= U {((Z’efspZ% (A eA)); (2, A) € T*Rk} C T*(RF x RP).

1<s<+o0

This estimate can also be used to give an upper bound on the wave front set of the resolvent
(p+ z)fl which implies the radial type estimates for p. This is very similar in spirit to the radial
estimates from some works of Melrose [64], Vasy [79] or Dyatlov & Zworski [34].

Proof — Note that the distributions §(z — e~*Pz) € D'(R* x RF) are nothing but the Schwartz
kernels of the transfer operator ¢ € C>°(RF) s e=*P*p € C°(R¥), so we will use the identification
[e7%*] = §(2' — e~ ®Pz). The fact that this family of distributions is bounded (weak boundedness
implies strong boundedness by uniform boundedness) automatically follows from the continuity of
the pull-back of a distribution by a smooth family of diffeomorphisms and the strong convergence
of 6(z' — e %Pz) to §(2' — (2,0,0)) when s goes to infinity, for z = (z,y,t). (We use a slightly
different calligraphic symbol t to keep the letter ¢ for the time parameter in our equations.)

Fix an arbitrary compact subset K C R4 T9+ds that is stable by the scaling maps

(z,y,t) — (z,efsy,efzst), (s = 0).
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Then we shall restrict the Schwartz kernel [e™%°] to K x K. It means we estimate this wave
front set near the diagonal but for arbitrary large times s. Choose some test functions xi, x2 in
C2(RI1+d2Fds) "qupported in K. In local coordinates we have

/ ei52~r+iﬂ2‘y+i72'tX2 (J}, Y, t)e_sp* (Xlei£1~z+i7ll'y+in -t) dxdydt
Rd1+da+d3

. ) ) ; P —s —2s
_ 675(d2+2)/ 6252.m+zn2-y+zrgtx2(x’y,t) (Xl(l‘,eisy,6725'[)6151.1:1%8 n-y+e Tl't) dxdydt
Rd1+da+d3

= Xs (& +&mten,m+e )
where
Xs (:Ea Y, t) = X2 (l’, Y, t)Xl (SC, eisya 672St)
is a bounded family of smooth compactly supported functions (this is crucial) when s € [0, +00).
We then have for any N > 1 the upper bound

(& n, )| < On (L +[€] + [nl + 7)Y (3-2)

where the constant Cy does not depend on s € [0, +00). Hence in any closed conic set V' which
does not meet the subset

A= {(57 —5,7% —6_877’7" _6_257-) € (Rk X Rk)*75 > 1},

there exists some ¢ > 0 such that for all (51,52,7)1,772,7'1,72) € V C (R* x RF)*, we have for all
s > 1 the inequality

|(61+ & e+ m2, e + 1) | = e(|&] + €] + m] + In2| + 71| + |72]).

This implies the following Fourier bound

/ eifz':c+i'r]2~y+i7'2~tx2 (m) v, t) e~ SP* (Xlei£1~x+in1 ~y+i7'1't) dwdydt‘
Rk

_ _ —N

<COnv(I+ G+ &+ m+e*m|+|n+e*n)
_ —N

< One ™ M(L 4[] + 1| + mul + In2] + 71| + |72])

for all s > 1 and (&1,&2,7m1,m2,71,72) € V C (RF x RF)*. The previous bound analyzes the wave
front set of the family (2’ — e~*(2)) near T* (K x K) C T*(R¥ x R¥). Since K is arbitrary the
family of distributions §(z' — e™5°(z)) is bounded in D}p(Rk x R¥), with I', € T*(R* x R¥) given
by

Fp = {(.’L’, x, 0) 07 07 07 §7 _57 07 2, 0) 7-2); (57 72, TQ) 7é (O? 07 0)}
the radial set which is the conormal of the singular set of p

U { (33, Y, t,z, eisya 672st; 57 nT, _ga —657]’ _6287-); 52 13 (fa m, T) 7é (Oa Oa 0)}

>

Set
71'(2) = (’I, 0, O) (33)
Lemma 8] is useful to give a description of the Taylor subtraction operation, the Taylor subtractors
of order 0 and 1 read

Ro:pm=rp—pom, Ri:prr p—p(,0,0)—y-dyp(z,0,0) —tde(,0,0),

We call these operators Ry and R, with the letter R chosen for ‘remainder’. Denote generically
by [A] the Schwartz kernel of an operator A.

Proposition 9 — The operators Ry, R1 have Schwartz kernel
[Ro :/ [p(e™*')]ds’,  [Ri] :/ [(1— e + e p)pe?*] ds' — [p]
0 0
and

(o) Ral = [ [ty s, e = [ (e e ol s~ (7))
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and the families of distributions ([(e™*7)* Ro])
D{ﬂp(R’C x RF).

and ([(e7*")*Ry]) are bounded in

0<s<+o00 0<s<+oc0

Proof — We write a detailed proof for Ry; the proof for R; is very similar and left to the reader.
For a test function y with compact support on R¥ x R* write p;x for the action of the vector field
on the first component of x. We have

(e 1) = = [ (roteem72) dz

and since (p1X)(z,e *Pz) vanishes along the singular set {y = 0,¢# = 0} the integrand is of order
e~ %, so the integral is converging. The wavefront bound follows from the wave front bound on the
propagator [(e~®7)*] and the fact that the wave front of a distribution is stable under the action
the vector field p. >

We come back to the general setting of an open subset U C X and assume we are given a closed
conic set I' in T*U\{0}. It is a classical fact that for o < 0 the Besov space C%(X) = BY, ,,(X)
can be characterized as the set of distributions A on X such that

sup sup t_o‘/2’<A,Kt(x, ))| < 00.
zeX 0<t<1

A distribution A € D'(U) is an element of D(U) iff for all pseudodifferential operators @ with
Schwarz kernel compactly supported in U x U and whose symbol vanishes on I" one has for every
compact subset C of X" a finite positive constant mc g such that

sup sup |(A, QKy(z,-))| < me,q < oo, (3.4)

z€C 0<t<1
One can describe an element of C{ . (U), with a < 0, with wave front set in I' in terms similar to
(3-4) as the set of distributions A € C{_(U) iff for all pseudodifferential operators @ with Schwarz
kernel compactly supported in U x U and whose symbol vanishes on I" one has for every compact
subset C of X' a finite constant m¢ g such that

sup sup t*“/2|(A, I+ Q)Ky(x, )>f <mg¢,q < oo.
zeC 0<t<1
The I element ensures the element A is Holder whereas the operator @ is here to test the smoothness
of A outside of the wave front set. We now come back to the setting J C X of Section m and
denote by p a scaling field for this embedding. Let U stand for an open set of X which is stable by
the semiflow of p: e=*? (U) C U, Vs > 0. Let p stand for a scaling field whose backward semiflow
leaves T fixed
(eI cT

for all s > 0.

Definition — For o < 0 and a € R we define the space S?’(a’p)(U) of distributions A € D'(U)
with the following property. For all pseudodifferential operators QQ with Schwarz kernel compactly
supported in U x U and whose symbol vanishes on I, for each compact set C C U, there is a finite
positive constant mc,q such that

sup sup sup e“st_a/2|<(e_s”)*A, (I +Q)Ky(x, )>| <me,g < 00.
s>1 2€C 0<t<1

We define SE(U) as the union over « of all the spaces S{f’(a’p)(U), for @ € R fixed and p a
scaling field for the inclusion Y C & whose backward semiflows leave I' fixed. The letter ‘S’ is
chosen for scaling. The exponent a retains the scaling property and I' information on the wavefront
set. Note that the space SE(U) is a priori larger than conormal distributions with wavefront set
in N* () C U) since elements in SE(U) might have some wavefront set contained in the cone T’
which is not necessarily included in N* (¥ C U). The notation does not emphasize the dependence
of this space on the inclusion Y C X. This will always be clear for us from the context. An
elementary example is given by the principal value of 1/|z| in R, where ) = {0} C R and it has
scaling exponent ¢ = —1 and wavefront set I' = T*R. Note the fact that for all element A € SE(U)

the family of scaled distributions (eate_t”*A)t>o is bounded in Df.. The next propositions give two
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examples of elements of some space S%(%*)(U) for some scaling exponent a and some scaling field
p. Denote by dj the diagonal of M? for any set M.

Lemma 10 — Let M be a closed manifold and K}(z,y) be a smooth kernel on M*\dy such that
one can associate to any small enough open set U a coordinate system in which one has for all

multiindices «, 3

’agtaf,y[(‘/tis‘ (.’IJ, y)’ 5 ( /71? s+ ‘y _ x|)—a—2‘(¥|—‘6|.

Denote by pa a scaling field on M? for the inclusion do C M? and set
p=2(t — )05 + p2,

and for n > 2, we denote by 7 : (z1,...,7,) € M™ — (x1,72) € M? the canonical projection on
the first two components. Then the family

(eea(e_ep)*W*Klt—'\(" ')>520

((M™ x R)\(7*d2 N {s = t})), that is

(3.5)

. o
is bounded in DN*({S:t})

T Ko () € SPU L) (M™ x R)\(n*da N {s = t})).

In the sequel, we denote by % the C*°—module of kernels K;(z,y) as above depending on two
variables endowed with the weakest topology containing the C'*° ([0, +o0) X M 2\(12) topology and
which makes all seminorms defined by the estimates (3.5)) continuous.

Proof — We first localize in a neighbourhood U x U of the diagonal since K is smooth off-diagonal.
It is enough to prove the claim for K (z,y)x1(y)x2(x) where x; € C°(U) and the uase partition of
unity go get the global result. In U x U we pull-back everything to the configuration space, which
we write with a slight abuse of notations

7T*(I(XlXQ)(ta S, L1y ,J}n) = K(ta 3a$1a$2)X1(1‘1)X2($2)-

We already know that this kernel satisfies some bound of the form

[ (t 5,21, 22)xa (20)xa(w2)| S (VIE= 5]+ |1 — 2]

Somehow we would like to flow both sides of the inequality by the parabolic dynamics (e ~*)* and

—a
bound the term e~ t,* |t —s|+ |x1 — x2|> asymptotically when ¢ goes to +00. We use for

that purpose the normal form Theorem for the space part of the Euler vector fields

p[n] = th : 8hk7
k=2

for some new coordinates (hy)jl_, that vanish at order 1 along the deep space diagonal d,,. The
fact that x1 — xo vanishes at first order along d,, implies by Taylor expansion at first order that

z1 — 22 = A(h) + O(|h[?) (3.6)

where A(h) is a linear function of (hg)}_,. One then has
(e771)* (a1 — 2) = (e71700)* A(h) + O™ |h[?) = A(e™"h) + O(e™|h),
and an exponential lower bound of the form
ey — o] S |(e7 ) (21 — o)
which yields the desired bound
|e_“"*D?Df7r* (Kx1x2)(t, 8,1, ... 7:1cn)| < etlat2lal+IB) ( [t — s+ |z — x2|) Sl

and proves the claim. The above bound allows for instance to justify that the singularities when
x1 # xo are conormal along the equal time region ¢ = s since we are smooth on each half region
t>sand s>t >

In the sequel we endow the vector space of kernels Ky (z,y) as above, depending on two variables,
of the weakest topology containing the C'*° ([07 +o00) X M 2\d2) topology that makes all seminorms
defined by the estimates (3.5)) continuous.
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3.3 The canonical extension

Let us use a unique notation 0 for the zero section of any vector bundle.

Definition — Let X be a smooth manifold and Y C X. A closed conic set T C T*(X\Y)\O is said
to satisfy the conormal landing condition if its closure I' in T*(X)\0 satisfies I C (D UN*(Y)).

Theorem 11 — Let X be a smooth weighted manifold and Y C X and T' C T*(X\Y)\O be a closed
conic set that satisfy the conormal landing condition. Assume we are given a family (Ac)o<e<1 of
distributions on X that converge as € goes to 0 to an element A € SE(X\Y).

(a) If
a > —codim,, (Y C X)
then A has a unique extension into a distribution over X such that the convergence of A
to A occurs in Sp iy (X).

(b) If
a > —codim,, (Y C X) — 1
there exists a family Ay . of distributions supported on Y, with wavefront set in N*(Y)
such that Ac — Ay ¢ has a limit in D'(X) and the convergence occurs in SflluN*(y)(X) for
all

d < a.

Proof — We follow the proof of similar results proved in an elliptic setting in [25] — see Theorem
1.10, Theorem 4.4 and Section 6 therein. We give here the main arguments to emphasize the
differences with [25] that come from our parabolic setting.

Let p be a scaling field for the inclusion Y C & such that A € S?L’J(]‘ff’f()y)(é\f) for some a € R, and
let x be a smooth function equal to 1 in a neighborhood of Y stable by the backward semiflow of
p and such that y vanishes outside some larger neighborhood.

1. We first use the normal form theorem to reduce our problem to the model case of a distribution
on R*, with k = dy + da + d3 with coordinates (z,y,t), the scaling field p = yd, + 2t9; is linear
and globally defined, and the extension is done with respect to the linear subspace R% C RF. We
work in that setting in the remainder of the proof. Let then (©.)o<.<1 be a family of distributions
on R*. We assume that the ©. converge as ¢ goes to 0 to an element © € SE(RF\R?), where
a > —codim,, (Y C X).

2. Pick 0 < sg and think of it as being large. We use the identity

S0

Td — (€)= Td — y + / ()" (~px) ds
0

to define an extension of our distribution ©. Set for convenience X := —px whose support does
not meet ). We have for any test function f € D(Rk)

(O(1 = ()0, 1) = (O =), )+ [ e @43 (xiey0, (e ) ds.

The exponential factor comes from the Jacobian of the flow of e™*?. Note that ds + 2d3 =
codim,, (Y C X). If I' € T*R¥\0 stands for a closed conic set invariant by the lifted dynamics of
(e=%P)* such that T N T*R% C N*(R%), our choice of scaling exponent a ensures that the family

(0®)s30 = (**(e7*")*O)sx0
is bounded in D} (R¥). One then has for the Schwartz kernels

[@ (1 . (esop)*x) ] (z, Z/) _ [@(1 . X)] (27 Z,) n /080 e—s(a+dz2+2ds) (y@(S))(z)é‘(Zl . e*“p(z)) ds

We know from the hypocontinuity theorem on the Hérmander product of distributions [I8, Thm
6.1 p. 219] that the family
(x0W)(2)8(z" — e""(2))
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with s > s; large enough, is bounded in D’f(Rk), where
Fi=Tx0)uUl,U((I'x0)+T,).

For the moment this means that the sp-dependent family of distributions associated with the
kernels

(%) := /050 ems(atd2t243) (v () (2)§ (2 — e (2)) ds

is bounded in D’f(Rk x RF) uniformly in so > s1; in particular the integral converges in D’F(R"’ x RF)
when sy goes to +00. Now we interpret the integral over the variable z as a pushforward along the
fibers of the linear projection

7 (z,2) = 2.
The pushforward Theorem yields that 7, (x) is bounded in D;*F(Rk) where

ml = (mI,)Um (I'x0+T),)
and
7r*Fp = {((:C,QO), (O»an))}
7 (0% 0+ T,) = {(€7(2), ()" (N): (2, 1) €T,0 < 5 < +oo} C TUN*(Y)

since the cone I' is invariant by the lifted flow of e™*” provided s < 400 and the limit points of
the form lim,_, 1o (€7%°(2), (€7%°)*(X)) for (z,A) € T must belong to the conormal N*(Y) by the
conormal landing condition on I'. It is at this precise place we are using the conormal landing
condition assumption on I'. The distributions ©(1 — (e*?)*x) are thus converging in D, |\ .ga, (RF)
to

(©F, 1) = (O —x). /) + / T ) (o) 0, f o ) ds
0

The uniqueness of the extension ©7 follows from the continuity of all the operations involved in
above. To see the scaling property of the extension we note that the family
(@E/ — eg[(e—ép)*@)
£>0
is bounded in Dp(R*), since © € S{(R*) means that the family (e*(e~*?)*©),.  is bounded in
Di(R¥) by definition of Df(R*) and Sj-(R¥), and observe that

(e ) O = 7. ( | ementa (erey o 1) o) ds) |
0

3. In the borderline case our proof follows closely [25], Prop 4.9 p. 841] except we work in a parabolic
setting. We proceed as above with (e~*#)* replaced by (e~ **)*Rq if —codim,, (Y C X) —1<a <
—codim,, (Y C X) and (e~ *?)*R; if a = —codim,, (Y C X) — 1. So our extension reads

<@+7f> _ <@(1 _ X)7f> + /oo e_s(d2+2d3)<Y(€_Sp)*@, (le) o e—sp> ds,
0

where R;f,i = 0,1 is obtained from f by Taylor subtraction. The integral converges absolutely
since [e”**R;] = Op; (e=*(+)) and the map

0 — 0t
is continuous from SE(X \ V) to S?LN*O,)(X) for all @’ < a as we will see below when we check

the weak homogeneity of the extension ©1. This shows that when —codim, (Y C X) —1 < a <
—codim,, (Y C X), one can take

A o(f) = / e~ H 20 (0 Y 0 e P TI(f)) ds
0

and when a = —codim,, (Y C X') — 1, we choose

Aay o (f) = /Ooo e BTG, X 0 e P II(f) + £.(0:f)(,0,0) +y.(9, ) (-,0,0)) ds.
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For simplicity, in the remainder of the proof we shall specialize to the case —codim, (Y C X)—1 <
a < —codim,, (Y C X). By the wave front set condition on ©., one can always decompose Aga, .
under the product form

ARdl e = CEARdl
where

Age, =11

is a distribution independent of &, supported on R%, with wavefront set contained in N*(R%), and
the function c. is given by

o) = [ e G, oy, (e o .0) ddyi.
0

To check the weak homogeneity write
(oo}
ese <e_s/p@+7 f> = / <®(S)Y7 e_(s_sl)pap — H((p)> ds
0

and observe that the support of e*(s’s')”cp meets the support of ¥ only if s > C + ¢’ for a constant
C that depends only on the support of . So the integral can be split in

- /0 o <@<S>y, H(@)> ds + /C O: <@(8>y, e=(=5p, _ H(gp)> ds

A change of variable shows that the second term is uniformly bounded in s’ whereas the first term
is bounded above by (C + s)||¢||co. This concludes the proof that e!*e~"*U = Op(t). >

In the case (b), note that the extension is no longer unique. Any two extensions differ by
some conormal distribution supported on ) whose order is 0 if —codim,, (Y C X) —1 < a <
—codim,, (Y C X) and of order 1 if « = —codim,, (Y C X) — 1.

3.4 Configuration space

In the sequel and unless otherwise specified, we will denote by M the space-time R x M and
space—time points (¢,z) € R x M are shortly written as m € M. The configuration space MP? of p
points in M will play a particular role in the sequel. For I C {1,...,p} we denote by

d; = {m=(my,...,my); my =my, fori#jiff (i,j) €I’}
Tr = {mz (ma,...,mp); t; =t;, for ¢ # j iff (4, ) 6[2}
the corresponding diagonal in the product space. One has d;y C 7; and d; Nd; = 0 (resp
TrNTy;=0)if I #J. We denote by
d= {(ml,...,ml) e MP;my eM}
the deepest diagonal in MP. In the sequel, we will work on some submanifold 7; C MP for some

fixed J C {1,...,p} where all time variables indexed by J coincide and we will use a particular
class of scaling fields that will leave all 7; and dj stable.

Definition 12 — Pick some open chart U C M,k : U — R? such that x(U) C R? is an open convex
ball — this is always possible up to making things smaller. We define a scaling field py,) in U from
its flow given by for any (z1,...,zp) € K(U)P by

(1,...,2p) €UP — (1:1, e Nxg —x1) +21,...,¢ () — 1) + xl) € k(U)P.

We define the local scaling field on (R x U)P, with local coordinates (s;, z;)1<i<p, Setting

p
p= Q(Z(Sj - 81)5sj> + Plp] = 2Ptimes + Pp)-

j=2
We obtain global scaling fields by gluing together the above local objects. Consider a cover U;UY
of some neighborhood of the space diagonal and choose x € C(J;UF) such that x = 1 near
the space diagonal. For a subordinated partition of unity > x; = 1 of support of x, we set p =
2ptimes X D; Xipi where each local scaling field p; € C°°(T (UY)) is constructed in charts as above.
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We will typically be given a family (A:)o<e<1 of distributions on 77 \ (Urc(1,.. py3dr) that
converge to a limit as a distribution outside all the diagonals of 7;. We will use Theorem [I1] to
extend it to the whole of T; by an inductive procedure under some scaling-type assumptions. The
inductive structure of the extension procedure will come from the geometric form of Popineau &
Stora’s lemma, which we recall here. We associate to I C {1,...,p} the open set

Oy = {m:(ml,...,mp)EM”;mi;&mjV(i,j)EIXIC}.

Lemma 13 - One has
M\d= | o
I1c{1,...,p}
and there is an associated smooth partition of the unity, 1 =3 ¢y ynr € C*(MP\d), with
the family (nyoe™*) s> bounded in C°° (MP\d) for some scaling field p for the inclusion d C MP.

The proof is simple and can be found in [26, Lemma 6.3]. The proof of the claim on the family
(nr o e*?)s>0 can be found in [27, Lemma 6.3.1 p. 131]. The above partition of unity induces
naturally a partition of unity on 7; \ d with the same properties.

In the simplest cases the distributions A, will be given as products of distributions, with each
factor depending possibly only on a subset of the variables MP. The easiest case in which to make
sense of such products relies on Hérmander’s product theorem [I8, Thm 6.1 p. 219] and gives the
following statement.

Lemma 14 — If Ay € D'(MP) depends only on the first 1 < k < p components of MP and
Ay € D'(MP) depends only on the last p — (k — 1) components, so they have only one component
in common, and

WFA)c ) Nd)UNT(Th),

Ic{1,....,k}
WF(A)C () N*(ds)UN*(T)),
Jc{k,....,p}

then the product A1As is well-defined in D'(MP) and
WPF(A1As) C (WE(Ay) + WE(As)) UWE(A) UWF(As).

Proof — Denote by X a generic element of T* M. If (A1, ..., A, 0,...,0)and (0,...,,0, ik, lk+1,-- -, fp)
stand for non-null elements of T*(MP) such that

Z)\i:(), ZILLJ':O,

then the convex sum

(A17"'7Ak707"'70) + (07~--a707Mk7ﬂk+17~-~aﬂp) = (A17"'7Ak‘ +/Lk7/~1’k+17"'7u1’))
cannot vanish. This implies that WE(A1) U (=W F(Ag)) = {0}. >
We give another important consequence of Theorem [11] before talking about Feynman ampli-

tudes. We are particularly interested in the case where M = R x M. Denote by dpmpcae the
canonical injection of the deepest diagonal of MP into MP.

Proposition 15 — Let 'y, Ty be closed conic sets in T*(MP) satisfying the following condition with
respect to dprec pmp

0 ¢ (I + ) N (T* (MP)\dasrc are)-
Let p stand for a parabolic scaling field for the inclusion dywpcame C MP whose backward semi-
flow leave both T'y and Ty fized. Assume we are given two distributions Ay € Sl(ﬂsll’p) (MP),As €

Sl(ﬂf’p) (MP), so the product A1As is well-defined on MP\dprpcpr. This product has a unique
extension as an element of Sﬁsﬁs%p) (MP) with
=Ty Ul U+ ) UN*(MP C MP).

We invite the reader to check that the condition 0 ¢ (I'y+I'2) N (T*(MP)\darrc e ) ensures that
I'; + ' satisfies the conormal landing condition for the inclusion dypcae C MP. The statement
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means that for any mollification A5, A5 of these distributions the product AJA$§ is converging in
Sl(ﬂsl+s2’p ) (MP) to a limit independent of the mollification.

Let G = (V, E) be an oriented finite graph with p vertices (V') and edge set E with no two edges
with the same vertices. We are also given J C V which describes coinciding times. We associate
to each vertex v € V a variable z, = (t,,2,) € (R x M) and to each edge e € F its two vertices
v(e)_,v(e)4 according to its orientation. We assume

V=V'UV,

where V4 is a disjoint union of ng triples of vertices, with each triple made up of an unordered pair

of vertices and another vertex. We write ((v],v3),v1) such triples and denote by ng the number of

such triples. The set V' is a disjoint union of singletons. We assume there is no edge in the graph
relating two points of an unordered pair or one of these points to the single vertex of the associated
triple. We assume we are given for each edge e € E a kernel K, € K for some scaling exponent
a. € R where the space K% is defined in Lemma [I0] We also assume we are given a distribution

—6 3
[©1(2, 9, 2) € Sy (fa=ypun=(L2=yhuns (fa=y=21 (M)

where the scaling is with respect to d C M?3. We view [®] as a distribution on M3 still denoted
by [®] — just pull-back by the canonical projection from M3 to M3. Denote by dy- the diagonals
of (R x M)P, for V! C V. The amplitude AY associated with the graph G is the distribution on
T:\ Uy cy dy defined by the product

.Ag(Zl, ey Zp) = H K. (Zv(e)_ ; Zv(e)+) H [Q] ((.TU_{,.’EU;‘L mui)

ecE 1<j<ng
with the second product corresponding to all of V4, see figure 1 for a fully detailed example. We

talk of Ag as the Feynman amplitude associated with G. The following fact is a direct consequence
of Lemma [[4

Lemma 16 — If G = (V, E) is a tree, for every e € E, each two point kernel K. belongs to the
module K%, a. € R endowed with the topology of Lemma [I0] and each three point kernel

-6 3
@)@, Y, 2) € S8 (omyesy) (M?)

where the scaling is with respect to d C M3. Then the multilinear map that sends ([@], (Ke)eeE) €
S&f({x:y:z})(Mg) X [T,er K% — Ag € Di(T;) to the Feynman amplitude Ag € D}(T;) where
I'=Uycy N*(dy:) UN* (Ty+), is continuous.

The weak homogeneity exponent —6 for [®] comes from the fact that [©] € D’(M?3) is the
Schwartz kernel of the resonant product and that our manifold M has dimension 3. Lemma
also allows to restrict the analysis of Feynman amplitudes to connected irreducible subgraphs since
the amplitude of a reducible graph reads

Ag1 (Z17 zl)K(zlv Zj)Ag2 (Zj7 ZQ)
for collective variables (z1, 2;), (z,22) partitioning {z,},ev, corresponding to a partition V =
ViUV of V, where K (z;,z;) has wave front contained in N*(d2((R x M)?)) UN*({t; =t;}) and
WF(Ag,)c | N*(dv) UN*(Tv;), WF(Ag,) € | J N*(dyy) UN* (Tvy).
vicwvi ViCVa
Applying Lemma [T4] twice allows to show that the product is well-defined so the only difficulty is
to treat the amplitudes Ag, and Ag,.

Our next goal is to describe a recursive algorithm that controls the convergence as distribution
over the whole space T;. We prove in the next statement that the multilinear Feynman map

(0] (Ko)eer) € 3% amymny (M) x ] K% — Ag € SH(T5) (3.7)
eckE
where

I'= U (]\f*(clvf)UAN*('TV/))7 GZ—GHQ—ZCLE,

v'cv ecE
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FIGURE 1. Feynman rules for some quintic graph.

is continuous under suitable conditions on the weak homogeneity a. of the two point kernels
(K.)ecr. We only consider below some subgraphs G’ = (V’/, E’) of G which contain all the points
of a given triple if ever they contain one of them. Recall all our analysis takes place in the
submanifold T; of MP. We denote by dy~ the deepest diagonal of (R x M )|V’|, and with a slight
abuse of notation also denote by dy the diagonal dy+ N 7. Set

ag = Zae

ecE
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and
Tg:= |J (N*(dv C T7) UN*(Tv» C T))).

vicv
Theorem 17 — The following holds.

(a) If every connected irreducible subgraph G' = (V',E’) of G with non-trivial fundamental
group satisfies
Z ae + codim,, (dy) > 0. (3.8)
eckE’
Then the Feynman map defined by equation[3.7 is continuous.
(b) If every connected irreducible strict subgraph of G with non-trivial fundamental group sat-
isfies condition and G satisfies
Z ae + codim,, (dy) > —1
eckl

then there exists a family Ay . of distributions supported on dy, with wavefront set in
N*(dv) such that Ac — Ay < has a limit in D'((R x M)P) and the convergence occurs in

Sy ((R x M)P) for all

LgUN*(dv)UN*(Tv)
a’ < —codim,, (dy C ((R x M)P)).

Proof — For a subset I of {1,...,p} we agree to denote by Gy the subgraph of G with vertex set I
and edge set the edges e € E with vertices v(e)+ both in I.

(a) We use repeatedly item (a) of Theorem [11|in an induction procedure to extend Ag from the
open set T\ UIC{l,..‘,p} d; to T, by extending it first to Tf\Umzs d; then T]\U\I\Z4 d; and so
on. Here, we make an essential use of the fact that the flow by scaling fields p from definition [T2]
preserves both time and space-time diagonals T;,d;. Moreover, the symplectic lifts of these scaling
fields preserve the conormals of all time and space—time diagonals N* (7;), N* (d;). This is crucial
to satisfy the stability assumptions of the cones by the scaling fields in Proposition [I5] At step
¢ one extends the distribution by adding the disjoint diagonals d; with |I| = £+ 1 in any order
d;,dy,,... by viewing d;, as a submanifold of

EF = (7}\ U d1> U L_k) dy,.

[1]>¢
We associate to every I’ C I the open set
Up = {m = (m1,...,mp) €EFsmi #m; V¥ (i,j) € I' x (Ik\I')}.
As in the geometric Popineau & Stora lemma one has
g'= U ur
I'ciy,

and there is an associated smooth partition of the unity, 1 =, - 1, M, with the family (np o

€ *P)s>0 bounded in C( T\ UIIIZK d; ) for some scaling field p for the inclusion dj, C EF. We

have on each open set U the identity

Ag,, = Ag, (z)jer Ag, i (25) jerr 11 Ke,; (2, 25),
(4,3) €l X (I\I")
where K., is the propagator connecting i and j. We know by induction that the two amplitudes
Ag, (2)jer and Ag, (25)jer,\r are well-defined distributions with wave front sets

WF(Ag,)c |J N*(dy)UN*(Ty)
J'cr’

and
WF(Ag, ,)c |J N*(dm).
JCI\I'
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One can then use Proposition [L5] for the finite sum
> A, (z)jer Ag, i (%) enar 11 Ke,; (2, 7))
I'Cly (6,) €L X (L")
to see that it has a unique extension as an element of S *(77), with a = 6ng + >_ ¢ ac and
I'g = U (N*(dvl C T]) UN* (Tv/ C T]))
vicv

that depends continuously on its restriction to 5571. (Each element in the sum is indeed weakly
homogeneous of degree strictly greater than —codim,,(dy,).)

(b) We proceed as in (a) all the way down to the final step where we extend the distribution to
the deepest diagonal using item (b) of Theorem >

4 — Random fields from renormalization

Recall the definition (2.1]) of the enhancement EAT of the regularized noise &,
- by b,
gr = (fho\;)rv (®)r7 O%TQ?M D\Fr QVT_*a *, R?/OT GWr_br?r)~

We use the index r to emphasize the regularlzatlon of the noise. We show in this section how to
use Theorem (17| to prove the convergence of 5,, in its natural space

— The benefits of hypercontractivity. We will freely use the fact that each element of the enhance-
ment, or polynomial quantities built from them, are polynomials of the noise, so hypercontractivity
entails that for any smoothing operator A

2 1P
E[IAf17,] SE[IAfI72]
where the norms refer to space or spacetime Lebesgue spaces depending on the setting. This
directly gives for instance that

BN o) < EN I an)” (4.1)

for a random space distribution f on M. It follows then from Besov embedding that f is almost
surely in the Holder space C*~%/(P)(M) if the upper bound in is finite. Variations on this
fact explain why we only estimate in the sequel some Sobolev norms. Consider as an example the
quantity ;‘1(5) denoted here T, without regularization. One has for all t > 0

503 a)) = 5 Trrzzan (1 — A7),

Since (1 — A)*~! is a pseudodifferential operator of order 2(s — 1) and we are in space dimension
3 it is trace class if 2(s — 1) < —3, that is if s < —1/2. From what we said above, we recover in
this way the fact that 7(¢) takes almost surely its values in the Holder space C~1/27¢(M) for every
€ > 0. One has

ENT(t) — 1)l (ar)] = %TYLQ(M) (A=a)y) - %TTLQ(M)((l — A) el lAm),
Since
Id — el 21370 = O (jt; — t5]/?) € U¢(M)
we have from the composition theorem for pseudo-differential operators that
(1 - A)Sfl(Id - 6|t17t2|(A71)) — O(|t1 - t2|5/2) c \D2(sfl)+5(M)
so if 2(s — 1) + ¢ < —3 we have trace class operators and the continuity of the trace shows that

E[II7(t1) = 221 an) ] < It2 = 2]/,

Together with Kolmogorov’s classical regularity theorem, what we said above justifies that T takes
almost surely its values in C.C~/27¢(M), for all small enough 1 > 0 and all ¢ > 0, and its norm
in the corresponding space has moments of any finite order.
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— Organisation of this section. We deal with the convergence of the Wick monomials *°,. and

PP, in Section The convergence of the quartic terms O‘Tpr o1, (Y)r O, — %T, |V(YJT|2 — %’“
are the subject of Section Section is dedicated to the convergence of the quintic term

RTPT ® %, — b,7,. The reader will find in Mourrat, Weber & Xu’s work [69] a detailed partial
construction of these objects in the model setting of the flat 3-dimensional torus. There analysis
relies crucially on Fourier representations of these quantities which has no direct counterpart in a
manifold setting. One then needs a different kind of analysis in such a non-homogeneous setting.
It is the aim of our companion work [I0] to provide a self-contained description of the tools that
we use for that purpose. In the sequel, we will systematically first estimate regularities using
Wick renormalization. Then we shall compare the usual Wick renormalization which is not locally
covariant with a locally covariant renormalization in which we only subtract universal quantities at
the cost of producing objects which do not belong to homogeneous Wiener chaoses. Let us discuss
the notion of local covariance with some simple example which also explains why the usual Wick
renormalization fails to be locally covariant. A function valued invariant of Riemannian structure
is a function ¢ which assigns to each manifold M and Riemannian structure g on M some function
clg] on M which is locally covariant in the following sense: given f : M’ — M a diffeomorphism
onto an open submanifold of M, and a Riemannian structure g on M, then ¢ must satisfy the
equation f*c[g] = ¢[f*g]. Moreover, we require that ¢ depends smoothly on the Riemannian metric
g. In fact, one can prove such locally covariant function ¢ should depend at every point on finite jets
of the metric and ¢ has an invariance property under changes of coordinates [35, section 8 p. 76].
This definition is partly motivated by [37), 2.4 p. 160] and [5], p. 282] on local index theory and also
by the notion of local covariance arising in algebraic Quantum Field Theory [76, 60, 2I]. In the
usual Wick renormalization for some massive GFF ¢ on some Riemannian 3-manifold (M, g) with
covariance (—A + 1)71, one first mollifies ¢ via heat regularization. This yields a random smooth
function ¢, := e"(*~1¢. To renormalize the square ¢2, one subtracts to the square (¢,)?(z) of the
mollified field at x, the counterterm a,(z) = " (*~D(=A + 1)~ (z,z) and it is well known that
the difference (¢,)?(.) — a,(.) will converge as random distribution when » — 0F. However, the
counterterm a,(z) = e2"(»~1D(=A +1)~!(z,z) that we subtracted is nonlocal in the metric g at
x, it depends on the global Riemannian geometry of (M, g) and not on finite jets of the metric g
at x. Hence such a, is not locally covariant in the above sense. Now we observe that the diagonal
value €2" (=D (~A + 1)7(z,z) has an asymptotic expansion of the form:

(A + 1) (2,7) ~ 5y +O(1).
4rzrz
If instead of subtracting the diagonal value of egr(A_l)(—A +1)~%, one subtracted its singular
part: (¢,)%(.) — ; %1 7 then one would still get a random distribution at the limit when r — ot
mTar

but the covariantly renormalized Wick square : ¢? : would no longer have zero expectation. So
one may wonder why is it so important to subtract only locally covariant quantities ? The answer
lies in the deep notion of locality in quantum field theory. It is a folklore result in quantum fields
on curved backgrounds that subtracting non locally covariant counterterms is incompatible with
locality in the sense of Atiyah-Segal. Let us quote the beautiful discussion on the regularization of
tadpoles and the relation with Atiyah-Segal gluing in [58] 1.2 p. 1852]: ”In various treatments of
scalar theory, tadpole diagrams were set to zero (this corresponds to a particular renormalization
scheme — in flat space, this is tantamount to normal ordering, ...). However, in our framework
this prescription contradicts locality in Atiyah-Segal sense,. .. One good solution is to prescribe to
the tadpole diagrams the zeta-reqularized diagonal value of the Green’s function. We prove that
assigning to a surface its zeta-reqularized tadpole is compatible with locality,. .. However there are
other consistent prescriptions (for instance, the tadpole regularized via point-splitting and subtract-
ing the singular term, ...). This turns out to be related to Wilson’s idea of RG flow in the space
of interaction potentials,...” We refer the interested reader to [58] Section 5 p. 1885] for further
details on this central topic of quantum fields on curved backgrounds. So in the present paper,
we follow a similar strategy as in the previous example and try to subtract only locally covariant
quantities, in fact we shall see that we subtract universal quantities that do not even depend on
the metric g.
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4.1 The Wick monomials

— The argument used for the study of 7, without regularization, works for the study of %%,., with
regularization. Since &, is regularized in space 7, is here a function on [0, 7] x M. Set

a,;(2) =E[(1:)*(2)],  Ru(2) = (1)%(2) — ar(2).
Abuse notations and denote by the same letter the operator (1 — A)® and its kernel. Denote also
by Gg)(tl, to) the operator with kernel

1 /e@rtltz—ta)(A-1) 2
1 ( 1-A 2.9))

The operators G\2) (¢, t) take values in W= (M) and G (t1, t5) is of order |ty —t,|7/2 in U1+ (M)
since elt2~111(A=1) (1 — A)~1is of order |ty — 1|7 in W—2+27(M). This holds uniformly in r € [0, 1].
As one has from Wick formula

1

E[H@T(t)H%ﬁ(M)] = 5 /M2 e4r(A71)(1 _ A)772($7y) dxdy

1
=3 Trozn) (1 - A) GO (1))
for each ¢, and the composition theorem for pseudodifferential operators tells us that
(1-A)GP(t,t) e B~H(M)

uniformly in ¢, it has finite L? trace as soon as v < —1 in our 3-dimensional space setting. Similarly
we have

E[IRP:(t2) — 2 (t) 13- (ar) ]
= %TI'Lz(M) ((1 — A)’Y{GS) (tl,tl) + G£2) (tg,tg)}) — TrLz(M) ((1 — A)’Y(Gg)(thtg))

and we see that it is of order |ty —t1]"/? for all ¥ < —1—n. We conclude as above from Kolmogorov’s
regularity theorem that 37, € CLC~17¢(M) for all n > 0, > 0, uniformly in r € (0,1], and we
further get from the r-uniform and continuity of the different quantities as functions of r the
convergence of 37, in C2.C~17¢(M) to a limit which we denote by 7.

In the present paper, we choose to define the renormalization in a locally covariant way
wrt the Riemannian metric g. Therefore, we shall subtract from £, only the singular part of the
function a,(z) = E (3?.(z)). We actually prove that this singular part a, is actually some universal
constant. The function a,(z) differs from the constant a,, but as we have for z = (¢, x)
o2r(A-1) 1
—(z,x) = / e AN (2, 2) da + b(x)

1-A 27

for a smooth function b, the small time asymptotics of the heat kernel tells us that e x,x) =

m 1 3 + O(a~2) hence the function a,(-) — a, is bounded, uniformly in € (0,1]. To prove that
Ta) 2

the difference a, () — a, is smooth, we rely on the description of the heat kernel of [41] def 2.1 p. 6].
In local coordinates in some open subset U, the heat kernel can be represented as UL_%A(a7 %7 Y)

where A € C*([0,+00)1 x R® x U). Hence a,(x) — a, = [, a~% (A(1/a,0,z) — A(0,0,z)) da

converges together with all its derivatives in z since 0%a~2 (A(y/a,0,z) — A(0,0,z)) = O(a™2) for
all multi-indices 8. Hence the convergent integral defining a,(z) — a, depends smoothly on z € U.

The convergence of %7, in C2C~17¢(M) to a limit which we denote by 3 follows as a conse-
quence. We note that as a random variable, 8 is not a homogeneous element in the chaos of order
2 of the Gaussian noise since we did not subtract the full expectation. However it differs from
a homogeneous element by a deterministic smooth function hence % has moments of any order
1 < r < oo that are equivalent to its second moment. In the sequel, we will always prove stochastic
estimates for homogeneous elements in Wiener chaoses and then justify why the locally covariant
renormalization, subtracting only universal local quantities, still yields a stochastic object with the
same analytic properties.

ar(z) =

a(Afl)(
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— We proceed similarly to study the convergence of
L, = (1,)° - 3a,1,

in the parabolic space C~3/273¢([0, T] x M) to a limit ¥, for all € > 0. From what we just saw it
suffices to prove the convergence of (7,)% — 3a,.(-), in that space.

In order to prove the parabolic regularity of some random fields we introduce some local Sobolev
seminorms defined from some cut-off function and using some Laplace type operators which are
not necessarily the massive Laplacian 1 — A. We introduce some probe operator Q7 whose kernel

Q1) (s.9) = (ne" (<07 + P*)* ) (t = s.2.9)

depends on space-time variables, where P is minus the flat Laplace operator —Z?Zl 821. and
k:U C M+ R? is some open chart and € C>®(U) and 1 > 0. The operator Q" belongs to
S (R? x M?) with
I'= N*({t = s} x ds C R* x M?).
The parabolic Sobolev seminorm is defined as
HFH%W#‘M,W = || (—8? + P2)Z Kis (Xi F) Hi2(R><Rd) (4.2)

2

where U;e;U; is an open cover of M by charts ; : U; € M +— R? and > ic1Mi = 1 a subordinated
partition of unity, then the formula

2 2
15 = Z 113 e,
i€
defines a Sobolev norm in the parabolic scaling. Any other choice of cover and Laplace type
operators leads to an equivalent norm.
Denote by GES) the operator with kernel
2r+|t—s|)(A=1)

%(e(ﬁ(f@)g'

This operator belongs to Sp?(R? x M?) with
I'=N*({t=s} xdy CR*x M?) UN*({t = s} CR® x M?)
We have
1972, ||2,, < trL2(R><M)(G£3) Q)
3

with a finite trace, uniformly in 0 < r < 1, if and only if —8 — 2y > -5, that is iff v < —3.
Here again, we would like to add that with our locally covariant renormalization procedure we
are not doing true Wick ordering, hence the element ¥°, = (Tr)3 — 3a,1, does not belong to
some homogeneous chaos of order 3. However, G, differs from the Wick ordered element by a
deterministic smooth function times ¥, which is almost surely in C~1/27¢([0, 7] x M) hence a fortiori
in C=3/2-32([0, T] x M ). Furthermore the random variable ¥° € C~3/2-3([0, T] x M) has moments

of any fixed order 1 < r < oo equivalent to its second moment.

A reader with a probabilistic background may pause for a second and think of the fact that
the chaos decomposition of a monomial expression of the noise of degree ¢ given by an integral is
equivalent to the decomposition of the domain of integration MP, with p > ¢, as

¢ ¢
= (M | dg)u L (L ),
[J]=2 =2 |J|=j
for the diagonals d s involving the integration variables corresponding to where the noise sits in the
integral. The first term corresponds to the term in the chaos of order ¢, the integral over |_|‘ J|=j d;
corresponds to the term in the chaos of order ¢ — j.

4.2 The quartic terms

Let us start by introducing some notation. From Appendix we define a family (P}, ]5;) keENiel
of generalized Littlewood-Paley-Stein projectors indexed by the frequency 2* and the chart index
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i € I. The localized resonant product ©;, where i is the chart index, is defined in the appendix as
u®iv =3 _y<1 Pi(w)Pi(v). The goal of the present subsection is to deal with the terms

T = O\Tpr @il To= V@80 — Xz‘%r, T3 = Xi‘V(Y)r|2 - Xi%
where x; € C2°(U;) is the cut—off function used to define ®;, and find for each of them the range
of exponents v such that their expected v-Sobolev parabolic squared seminorm is finite. For that
purpose, we shall use the local Sobolev seminorms ||.|[3 5 x, 5, defined in equation
Note that 7 and 7o are defined with the localized resonant term ©®; made with these projectors
and recall from Appendix [A] that these resonant terms are not commutative, in the sense that
A®; B+# B®; A. However, we do not have to worry about the definitions of 7 and 7, since the
analytic properties of P} and P} are similar, which entails that for every A, B, the construction
of the renormalized part of B ®; A is totally equivalent to that of A ®; B which we provide here.
Denote by [®;](x,y, z) the kernel of the localized resonant operator ®; on the chart U; C M.

Write

L7 ((t,2), (s,9) = R )
aw(( ( y)) = ({ jp=sl(a-1)(1 —A)*l}(x,y))p, (1<p<3)
[@il(z,y,2) = Pi(x,y) P}(z,2)

k—£1<1

Q’Y((t,x), (s, y)) = (771‘%* (_8752 + Pz)% “*771’) (t—s,7,y)

These kernels are in some spaces of the form S for different ambiant spaces, scaling exponents
a and wavefront sets as follows.

— The kernel £7! has scaling exponent —3 and wavefront set
N* ({t = s} x da CR? x M?).
— The kernel G&p ) have scaling exponent —p and wavefront set
N* ({t=s} CR* x M*) UN* ({t = s} x dy CR* x M?).
— The kernel [®;] has scaling exponent —6 and wavefront set
N*({x:y:z}CM?’)
The kernel Q" has scaling exponent —5 — 2 and wavefront set
N*({t = s} x da CR? x M?)
In this list the kernels on (R x M)? satisfy a local diagonal bound of the form

0% ey K1 S (VIE= 5T+ o — y)

for the corresponding scaling exponent a. We also often see the kernels £, Q7 and Ggl) as some
time dependent space operators X (t; — t2) whose kernels are then given by X ((tl, x), (ta, y)) The
proof of the above microlocal bounds is done in detail in our companion work [I0].

—a—lal

We use a pictorial representation of the 7; in which the black dot e represents a resonant operator
and the noises are coloured circles. In a given graph noises of the same color are integrated outside
all diagonals of the corresponding set of variables. In the present subsection, it will be convenient
to first discuss stochastic estimates for Wick ordered elements which live in homogeneous Wiener
chaoses, then explain why our locally covariant renormalization yields stochastic elements that
differ from the Wick renormalized ones only up to higher regularity elements. The Wiener chaos

decomposition of the 7; is
T1 = % = % + 3%
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SV VAP VAR

o= Y = . e . Lo .
We write 7 = Tga + Th2 + Tro With 7; in the homogeneous chaos of degree j € {0,2,4}. By
orthogonality

E[IklI i) = ENTrall® o] +Ellm2ll3 ] + 170001 1 s -
Note that we are not interested in the 7, themselves but in their renormalized versions
— p— b’l‘ — bT’
TH="T1, T2 =T2—Xi§, T3=T3—Xi§7
generically written T, = 7, — ¢, With ¢y, for ‘counterterm’, for which we still have the orthogo-
nality relation

“|Tk” % ,%n“m] - [”T’“‘lll zﬂm,m] + E[”T’d” gﬁm,m] + 17k — i T”fmn“m (4.3)

Note that each element 74;,j = 0,2,4, in the Wiener chaos can be written as F;(: £%7 :) where
each Fj : C®°(R x M)®/ — D'(R x M) is a multilinear functional valued in distributions involving
iterated integrals of the heat operator, products represented by the trees. The following elementary
well-known result tells us that we only need to bound very symmetric Feynman diagrams to bound
the preceding expectations.

Lemma 18 — Let F € L2(M™) be a function of n variables on some compact Riemannian manifold
(M, g), & the white noise on (M, g). Then:

E[<F, . £on 1>2} <NF(IZ2 army-

Proof — We define the symmetrization operator Sp as Sn(¢)(z1,...,%n) = = Yves, P(Ta(t)s s Ton))-
Note the important fact that S, is self-adjoint on L?(M™) hence S, is the orthogonal projector on sym-
metric L? functions. By the It6 isometry property,

E((F:€")") =B ((SaFy: € 1)) = ISuFlli2arm)

hence to prove the Lemma it suffices to note that ||.Sn F|| 2 (amy < || F||L2(arny Which is obvious since Sy, is
an orthogonal projector. >

So each expectation in (4.3) can be bounded by a quantity of the form
/ Fi(ziiyr, - y) Fj(@2391, -, y5) Q7 (21, 22) dyde
(Rx M)i+2

which can be represented by some mirror symmetric Feynman diagram. Using a purple edge for
the kernel of the operator QY we have

Ol ) 6D
£l ) S+ D

73l ] S €S+ €S Syl — iy

We will use the notation Gy; for positive quantity represented by the mirror graph associated with
Tr; and the notation Ay; for the associated distribution on the corresponding configuration space
; we use Theorem [I7] to prove their convergence. We use the word ‘amplitude’ to talk about any
of the Ay;. The terms involving 790 and 739 are treated differently from the mirror graphs. We
are now going to state all the amplitudes Ax; and to bound them. Recall that the vertex set is
partitioned as V = V' U V,4. We always denote by z,, zp, etc. the space points associated with the

1

b,

H %;’Y;fwﬂ%
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vertices in V', while in our setting V4 will always contain two triplets ((v{ ' v)), v]) whose associated

space points are denoted ((x,27),27).

4.2.1 Bounds for 7;. The graph Gi4 = @ has four closed, irreducible, connected subgraphs,

for each of which we need to compute its weak homogeneity. We do the computation for G4 itself
and let the reader deal with its three subgraphs. The amplitude of Gy4 is as follows:
2

Ay :H[Qi](xiﬂx{7x%)gv((sl7x ) (82,2 ))G(l ((81,‘%}),(827.%%))

j=1
L7 ((s1,23), (53, 70)) G (53, 2a), (54,25)) L7 (52, 23), (54,23)) -
By summing the weak homogeneity of all analytical objects appearing in the amplitude A4, the
kernels [®;], Gg«l),éfl, G£3), Q7, we get for any v < 0
Z weak homogeneities = 2(—6) + (—1) +2(—=3) =3 -5 —2y = —27 — 2y
> —codimw({sl =Sy =83 =84, L0 == xb}) =—6—-21=-27,

which is sharp. One get the same condition on v when checking the condition on the subgraphs of
G14 so Theorem entails that G14 < 400 for all v < 0.

The verification for the graph G5 = , is similar. We have
2
A = H[Ql](xivleam%)Q’y((slaxi) (82, ))G(l ((slaxi)a (SSaxa))éil((slaxé)» (SSawa))
j=1
Gv(?) ((537 SCa), (547 xb))GE}) ((527 I%) (54’ xb))éil ((327 x%)? (54’ xb)) .
For instance the subamplitude [® ](:cl,m%,xQ)G(l)((sl,x%), (s3,24)) L7 ((s1,23), (s3,24)) associ-

ated with a triangle attached to a e are weakly homogeneous of degree
—6—3—1=—-10 > —codim,, ({s1 = s3,2} = 21 = 25 = 2,}) = -2+ 3(-3) = —11.

It yields the same range of Sobolev regularity v < 0. We invite the reader to check all the subgraphs
by themselves. In the locally covariant renormalization picture, the random distribution 7 will
differ from the Wick renormalized one by a quantity of the form

f ((éil?) ;1) + f</[®i](l'*,l'17l'2)£1 ((t, 22), (s,ma))Gil)((t,xl), (s,xa))dsdxldxgdxa>

where f is some deterministic smooth function. The resonant product between ( 1?) ecs= , Ve >
Oand §{ € C~27¢, Ve > 0 is well-defined in C*'~¢, Ve > 0. The second term, which rewrites as

(Zlk <t f_ (Pl o elt=)(A=1) oM (¢ —s)OP;)(x*,x*)ds> is a well-defined smooth function

that we can control by the following argument. The operator L' € ‘111_11 and GV ¢ \11132 where
the heat calculus Uy and parabolic calculus ¥p are defined in our companion paper [I0]. Then

the composition (fiooéfl(t —5) o GM(t — s)ds) belongs to W5, hence it belongs to W=4(M)
uniformly in ¢ and is trace class on M. The series of pseudodifferential operators

Z / Pjoelt=s)(A=1) 5 gl (tfs)oPZ)(m,x)ds

lk—<1
Z / P,% o Ploelt=9A=D o g — S)) (x,x)
lh—tl<1

+ (Piofe= A0 0 GO(t —5), P]) (v,) } ds
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will also converge in W=4(M) since the series D lk—t1<1 P} o P} converges in W0 (M) and the
commutator [e#=)(A=1 o G (¢t — 5), P}] is bounded in W~5(M) uniformly in (£,4) since the
sequence (P}),; is bounded in WO(M). Therefore the second series involving the commutator term
converges in W=3(M). We use for that purpose a commutator identity that says that for every
pseudodifferential operator A € ¥ (M), the series

3 (p,;‘Apg - Ap,;‘zs;)
k—e|<1
converges as a pseudodifferential operator of order m — 1 that we prove in our companion work. Fi-

nally, this implies that the term [[® (m*7 1, xg)ﬁ ((t7 xa), (s, xa))G(l) ((t x1), (s, xa))dsdajldxgdxa
is a well-defined smooth function.

4.2.2 Elementary bounds for 7. Notice that Goy = @' has a series-parallel structure but not

Gao. We check for the reader’s convenience what happens for Go4. We have
2

Azg = H[Gl](xzm x{’ m%)QW((sl, J)i), (52) mi))G£2) ((51, JJ%), (82’ .Z‘?))
é_l ((817 l‘%), (837 xa)>G7(~2) ((837 :L‘a), (847 xb))é_l ((52a l‘g), (347 -Tb)) .

Here again this graph has four closed, irreducible, connected subgraphs and we calculate the
weak homogeneity of Agy itself by summing the weak homogeneity of all analytical objects, the

kernels GQ), (@], L7', 97, appearing in the amplitude
Zweak homogeneities = 2(—2) + 2(—6) +2(—3) — 5 — 2y = —27 — 2y
> —codimw({sl =Sy =853 =84,TL == xb}) =—6-21=-27

hence v < 0. Repeating this verification for all subgraphs yields the result that Go4 < oo for all
v < 0.

The verification for the graph Goo = @ of amplitude

2

Aoy = [T1@4) (2, 2, a4 Q7 ((s1,2L), (52,02) GD (51, 21), (s2,29))

L_l ((317 x%)v (535 xa))Ggl) ((517 x%)’ (837 xa))Ggl) ((837 .’L‘a), (847 xb))

é_l ((827 1‘%), (547 xb))GS}) ((827 1‘%)7 (847 xb)) .

is similar, for instance the subamplitude
[©d(xk, 21, 23) G ((s1,21), (s2,27))

is weakly homogeneous of degree —6—1 = —7 > codim,, ({31 =so,7l =2 =2} = 951}) —2-9=
—11 and yields the same range of regularity exponent. In a similar way as what we did for 7y, the
locally covariant renormalized 1o will differ from the Wick renormalized 75 by homogeneous terms
in Wiener chaoses of order 2 and 0 which have the form quf)—i—Pg‘V’—i— f3 where Py, P, are smoothing
operators and f3 is a smooth function. We used the fact that both Y’ and %2 differ from their Wick
renormalized version by a smooth function and also that for any smooth function f € C*(M),
the multiplication operator by the localized resonant product v € D'(M) — f ®;u € C®°(M) is
smoothing.

4.2.3 The divergent part of 759. Recall that we denote by [®;] the kernel of ®;. An immediate
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calculation yields for z = (¢, z)

¢
Ta0(2) = E[(2)] = 2/ / [@:i)(z, 1, z3) L7t — s, 21, 20) G?)(s —t,x9, x3)dyx123ds
MS
. ' B (4.4)
=2 Z / Pi(x,.) o G (s —t) 0 et AN o Pi( 1) ds,
|k—el<1 "~

with the shorthand notation dgyz123 = dgz1d4x2dgx3 for the Riemannian volume form on M 3, with
dg; the corresponding volume form on M.

§1. Preliminary analysis. We reformulate the integral

¢
/ G (s,t) 0 els™DATD) (g (4.5)

— 00
as the composition of two operators in the parabolic calculus (¥%)qer defined in our companion
work [10]. This calculus extends the heat calculus (U9 ),er as defined in Grieser’s note [41] in
_3
order to include the kernels G,(P ), p € {1,2,3} needed to define p3i amplitudes. Since Gﬁ?) e,
uniformly in 7 > 0 and e/ A=Y € W' we prove in [I0] that the composition fioo G@(s,t) o
_s
e(s=(A=1) g5 defines an element in \I/P2+v for any v > 0, uniformly in » > 0. Hence it is a
pseudodifferential operator depending continuously on ¢ of order —3 + 27, by the comparison
Theorem viewing parabolic operators as parameter dependent pseudodifferential operators in [10].
It follows that the t-indexed family of operators ({4.5)) is bounded in W=3¥27(M) and fails to be
trace class when the regularization parameter r tends to 0. Our goal in the sequel of this section
is to extract the singular part of this operator.
First we need to disentangle this operator in (4.4) from the Littlewood-Paley-Stein projectors
P,i, PZ. We use for that purpose a commutator identity that says that for every pseudodifferential
operator A € U™ (M), the series

> (PAP; - APLR))
[k—£|<1
converges as a pseudodifferential operator of order m — 1. The operator
Z (P,iGiQ)(s,t)e(s_t)(A_l)ﬁ’Z - ng)(s,t)e(s_t)(A_l)P,ilf’g) (4.6)
|k—£]<1

is in particular in W=*27(M) uniformly in 7 € [0, 1], for any 0 < v < 1/2, so it is trace class.
Denote by 0, is the unique distribution depending on the Riemannian volume form dyy such
that

/M b:(y) f(y) dgy = f(2),
for all bounded measurable functions f. With this notation one has
t
@) =2 / > {5, GP (s 0l ADBi(,) ) ds
T k=t

and we see from the preceding regularity result for the commutator (4.6) that the singular part of
(4.4) coincides with the singular part of

({ [ ePene0eats) o)

Given that the localized paraproduct of any two distributions is always well-defined, and that (cf
Appendix |A))

Xi(uww) =u®;v+u <; v+ u=; v,
this localized singular part coincides with the singular part of

t
Xz(x){/ GSQ)(S,t)e(s—t)(A—l)ds}(x,x)
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Recall that )
1 —s|+2r - —
62 (s.0) = ({ e te 00— a) )

§2. Ezxplicit computation of the divergent part. We proceed in two steps by localizing first in space
and time and then by using the heat kernel asymptotics.

§2.1. Space and time localization. Fix z = (t,x). First we localize in space near both z and in
the integral near t. Let x stand for a smooth indicator function of a neighbourhood of z in M —
without loss of generality the domain of a chart. Since the quantity

[ / G (s, £)(, 1) (1 — x(1))e* DO (y, ) dyds

has a well-defined limit when r > 0 goes to 0 we concentrate on

()= [ [ 6B G0 g, 0) dyds
1 oo

1
= 7/ / /esl(Afl)(x,y)esz(Afl)(Z,y)X(y)ea(Afl)(x’y) dydsydss dag/ ()
4 0 la+2r,400)2 ;

up to some smoothing operator that has a well-defined limit as r > 0 goes to 0.

§2.2. Use the heat kernel asymptotics. We have near x

2

B 1 _\m*y\g(z) B ] r—y

s(A-1) — = —s _. 0

e T,Yy)=—->¢€ = e °+ R(s,z, =: K°(s,2,y) + R(sw, )

for a remainder term R € ¥5*(M) in the heat calculus as defined in [41], that is R(s,z, L\;gy) has

the same estimates as s times the heat kernel itself. It follows from that fact that replacing any
of the heat kernels es1(A=1) ¢52(A=1) ¢a(A=1) by 5 remainder term R gives a contribution to (%)
that remains uniformly bounded for r € [0,1]. We can therefore keep in our computations only
the leading term of the heat expansion. Integrating first with respect to y the stationary phase in
a chart on supp(x) gives the asymptotics

/ K (s, 2,y) K (59, 2, y)x (1) K (0,2, ) dy

2

—(s1+s2+a) -2 le—vlg , _ _ _ 1
_ [ (‘Slﬂ) 2 /67%(81 1+32 Tt 1)X(y) det(g)i(y) dy
(s182u)2
e—(s1tsa2+a) (471—)*3

_ -3/, -1 -1 —1\—5
(s 4 st Fa1)3 (sys0a) B +O<(Sls2a) o sy e 2)

with an error term O((swzu)_% (sf1 + 551 + u‘l)_%) bounded uniformly in the x variable. The

change of variable sy = s (a + 2r), s5 = sh(a + 2r), with s}, s, > 1 in the integral

1 5
/0 /[ ; 1]2(3132a)_% (sfl + 55 4 a_l)_§ dsidsada
a+2r,

1
< / / (81820,)7%(51_1 + 52_1 + ail)*% dsidsada
0 J[a+2r1]?

shows that this integral is finite.

In the end we are left with computing the singular part of

1 e—(51+82+a)
/ / = dsidsada
0 J[a+2r,+o0]? (82(1 + s1a + 8182)5
1

= /1(a+2r)1/ - dadBda + O(1)
0 [L4esl? ((a+ B) + afB)?

1
:% (a—|—27")*1da—|—(9(1):—2?7r logr + O(1).
0
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which finally tells us that the diverging part of m¢ is exactly given by Xi%’”, Vi € I. What is left
of 1o after the subtraction of the divergent part defines a smooth function which is an element of
H<O.

4.2.4 Bounds on 73. We first briefly discuss the counterterm for 73 and we will do the stochastic
etimates in a second step. Note that for any test function ¢ we have from an integration by parts

/M Xi|V(Y)r\2 == /M (A(Y)r) ¥ xip — /M <V(Y)T, V(Xinp)>(Y)T.

The singular part of |V(Y)T\2 as a random distribution is thus the same as the singular part of
(A(Y)T> (Y)T. The latter is equal to

E [((1 . A)‘Y’T) CY’,}

/ try2 ((1 — A)e(t_sl)(A_l) o Ggg)(sl — sg9) 0 e(t_SQ)(A_l)) ds1dss
(_oovt]Q

/ trre ((1 — A)elt=s)A=D 6 @) (5, —55) 0 e(t_‘”)(A_l)) dsidsz
(_Ooat]Q

= / trpe (Ggm(sl —s9)o(1— A)e(zt_sl—Sz‘)(A—l)) dsidsg
(_Ooat]2
so changing variables for s] = ¢ — s; and s5 = s1 — s gives

= / trpe (GQ)(S’Q) o(1- A)e<2s,1+s;‘)(A_1)) dsydsy
(—00,t]?

= / trre G(Q)(S'Q)oie(zslﬁsé)@*l) ds}dsh
(—o0,t]2 " 51

t
= / trye (esé(A_l) o G@(sé)) ds),
—00
where we use time permutation symmetry of GS-Q) and cyclicity of the L?-trace. This quantity
is equal to the divergent part of mo9. We next discuss the regularity of 73. First, we need to
isolate the resonant part in the scalar product. Since we work in the manifold setting, note
that we need to define carefully the resonant scalar product of two vector fields in C*°(T'M). For
51,82 € C*(TM)?, using the notations and conventions of the Appendix we define (s1 @; $2)7ps
as:
(51 @i s2)pap = K7 ((Rix )" Kinthi (K (Xi51)p © i (XiS2)0))

where k;, 1;, Xi, X; come from our definition of resonant product, (x;+g) is the metric g induced by
the charts ; : U; = k;(U;) C R, Similarly we have

(51 =i s2)ppr = Ki ((Kix @) Kis®i (K (Xi51)p < Fix(Xi52)0))
and we recover the usual decomposition: (s1,52)7,, = >_; (51 ©i S2)par (51 < 82)pps+(51 =i $2)r0s
for the scalar product on sections of TM. We need to prove that such resonant scalar product
satisfies some approximate integration by parts identity and we are careful since the Laplacian is
no longer translation invariant. For every Y € C°°(M) a calculation relying on the definitions of
both resonant product and resonant scalar product:

(VY @ VY )y, =1 (Y ©1Y) + (PY) 02 Y +Y 0; AY

where 1 is a smooth function, P is a differential operator of order 1 on M with smooth coefficients,
(®1, ®2 are localized resonant type products which might differ from the original ®; in the choice of
smooth cut—off functions involved in the definition but have the exact same analytical properties
from Proposition 24 and the last term involves the localized resonant product of Y with AY". From
the point of view of regularities, for Y = Y, € C1=25([0,T] x M), x1(Yr ®1 V) € CrC2~4< (M)
and (P(Y)r) ®2 (YJT € CpC'=4¢(M) and finally we are reduced to the study of (Y)r ®; A(Y)T. This is
now really very similar to what we did for the graph 75 except there is an extra propagator AL~ ! in
all the Feynman amplitudes. However microlocal estimates from our companion work [10] actually
show that AL™' € Si' (R? x M?) is weakly homogeneous of degree —5 with wave front set in
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I'=N~ ({t = s} xdy CR% x MQ). Now we repeat the stochastic estimates on R® x M10 taking
this new kernel and its weak homogeneity into account. For instance, the amplitude controlling

the homogeneous chaos of order 4 in the chaos decomposition of (Y),. ®; A(Y)T now reads:
2

Azs = H[Qz](xi, 21, 25)Q7 ((s1,22), (s2,27))

j=1
AL ((s1,21), (55, 76)) G (55, we)s (56, wa) ) AL (52, 27), (s6,7a))
Lil ((sla SU%), (537 xa))GS?) ((537 ma); (547 xb))éil ((823 x%)a (847 xb)) .
Here again this graph has four closed, irreducible, connected subgraphs and we calculate the weak
homogeneity of Agy itself by summing the weak homogeneity of all analytical objects, the kernels
Gﬁz), [@i],é_l, AL Q7 appearing in the amplitude
> weak homogeneities = 2(—2) + 2(=6) + 2(—3) — 5 — 2y + 2(—5) = —37 — 2y
> —codimw({sl =Sy =853=84=55=686,&.L == xd}) =-10—-27=-37
hence 7 < 0. Repeating this verification for all subgraphs and for all amplitudes controlling the

term homogeneous of order 2 in the chaos decomposition yields the result that (YJT ®; ACY),, €
C~4([0,T] x M) almost surely.

The locally covariant renormalization for 73 differs from the Wick one by fl.V(Y) + fo where f;
is a smooth vector and f a smooth function which has higher regularity than |VY|2.

4.3 The quintic term

We deal in this section with the term
T4 = (%r O] (v)r - Xibr?ra

where @; is the localized resonant product and y; € C°(U;) as dicussed in Appendix [A] We will
be relatively brief since most of the arguments and machinery were already introduced before. The
chaos decomposition of 74 reads

B VOB VA VA

=:T45 + Ta3 + T41-

el ] <€y @+ a1 = b1 ]

The first two graphs are easily treated by the same techniques as for the quartic graph: One
extracts closed, connected irreducible graphs and finds the range of parameter «y so that they satisfy

and

the criterion of Theorem More precisely, we have for G45 = v:

2

Ags = H[QZ](]:ZMZJD m%)QV((sl,xi), (527333))615'2)((3171%)7 (52"77?))

j=1

é_l ((517 J)%), (53’ l‘a))GS’) ((837 xa)a (84’ xb))é_l ((527 J)%), (54’ xb))

and for Gy3 = @;

2

Ay = H[Qi](xivmgvxg)gv((317xi)a (527‘%2))G£‘1)((817$%)7 (827‘%%))

Jj=1

éil ((31’ $%), (33’ CUa))Ga(ﬂl) ((81, x%)a (337 xa))Gg) ((33’ fa), (547 xb))
Lil ((527 x%)v (545 xb))G'gl) ((827 JC%), (S4a mb))
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The reader can check that the scaling degrees of the subgraphs yield the range v < —%.

Lemma 19 — For any v < —%, there is a finite constant C such that one has

E[||7'41 - XibT‘TH%;y,Niﬂ?ijl <C
uniformly in 0 <r < 1.

Proof — This is a consequence of item (b) in Theorem [17| and what we did in Section For
Ag,,, we first isolate the divergent subamplitude, it reads:

AT‘ (ta 5, T, T1, T2, xa) = Z[Qz](x*a L1, xQ)L_l ((ta -Tl)a (S, ma)>G$-2) ((tv 332)7 (37 xa))
We need to introduce some distribution on M* x R? denoted by d4 which is supported by {t =
S,Ts = &1 = T3 = ¥4} and such that for all p € C° (M* x R?)

(0a, @) = / oz, z,z,x,t,t) dedt
M xR

where we recall that dr; denotes abusively the Riemannian volume hence d4 depends only on the
Riemannian volume form on M. We already know that A, belongs to SE(M* x R? \ d) where
d={t=s,2.=21 =29 =24} is the spacetime diagonal,

P=N{t=s}UN{t=s,21 =, ) UN*{t = 8,20 = 2, } UN"{xs = 1 = 22}
UN{t=s,21 =axa =2, ) UN{t =s,2" =21 =22} UN" {t = s,2" =21 =29 = 2.}

and a = —2 — 6 — 3 = —11 uniformly in r € [0,1] by our bounds on the kernels G o, [©4].

But the weighted codimension of d equals 9+ 2 = 11, so we are in case (b) of Theorem [11{and our

extension requires a renormalization as in Hadamard’s finite parts. We need to see that

(a) one can renormalize A, by subtracting some explicit distributional counterterm x;c, propor-
tional to dq.

(b) The global renormalized amplitude of Ag,,:

(Ar — ¢ xi0a) (21, 22, 23) ® G (21, 24) @ (Ar — ¢, Xi0a) (24, 25, 26) Q7 (23, 26)

will then be well-defined at the limit when 7 > 0 goes to 0 for all values of the parameter ~,
by Lemma Note that ¢, = ¢,(+) is a priori a function on M x R.

(c) Moreover, one can check the identity
E[||T41 - XibTTH%,’y,ni,nJ
= <(Ar — crXiba) (21, 22, 23) @ GV (21, 20) @ (Ay — exi0a) (24, 25, 26) Q7 (23, 26), 1>

and that the right hand side converges when v < —% using the criterion of Theorem
(d) One can actually take c,(-) constant equal to b,.

The first step in our proof is to implement in real conditions the abstract extension Theorem
with counterterms and we also need to control the wave front of the extension. The second step
is to explicitely compute the abstract counterterm ¢, whose existence is given by Theorem [I] in
terms of trace densities of some operators, this computation is similar as the one we did for the
quartic term.

Let us study the renormalization problem locally in U* x {t = s}, since the diagonal d can
be covered by such sets, we can recover the global extension just from working with the local
extensions. Let U C M be a chart domain and z, : U — 2, (U) C R? some coordinate functions on
U so that x,(U) is some convex ball of R%. Let x : M* — R with support in U*, identically equal
to 1 in a neighbourhood of {(Zx, Z«,Z«,z+) € U%, 2, € U}. (Here we make an abuse of notation
denoting by z. both elements of U and their coordinates.) As in the extension Theorem
we use the parabolic scaling defined by the scaling field p = 2(ta — t1)0s, + (1 — 24).0n, +
(r2 — 24).02, + (¥4 — 74).0,, whose semiflow e, t > 0 leaves U* stable. Then we have the
continuous partition of unity formula x = fooo e'P*ypdt for some function ¢ € C°>°(U*) vanishing
near {(z., T, T4, z.) € U, 2, € U}.
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1
Let ¢ € C°(U*) be a test function, we denote by [[,_, ; 5, det(g)2, the density of the Riemannian
volume on U? endowed with the product metric wrt the measure d®z.d3z1d®z2d3z,. Then we
decompose the pairing as

(Ar,0) = (Ar(1 = x), )
~———

%) 1 1
_|_/ (/ e—Su( —up*AT) ( H det(g)2, — ((p H det(g)§i> (x*,:c*,:c*,x*,t,t)) d:r*lgadtds> du
0 U4 xR2 i=%,1,2,a

i=%,1,2,a

+ / ( Ay (€7 ) (@, T, T, Ty T, 1) det(g)i*dm*dt) du.
0 UxR

1
Observe that (e”“*A,) = Op:(e®") and also ( @ [[,_, 1 5, det(9), — @(2s, Tu, T, T, 1, 1) det(g )z*> van-
ishes on {(@x, T+, Tx, Tx,t,t); (t,2+) € R X U} hence

1
u’”( H det(g)2, — (m*7:c*7:c*,m*,t,t)det(g)i) =0(™)

i=%,1,2,a
and the integral over u converges absolutely (There is a subtlety related to compactness but it is
1
easy for the reader to check that the product e~ “,* <<p [lici12.0det(9)2; — @(s, To, Ta, 24, 1, 1) det(g)i*)
forms a bounded family of test functions). Therefore both terms underbraced have well-defined
limits when r — 0%. We need to identify the counterterm in the singular part S(-) of the non-
underbraced term

S/ / A (e"P*Y)) (X iy Ty T, T, T, t) det(g H dx;dtds | du
U4xR2

i=x,1,2,a

=8 (/ (/ Arx(m*,xl,xg,xa)d3m1d3x2d3mads> det(g)h(p(x*,x*,x*,x*,t,t)det(g)i*dtdx*)
U xR U3 xR

:/ S (/ Arx (T4, 21, 2, T4) det(g)w*d3x1d3x2d3xads> (T, Tuy T, To, 1, 1) det(g)2_dtda.
UxR U3 xR

- <CT'6d7 <P> .
Beware that det(g),, is the square of the volume density at x, and depends only on z., where

S (/ A x(Xy, 1, X2, 24) det(g)mg*dxldxgdxads> = ¢, (t,4).
U3 xR

There is a subtlety about why we could interchange the extraction of singular parts with the
integration, this is due to the fact that the integrand admits an asymptotic expansion. It remains
to prove why the renormalized amplitude
A, = lim (Ar — cr(t,x*)éd)

r—0+
has the correct wave front set in I'. It suffices to prove the property for A,xR where R is the
Taylor subtraction operator from Proposition [0} This follows from the proof of Theorem [II] where
one replaces the wave front bound on [e~“?] by the identical wave front bound on [e~*? R] which
coincide by Proposition [JJ We then focus on the explicit evaluation of the counterterm and we
will establish that it does not depend on x, so factors out of the pairing. Now the counterterm c,
appears when we consider the divergent part of the term

t 3
er(t,xy) = S/ Aty 8, 24,1, 2, x4) det(g) 2, X (X4, X1, T2, o) drrdaodrds
U3
t 1 1 1
= S/ A (t, 8, 24,21, X2, x4) det(g)2, det(g)z, det(g)Z, x(x«, 1, T2, T4) dridroda,ds
US

= S/ Z Pi(z4,.)oxo (G@(t —s)o e(t_s)(A_1)> oxo P, x,)ds

X og|k—L<1
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where the P,i, Pg are the Littlewood-Paley-Stein projectors, the functions xy € C2°(U) are arbitrary
test functions s.t. ¥ = 1 near z, and where we used the explicit definition of [®;] in terms of the

Littlewood-Paley-Stein projectors. Again we used the fact that det(g)i —det(g);%1 det(g)g%32 det(g)éa
vanishes when x, = r1 = x2 = x, hence it does not contribute to the singular part of the above
integral and we have the freedom to change the base point of the volume elements. The last
term is precisely a trace density whose singular part matches the divergent part of 79 up to a
combinatorial factor. >

We conclude our discussion by pointing out the difference between the locally covariant and
Wick renormalizations. The locally covariant renormalization of qu ©; 8 differs from the Wick
renormalization by (L7' (ff)) ®; % + P(O‘?p) where f is a smooth function and P a smoothing
operator and therefore (é_l (fT)) ®; %% € C27¢, Ve > 0 which is absorbed in the =20 regularity
of QTP ®; .

The results of this section justify the convergence in L?(2), hence in any LP () with p < oo, of {AT
to a limit random variable fA in its natural space. The convergence in probability of v, € (oo, 1+¢’)
to a limit v in that space follows as a consequence of the pathwise continuity of v, with respect
to g; obtained from the fixed point construction of v,. Formula relating v, to u, shows the
convergence in probability of u, € CrC~/2=5(M) to a limit u in that space.

5 — Invariant measure

We prove in Section that the dynamics generated by equation is Markovian and that
its semigroup has the Feller property. The existence of an invariant measure is obtained from a
compactness argument building on the LP coming down from infinity property of Theorem [5] We
prove in Section that the invariant probability measure is non-Gaussian.

5.1 A Markovian dynamics

Denote by F; the usual augmentation of the o-algebra generated by the random variables £(f),
for functions f € L?(R x M) that are null on [t,00) x M. Since &, is white in time the dynamics

Oy = (A — D, —ud + 3(ay — by)u, + &,
generates an (F;)¢>o-Markov process. For looking at the restriction to a finite time interval [0, T

of this process it is convenient to extend functions on [0,7] into functions on [0,+0c0) that are
constant on [T, 4+00). For t € R and any (s,z) € R x M set

Ti(s, ) := (s — t, ).
Denote by 65 : Q — Q, s > 0 a family of measurable shifts on (£2, F) such that one has
(§obs, f) = (& fors)
for all s and all L? test functions f. The Markov property for
uy s QU x [0,T] x C™Y275(M) — C~1/275(M)
writes
E[F(ur(s+-,0))1g] =E[F(u; 0 05(-,ur(s,9)))1g], (5.1)

for any bounded measurable cylindrical functional F on C((0,T],C~/27¢(M)) and all events
E € F;, with 0 < s < T arbitrary. We need the following quantitative stability result to pass to

the zero r limit in (5.1)).

Lemma 20 - Fiz some positive times t1 < --- < t. There exists two positive constants v,~" such
that the restriction of the functions

e CTVEE(M) = upty,¢) € CY25(M), (1<i<k)
to any centered ball of 071/275(M) with radius R > 0 s Lipschitz continous, with Lipschitz
constant bounded above by an explicit function of R and &,.
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Proof — This result is obtained from the exact same statement for the functions v,(¢;,-). The
relation

(1) — 1 (,62) = 57O (0, (1, 84) — v, (,65)),
with
61 = 1:(0) = F2(0) + 7O (6 4 vyr(0)
allows to transport the locally Lipschitz character of v, to w,. It suffices to prove the statement
with & = 1 and ¢; = 1; we prove in that case that ¢ € C~/275(M) s v,(1,¢) € C~Y/27¢(M) is
locally Lipschitz. Define

F(¢p,v) := et(A_l)((b) + /J_l( — 6V, - Vu — 6_60\{)TU3 + Zo? + Zy v+ Zo,r)~ (5.2)
Let K > 0 be a uniform constant satisfying
1AVl gmr/2-e < K@l c-1/2-- and [V (ag 110y < K@l cm1r2-- (5.3)
Take the ball Bg inAC_l/Q_E(M). It follows from the proof of Proposition |3| that for any ¢ € Bg,
there exists T' = T'(£,|[0,2), ) and a constant C(T') < 1/2 only depending on T such that
[E(d,v1) = F(d,02)|orc-172-= < C(T)([lvr = v2llopo-1r2-2 + [v1 = v2llgag,141)
and

[F (¢, v1) = F(¢,02)llag,14e) < C(T)l[v1 = v2llfag,142)-
Now by the same argument in the proof of Proposition [3} we infer that for ¢1, 2 € Bg,

[vr (-, 01) = vr (s d2)lopo-1/2-2

< K|¢1 = d2llg-1/2-- + C(T)(HUT('»¢1) - UT('a¢2)||CTC*1/2*E + [Jvr (- ¢1) — vr('v¢2)||0ao,l+s/b)
and

vr(, 01) = vr (5 92) lgao,14e) < Kllo1 = d2llc-1/2-2 + C(T)[[vr (-, d1) — vr(, 82) [l (o, 14 -

This implies that

[vr (s 1) = v (s d2) | epo-1/2-2 + |lon (- 01) — Ur('7¢2)||qao,1+s/|)

<2K||¢1 — ¢2llopc-1/2-2 + C(D)][vr (-, 61) —vr (s d2)lopo-1/2-2
+ 2C(T)||’UT(, qbl) - UT('7 ¢2)||(]ao,1+s/ba

hence

2K
[or (-, 01) =0 d2)loromrr2-e < 7501 = d2llo-r/o—e.
By the LP a priori estimate of Theorem [5] if 7' < 1 then
C(&rio2)
lor(t B)llg-1/2-« < R := ﬁ’ (T/2<t<1).

Then as above we can get a short time 7" = T’(a«‘[o,g] , R’) such that the map F(-,) is contracting
with a constant C(7”) < 1/2 for any initial condition in Br € C~/275(M). Since v,(t) € Bg
for all ¢ € [T'/2,1] we can divide the interval [T'/2,1] into subintervals [t;,¢; + 7"] and repeat our
process above to get
2K
H’Ur(t, $1) — vr(t, ¢2)HC_1/2—5 < T(T,)Hvr(tja ¢1) — vr(tjv ¢2)HC—1/2—5’
on each small interval [t;,t; +7T"]. Combining all yields that ¢ — v, (1, ¢) is locally Lipschitz.

Proposition 21 — The dynamics of u is Markovian and its associated semigroup (Pi)i>0 on
C~Y2=¢(M) has the Feller property.

Proof — Given any n > 0 it follows from Lemma there is an R(n) > 0 such that outside
an event of probability n the random variables (u, o 05(-,-))o<r<1 are (r-uniformly) uniformly
continuous in their second argument on the centered ball of C~/27¢(M) of radius R(n) and
ur(s,¢) is converging to u(s,d) with |u(s, @)|c-1/2-- < R(n). The process u, o (-, u,(s,¢)) is
thus converging in probability to u o 6,(-, u(s, ¢)), so one can get the Markov property of the limit
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process u by passing to the zero r limit in (5.1) along a subsequence r; where the convergence of

U, is almost sure, using dominated convergence.
The Feller property of the semigroup (P;):>0, that is the fact that it sends the space of continuous
functions on C~/272(M) into itself, is a direct consequence of the pathwise continuous dependence

of the solution u to (1.3]) with respect to the initial condition ¢ and dominated convergence in the

expression (P,f)(¢) = E[f(u(t, $))]. >
Proposition 22 — The semigroup (Pi)i>0 has an invariant probability measure.

Proof — Recall we turned equation ([L.5) on w, into equation (2.4)) on v,., with abstract form (2.15).
Coming back to
u=7-9 + e_?’%)(v + Vref), (5.4)

seen as an element of C7C~1/27¢(M), one can write for any fixed time

{Hu(t)Hcfl/Z—a > Sm}

< {10272 > m} U {IF Ol > m} U {Jle™F @ + vret) [ ajoe > m )}
with
PR 1o > m) + P(|F @) omrr2me > m) = 0(1)
uniformly in ¢ > 0 by stationarity. We also have

P(He*fiof)(t)(v + Vret) ()| g-1/2-2 > m)
<P Ol > ) + P10 + ) Dllmrvae > )

m m
) + P (el -2 > 5-)

< 0o(1) + P(||v(t)||c,1/2,5 > 2

< 0(:(1) + Om/c(l)
The 0,,, (1) function does not depend on ¢ by stationarity. In the last step we used the ¢-independent

the estimate quantifying the upper bound in the coming down from infinity property
together with the stationarity of v.es. This gives the t-uniform and ¢-independent estimate

P(||u(t)||cfl/zfa > 3m) = 0, (1). (5.5)
We have been cautious to construct an enhanced noise whose law is stationary in time. This
property together with the independence of the estimate with respect to the initial condition
allows then to propagate uniformly in time by restarting fictively the dynamics every integer
time while keeping an upper bound o,,(1) that does not depend on the interval considered. The
family of laws % (u,(t, ¢)) of u,(t,¢) is thus tight in C~/272¢(M), independently of the regu-
larization parameter r € [0,1] and the initial condition ¢ € C~1/27¢(M), uniformly in ¢ > 1. Tt
follows that for any ¢ € C~'/272¢(M) the probability measures on C'~'/2=¢(M)

1 T
T-1) 0.2 (u(t,e)) At (T >2)

have a weak limit along a subsequence of times 7' tending to infinity. The Feller property of the
semigroup generated by ensures that this weak limit is an invariant probability measure of
the dynamics. >

5.2 Non-triviality of the ¢3 measure

Some care is needed when working with Jagannath & Perkowski’s representation

Uy = ?r — ?7‘ + 6_3?7‘(7}7" + vr,ref)

of u, when it comes to taking the expection of some quantities. This is related to the fact that
the random variable 3 being a quadratic polynomial of a Gaussian noise the random variable
exp(—3%) may not be integrable. This a priori makes tricky to say anything about the integrability
of u,(t) from its description in terms of v,.(t). To circumvent this problem we follow Jagannath &
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Perkowski’ suggestion to trade exp(—%) for exp(—P5,%) in their change of unknown (2.3). The

operator
Pop=> > P

icl |k|>n
removes a number of initial terms of a Littlewood-Paley expansion. One can thus choose n random
so that
1P llcpern < 1.

fo=>_ Y Pi¥) e CrC>=(M).
i€l |k|<n—1
This change of unknown adds a term f,v into the equation for v, which only changes Z; for a new
7y that is still an element of C7C~/27¢(M) and is a polynomial of the noise. As PP} = 0 for
|k — ¢| greater than a fixed constant we have

Set

I fallerci-2e S I1¥leper-2:
independently of our definition of the random integer n. So the new Z; has finite moments of any

order. We get from the estimates (2.16)) and (2.17) quantifying of the coming down, with exp(—%’)
now replaced by exp(—Ps, %), and the formula (2.3) relating u and v the fact that

u(1) =91) + F(1) + (») (5.6)
for an element (x) € C1="(M) whose norm belongs to all the L4(Q2) spaces, 1 < ¢ < 0o, uniformly
with respect to the initial condition ¢ of u. We now see clearly that u(1) € C~/27¢(M) belongs
to all the L(Q) spaces, 1 < ¢ < oo, uniformly with respect to the initial condition ¢. We assume in
the remainder of this section that we work with this version of Jagannath & Perkowski’s equation.

The mechanics of the proof that the ®3 measure is non-Gaussian is well-known. We write it
here for completeness and follow for that purpose the lecture notes [44] of Gubinelli — Section 6.4
therein, after Gubinelli & Hofmanova’s work [46]. Assume ¢ is random, with law the invariant
measure of the dynamics, so u(1) itself has the same law. Consider the heat regularization e *u(1)
of our solution u at time 1. In this subsection, for simplicity, we shall assume that we used
true Wick ordering for the renormalization which simplifies the discussion and allows to use true
orthogonality properties of the Wiener chaos decomposition. Our argument is of semiclassical
nature, we will use the small r asymptotic behaviour of heat kernels to justify nontriviality — so r
somehow plays the role of a semiclassical parameter. If the ®3 measure were Gaussian the random
variable (=1 (y(1)) would also be Gaussian uniformly when 7 > 0 goes to 0. So its truncated
four point function

cr =0y (eT(A—U(u(l)), e"A=D) (y(1)), e" A1 (u(1)), e’“(A‘”(u(l)))

= E[e"® "D (u(1))"] = 3E[e" D (u(1))?]

would be identically null uniformly in » € (0,1]. Recall from Section the notation G, The
sufficient integrability of the different elements of the decomposition

u(l) _ ?(1) . QT}’(D + 6731:)2"%)(1) (’0(1) -+ Uref(l))a
allows to plug it inside the formula for the fourth order cumulant and use Wick’s Theorem to get

Ca(e A0 u(1)), e AN (w(1)), €AV (w(1), AV (u(1))

2

¢
= 24/ GO (t —s) 0 et=sTO=A) (4 1)ds + 216/ / Gég)(sl — S2,Y1,Y2)
(—00,t]? Jy1,y2€U?

—0o0

X €(T+t_sl)(A_1)(yla $)€(T+t_32)(A_1)(y2, l’)GS)(t — $1, Y1, $)G£1)(t — 52,Y2, ) dy12dsi2

+E [(erww) P (ermUQT”a), e3P Y (y(1) 4 vrefa))ﬂ
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where P is some polynomial functional in its stochastic arguments. We have many cancellations
in the above expression since Gaussian cumulants only retain connected Feynman graphs and we
also use orthogonality of homogeneous Wiener chaoses of different degrees. The remainder has the
corresponding decay

E {T( < r(A=DFP(1) er(A=De=3P=n Y0 (1) + uref(1)))] =00 )
since we just need to recall that the remainder only involves the terms,
e A091) = 0 h), AP =0(1), A D320 T (5(1) + (1)) = O(1)

since they are Holder regular in €20 and C1~0 respectively. (We used the fact that we can probe
the space Holder regularity by testing against heat kernels: sup.c(o e 3 |les(A=1) ullpeany S

|lul|cs(ary and also we made an implicit use of Besov embeddings, Vo > 0, ||. H weds S lBs,
: ,

together with hypercontractive estimates which allows us to consider expectations of Hélder norms.)

Let us study in detail the asymptotics of the first term on the right hand side of the equation
for C§ which has a Feynman integral interpretation. For every « € U, choose some cut-off function
X € C°(U) which equals 1 near x that we use to localize the asymptotics as in the calculation of
counterterms, then we can extract the small r leading asymptotics as

¢
/ GO (t —5) 0 t=sHtA=R) (4 1) ds

3

- /ooo /yEU x() </[a+r,+00)3 H ¢

=1

(A (@, y)ds ) (@1 (y, 2)da.

We compute the integral with respect to y first; this reads

3
/ (H KOsy, , y)) K%a+r,2,y)x(y)dy

—(s1+s2+sz+a+r) —6 P PR _ 1
e TR ) /6’| T (7 s s ) Ty () det(g)F dy
(s1s283(a +7))2  Ju

(47) —§ g—(s1+s2+s3tatr)

~

 (s1sass(a+r)3(sy sy st (@t r)TY)B
+0 ((susasala+m) 7357 +53" + 55"+ (a+1)7)7F)

where we only keep the leading terms in the heat asymptotic expansion and use a stationary phase
estimate. It is possible, as we did for the counterterms, to show that the integral with respect to
a, s1, s2, s3 of the O(- - ) term gives subleading asymptotics compared to the leading term. We are
reduced after a change of variables to the asymptotics of the following integral

1

1 _3
/ (a+ r)_% (/ (a2as + araz + araz + ajazaz) * da123> da ~ cr~2
0 [1,400)3

for some non-null constant ¢. The next term in the formula for CJ is

/ 2/ G (51— 52,51, y2) €T HTAD () gy e(rit=sa) (A=) (g, o)
00,t]? Jy

1,Y2€U2
x G (t — s1,y1,2) GV (t — 50,90, ) dyrdyzdsio

which is bounded by a constant multiple of the integral over (—oo,t]? x U? of

-2 —4 —
(Visr=sal+ln—wel)  (VIr+i—sil+l—al)  (Vir+t—sal+ly—a|)

Making first the change of variables s; — 72(s; — t) + s;, ¥; — 7(y; — x) + o and then using
polar coordinates gives O(|logr|) as an upper bound for htat integral, therefore the cumulant Cj
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blows-up like 24cr=2 when 7 > 0 goes to 0. This shows that Cj does not vanish asymptotically
and that the ®4 measure is non-Gaussian.

For a ®3 measure obtained as above as weak limit of Birkhoff averages, the covariance property
under Riemannian isometries is clear from its construction and the fact that the renormalisation
constants a,,b, do not depend on which Riemannian metric is used: given a field ¢ on (M, g)
whose law is a ®4 measure, let f : M’ — M be a smooth diffeomorphism, then the pulled—back
field f*¢ on (M’, f*g) will have the law of a ®3 measure of the SPDE for the metric f*g.
Such measure gives for the first time a non-perturbative, non-topological interacting quantum
field theory on 3-dimensional curved Riemannian spaces. We prove in [6] that the semigroup on
C~1/27¢(M) generated by the dynamics has a unique invariant probability measure. This
uniqueness result yields a stronger notion of covariance.

6 — Non-constant coupling function and vector bundle cases

6.1 Non-constant coupling function

Denote by pcrr(de) the Gaussian free field measure on M. We construct in this section a ®3
measure on M with formal description

e~ Ju M@)o @)de () (6.1)

corresponding to a space dependent coupling constant A(x), say a C*° function of z s.t. A > 0
on M. We considered so far the case A = 1. We show that the results proved to analyse this
special case allow to deal with the general case. We construct the measure as an invariant
measure of a Markovian evolution in C~/2=¢(M). The goal of this section is to prove that the
counterterms are local functionals in the coupling function A\ € C°°(M,Rs() which is a
deep feature of renormalization: The divergent counterterms you need to subtract at some point x
depends only on finite jets of the Lagrangian functional density at the same point x. We refer to
the work [I] of Abdesselam which also deals with space dependent couplings for some hierarchical
model in 3d.

Let us make a detailed calculation to determine the fine structure of the divergences that arise in
the equation as well as to establish the locality of the counterterms. We use the same regularization
& as above. Start from Lu = &, — Au?, set a first decomposition u = 1, + Z, hence L(T, + Z) =

&— (T + Z)3 therefore
LZ =) (?ﬁ +329 + 322, + Z3> = X\ (®, + 30,9, + 3280, + 3Za, + 32, + Z2°)
==X (. +32%, + 327, + Z%) — 3)a,u

where we compare the covariant Wick renormalized powers R, with the nonrenormalized powers
and the counterterms are shown in red to clearly see the difference.
This motivates to define a new regularized equation for u, as

Lu =& — M+ 3\a,u

where adding the counterterm in red has the effect of Wick renormalizing the trees appearing on
the r.h.s of the equation for Z. Therefore, in what follows, all trees that appear are covariantly
Wick renormalized. We also define the following new stochastic trees decorated by the subscript
A

ﬁ)r,)\ = L_I(AO\?/OT)
and

Yo = LTHAP,),
this means they have an extra coupling function A inserted at the vertex to avoid confusion with
all previous trees introduced earlier where the coupling function was set to A = 1.
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Now we introduce a further decomposition writing v as u = TT—QTPT)\ + R where we used a

=z
subscript .5 to denote the fact that the nonlinear term u® has become Au? which affects the trees
in the equation.
Then the next remainder R satisfies the new equation:

LR =-3), (R - For) =30, (R - OTPM)Q - (r- ‘%A)B

with Wick renormalized r.h.s. Let us anticipate a bit on what follows and try to guess what
problematic terms we will encounter next. We spot two problematic terms in the equation for R,
first we expect that R has regularity 1— and 7. has regularity —1— hence the product R%%, is

ill-defined with the borderline regularity. Furthermore the product SA‘KPTO%T, » is clearly ill-defined
and requires a renormalization. We will discuss later how to deal with this term.

As in the work of Jagannath—Perkowski, we introduce a Cole-Hopf transform v,. := e?’OYOTv*R to
kill the borderline ill-defined product R3%.. A long and tedious calculation yields the following
equation for v,.:

Lv, = 9|V°Y°T7,\|2vr =30, YA — 6V (¥, ) Vo, + 3/\630\&“({?;@0“)\
2 3
—3)\63%07“‘)‘ (e‘goﬁ“vr - O‘?’Or,,\> T — /\GSO\FT’A (6_3%)“)‘1@ — qTPT,,\> .

Let us again try to identify the origin of new divergences in this new equation. It may arise
from the product 63(YJM (XV’TO\TPn ,\) where we need to renormalize the quintic term in parenthesis.
Once it is renormalized it will be of regularity —1 — 0 and we still need to discuss how we can
make sense of the product with e3qforv* which is of regularity 1—. As usual, by the paraproduct

decomposition, it is the resonant term AP, © CKTPT, » which requires a renormalization which is very
similar to what we did for the quintic term 74 except for the insertion of the coupling function A
at the vertices. Let us indicate what changes must be made on the treatment of 74; in order to
renormalize this term with the coupling function A. The divergent subamplitude A, now reads

A (t, 8,0, 01,02, 20) = [O](24, 71, 22) L7 ((t,21), (8, 0) )G (1, 22), (8, 7a) ) Ma2) A (24)
where the function A appearing in the subamplitude A, is taken at two different points zo and z,.

Now if one repeats the proof of Lemma |19 with the function A inserted at the right places, one
ends up with a counterterm of the form

t1 ) .
ety m,) = s/ > P,:(a:*,.>o>on(G52>(t—s)oe<t—s><A—”)oAfcoPZ(-,ar*)ds
X0 k—2]<1,i

where the P,i, Pg are the Littlewood-Paley-Stein projectors, the functions ¥ € C°(U) are arbitrary
test functions s.t. ¥ = 1 near x, and where we used the explicit definition of [@] in terms of the
Littlewood-Paley-Stein projectors. Observe that changing the position of A at two places in the
above composition of operators inserts two commutator terms and since the commutators lower
the pseudodifferential order [U™1 ¥™2] € Ymitm2—1 we get

t
S/ S X2(@)Pi(a., ) oxo (Gf?)(t—s)oe(t_s)(A_l)) o o Pi(.,x.)ds

X 0g|k—£]<1,4

cr(t,xy)

+ Trace density of some element in ¥~*(M)

¢
= S/ Z N () Pi(24,.) 0 X O (Gﬁz)(t—s)oe(tfs)(Afl)) ox o P, xy)ds

0 0g|k—eI<1,i

since elements in W~=4(M) are trace class. Therefore as we saw in Section we find that the
term

232 © Prn — A2,
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converges as 7 — 01 in C~1/275¢([0, T] x M) in L?(). There is no problem for multiplying it with
exp (3%,0) € C125([0,T) x M)

and send r to 0. For this reason, in the ill-defined product 63%)M (z\‘V’TO\TPT’ A — /\zb,«?r) where

the term in parenthesis is well-defined at the limit » — 0 but the product of the two terms
underbraced is ill-defined at the limit » — 0.
In our companion paper [I0], we show that using two renormalizations yields the existence of

as a random variable valued in C~4¢([0,T] x M) + CpC2~"¢ + CpC~272¢(M) when r — 0F. Now
we define a new element ¢, by the equation:

oY b ! <363°Y°T,A (w,.“?”m = X%, (T, + q?”x))) +¢r

=Y

where Y € C*=4([0,T] x M), Ve > 0 as r — 0F.

We rewrite the equation for v, in terms of both (Y, ¢,), the goal of introducing Y is that it
is well-defined thanks to the double renormalizations we just performed and this equation makes
appear new divergent terms:

L& = IVLALPY + 6,) — 3(Y + ) Frn — 6V(F,) V(Y + ) + 302h, % o <‘f,. + °§’/’,,.,A>

2 3
—32e3 T ra (63<Y)T>* (Y + ) — QT”T,A) 7, — AP T <63(Y)m (Y + ) — ‘*Tﬂm> .

The first divergent term in purple on the r.h.s comes from the counterterm in the definition
of Y. The next terms which are ill-posed read 9|V¥, |? and V(¥ ,).VY since Y is a priori
in OrC=2¢(M) and V(¥ ) € CrC~2¢(M) hence the scalar product will be ill-defined. In the
companion work [I0], we also show how to extract the singular term from this scalar product.
More precisely :

V(?T,A)-VY = |V(qf)r,)\)|23€3q&'*q?)r,>\ + well-defined.

We isolated the singular term at the limit r — 07 as |[V(¥.1)|2. It remains to explain how
to extract the counterterm of |V(¥,,)|? while taking into account the presence of the coupling
function A. This was done at the end of subsection Similarly, the singular part of |V (%, ,)|?
is the same as the singular part of (Aq&, ,\)qur, » whose divergent part now reads

¢
S (/ trpe ()\ 0e2(A=D o \o Gfg)(s;)dsg))

— 00
where the ) in the above expression is viewed as multiplication operator. Note that the difference
fioo tryz ((/\ 0es2(A 1 o N — N2 052810 Gs,Q)(s’Q)d.sé) is regular when r — 07 simply by the
fact that A(2)\(y) —A\%(z) vanishes near the diagonal 2 = y and by simple power counting argument
as we did when we studied amplitudes. Finally, the singular part

¢
S </ trpe ()\2 o221 o Gg)(slz)dsé)) = )\Q(m)%r

— 00

as we did already calculate for quartic graphs. This means that

V(¥r2)-VY — A2 (x)breg?r»\q?or,)\

has a well-defined limit when r — 0.
In the same way the limit 9|V, y|? — 9)\2% has a well-defined limit. Let us add and subtract
the divergent terms in the equation for ¢, to single out the divergences which are again represented
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in red, this now reads

Ed’r = (Q‘V?n)\‘z - 3/\2177’) (Y + ¢r) - 3(Y + d’r)q{)r,)\ - GV((YJT,)\)V(Y + ¢r)
62 (@)bre® Y 43020, (Y + 6,) — 6A2b,¢8 TPy 4 3AZh, e T o (7. + ‘*TPM)

2 3
EESVE S o (e‘gqﬁ“* Y + o) — QT’OT,A> [ YRR (e_g%oT'*(Y + ér) — QTP”\) .

Now note that the sum of all the terms in red equals 3)\2bre3qfo
Ur,ref,\ = 34_1 <)\63Qf)7">\ {O\Tpr,)\ (V)T - br (?r + Aﬁ)r ) }) . (62)

This is an element of C7C'~¢(M) that converges in any of these spaces as r goes to 0 in L?().

Setting
vy = eSO\{DT (ur — Tr + )\(&r) — Urref,\

we see that u, is a solution to the renormalized equation
Lu =& — P+ (3ha, — 3X\%b,) u (6.3)
has a well-defined solution in the limit » — 0T, the solution enjoys all the properties we proved in
case \ is constant. if and only if v, is a solution to an equation of the form
Loy = bp AV, — arp \02 + Zo p 202 + Z1 o2V + Zorx

where b, € CrC~¢(M),a, € CrC'™2¢(M) and Z, .\ € C’TC_I/2_E(M) all converge in their
spaces as 7 > 0 goes to 0 in L?(Q2), for all € > 0. This analysis of equation puts us in a position
to go in the present setting over all the different steps that we have done above to construct the
®3 measure when A = 1 and provides a construction of the ®4 measure in a setting where the
coupling constant is space dependent.

mAqy, so introduce the function

6.2 The 4 vectorial model in the bundle case.

We conclude this section by showing that our result also holds when ¢ is taken to be the section
of a vector bundle. This corresponds to the construction of the vectorial ¢3 measure (which is
sometimes called the O(N)-model in the physics literature). We summarize here what changes
need to be done in the bundle case, while more technical details are postponed in our companion
paper. First, we consider a Hermitian vector bundle E — M, smooth (resp. C¢, distributional)
sections of E are denoted by I'>°(M, E) = C*(E) (resp I'*(M,E) = C*(E),I'~>°(M,E) = D'(F))
and we are given some generalized Laplacian A, which means A, is a symmetric differential
operator acting on C*°(FE) s.t. its principal symbol is positive definite, symmetric, diagonal, it reads
Guv(2)§1EY @ Idgna(s,) as a function on C*°(T* M, End(E)) where g, is the induced Riemannian
cometric on T* M. We furthermore assume that — (¢, Agap)Lz(E) > 0forall ¢ € C*°(FE). The above
in particular implies that —A, is a nonnegative, elliptic second order operator. The corresponding
heat operator now reads £ = 9, + 1 — A,. It is well-known from elliptic theory that P :=1— A,
has self-adjoint extension as P : H?(E) ~ L?(E), P has compact self-adjoint resolvent with
discrete real spectrum in R> and the eigenfunctions of P form an L2-basis of the space L?(FE)
of L? sections of E. In this case, we can define some E-valued white noise as £ = Z/\EU(P) crex
where the sum runs over the eigenvalues of P, ey are the eigensections of P and ¢y ~ N(0,1) are
i.i.d gaussian random variables. The E-valued GFF reads P’%f . The goal is to make sense of the
Gibbs measure )

e~ Jour )‘(<¢’LP>E) d,uGFF

Ecrr (e* fM)‘(<‘P"P>E)2)

where (.,.) p denotes the Hermitian scalar product of E, the interaction term now reads ((p, ¢) E)2
in the vectorial case and A € C*°(M,Rsq) is the coupling function.
The corresponding vectorial ¢3 SPDE reads:

Lu = —u(u,u) + (tk(E) + 2)(a, — by )u + V2¢, (6.4)
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where v is an E-valued random distribution over space time R x M, &, = e "¢ and a,, b, are
the ezact same constants than in the scalar case. All E-valued Besov (resp Holder, Sobolev)
distributions are defined almost exactly like in the scalar case using local charts on M and local
trivializations of £+ M, we denote them by By  (E) (resp C*(E), H*(E)). Because the analytical
properties of the heat kernel (e~*" )i>0 acting on sections of E are exactly the same as in the scalar
case, both inverses £~ and L7 are well-defined with the exact same definitions and they have the
exact same analytical properties as in the scalar case. The symbol 7, still denotes £ ¢, Because of
the classical results on the asymptotic expansion of the heat kernel in the bundle case [17], the key
idea is that the singularities are valued in diagonal elements in C*°(End(E)), we immediately find
that the covariant Wick renormalization for the cubic power reads 9, := <?r, ?T> 7 —(rk(E)+2)a, 1,
for the same universal constant a, as in the scalar case and rk(E) is the rank of the vector bundle
E. Beware that the cubic vertex has a new meaning, it is a Hermitian scalar product in the fibers
of E times an element of a fiber of E since u? has become (u,u); u. The new stochastic tree now
reads

Frr = £7008,) == L7 (A (3, 5.) 1 — (0k(E) + 2)a,9,)) .

Then we introduce a similar decomposition as: v = 7, — O‘Tpn A + R. Writing the equation satisfied
by R, we see that the new term in the bundle case we need to eliminate is the borderline ill-defined
product —A <?7-, ?r> R—2\ <R, T,.> 7.. We define some random endomorphism %7, acting on smooth
sections C*°(FE) as

¥ : T e C¥E)— (1,1) T+ (T,7,) 1 — (tk(E) 4 2)a,T € D'(E).
Observe that with this deﬁmtlon, it holds 3%, = 32,.(1,) — 2(rk(E) + 2)1,, which is consistent with

the fact that %7, is the renormalized version of 3?7%. The bundle morphism %7, is local since it is
C°(M)-linear hence it can be identified canonically with some random element in D' (M, End(E)).
Therefore, we define a new wvectorial Cole—Hopf transform needed in the bundle case in terms of
the above random endomorphism %7, as follows :

Definition 23 — In the above notation, we define the random bundle map:

Ri=e £y (6.5)
where similar stochastic estimates in the bundle case allow to prove that glwr S a.s. in
Cl=¢ (M, End(E)) for alle > 0.

Accordingly, one also defines the stochastic object
vrreri= L7 (€ V{2, (V) = (k(B) + 200, (0 + o) })

that obeys the same estimate in the bundle case and is a.s. in CpC'~¢ for all € > 0. Similarly,
define

m:T €C®E)w— @“Tpm T+(T @O?pm (T (P ot),
m:T € C®(E )H%@(g (/\‘V’( ) — (tk(E) +2)b, T
m3: T € C®(E) = VL'(A,) © (VLI (A(T))) — (0k(E) + )bTT,

71 =%, 0 () — 0k(B) +2)b,, .

71 is local and belongs to C7C°~ (M, End(FE)), while 75 and 73 are not local, and only belong to
CrL(C>(E),C° (E)). Finally, it holds 74 € CrC~'/27(E). Contrary to the second Wick power,
we do not need 7, and 73 to be local, since we do not aim to rise them to some exponent or take
their exponential, and always evaluate them at some T' € C*(E). The proofs that these objects are
correctly renormalized, and that v, ,.f obeys the same estimates can be found in our companion
paper. Regarding the global existence estimates, the LP estimates can be obtained exactly in the
same way in the vector bundle case, taking care of pairing the equation with (v, v)(p’Q)/ 2y instead
of vP~1 and to perform this pairing both in E and in L?(M).

A - Littlewood-Paley-Stein projectors
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There are several ways of defining some Littlewood-Paley type projectors on function spaces over
a manifold — see [59, [7), [8, 50, [70] for a sample. We choose here an intermediate road and use the
classical Littlewood-Paley projectors over R% to define a number of operators on functions spaces
over M using local charts. This allows to import at low cost some known regularity properties
of the corresponding objects from the flat to the curved setting. We denote as usual by By (M)
the Besov spaces over M and by C7(M) the Besov-Hélder space BY, (M), with associated norm
denoted by | - ||cv-

Let then denote by
a <V = Y (Aa)(ARY)
—1<j<k—1
the paraproduct of some distributions a’ and ¥ on R?, and write
a oOb = Z (Aja")(AgD)
li—kI<1

for the resonance of o’ and b’ whenever the latter is defined. Let (U, x;); denote a finite open
cover of M by some charts, with x; a smooth diffeomorphism between U; C M and «;(U;) C Re.
Let (x:): be a partition of unity subordinated to (U;);, so Y, x; = 1, with x; € C°(U;). Choose
also for every index ¢ a function y; € C°(U;) such that x; equals 1 on the support of x; and some

function v¢; € C°(k;(U;)) which equals 1 on the support of x4 (Y;). Given some smooth functions
a,b on M we have the decomposition

ab="3"(axa) (b%:) = 3 w5 [mss (axa)] 5 [ie (b50)]

i€l i€l
=3 k5 [(Bin(axs) (kin (0%0)] = D 55 [Wikiin (axi) s (D)
i€l i€l
= Z 1/% Kix(axi) < Fix(bXi) } + Z Hr [1/% (’ii*(aXi) © Hz*(bf(z))jl
iel el
+ Z wz Kix(@X3) = ’fz*(bXZ))]

i€l

Actually, for arbitrary x;,y; € C°(U;)? such that x; = 1 on the support of y;, we set the
generalized Littlewood-Paley-Stein projectors

Pi(a) = K} [hildi (kis (xi0)) ]
Pi(a) = k] [iAg (kix (xi0))],

where 1/31 € O (ki(U;)) equals 1 on the support of 1;. We do not necessarily require that » ;. x; =
1.
On the manifold M, recall ¢ € I denotes a chart index, we define generalized chart localized

operations as :
a<ibi= Y (Pa)(Pib),
—1<j<k—1

a=b:=Y Y (Pa) (P;b) :

i€l —1<j<k—1

a®;b:= Z Z (P}a) (P,ib) .

iel |j—k|<1

and

and

In particular when Zie 1 Xi = 1, the above operations decompose the product ab on M as:

ab:Z(a <ib+a®;b+a=;b).
iel
Note the important fact that the definition of the resonant product and paraproducts are asymmet-
rical, therefore they are noncommutative meaning that a < b # b > a, however all the regularity
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properties are similar as in the flat case. We collect in the next two statements some regularity
properties of these operators and refer the reader to our companion work [I0] for their proofs.

Proposition 24 — One has the following continuity estimates. For every chart index i,

- F07"p7p17p27QaQ17QQ n [17+OO] ’thh ;D% + p% = % and q% + q% = %
(a) For 2 €R

la < bllszs,, < lalloe bl 532, -

(b) Fory <0 andy2 € R

la =i bl e < lallpgs

1611 572
P1,41 Bp3 .4z

(c) For any 1,72 € R with v1 +v2 > 0 one has

la®i bll gyse < llalps, Iollszs.,.-

We recall from Lemma 7.2 of Mourrat & Weber’s work [68] the following comparison test that
we used in our proof of Theorem [5]

Proposition 25 — Let a continuous function F : [0,T] — [0,400) that satisfies the inequality

/t F(s1)"dsy < c(F(s)+1) (A1)

for all0 < s <t <T, for some exponent A > 1 and some positive constant c. Then there is a
sequence of times tg =0 <ty < --- <ty =T such that one has

1
2 c 1, -t
F(tn) <1+23 (1 — 2_(,\_1)> butt s

forall0<n < N-—1.

Proof — We include a proof following closely Mourrat-Weber’s comparison test in a slightly different
setting compared to them since we have F(s) + 1 rather than F(s) on the right hand side of the
inequality . We first define £y = 0, then given some time t,, consider ¢}, = t, + 2 M1 +
F(t,))'=*, if t;,; > T we stop the algorithm and set N = n+1, t,41 = T and verify that the
conclusion of the statement holds. Otherwise, choosing ¢,,11 such that F'(t,,4+1) = inftn<s<t:’+l F(s)
yields a bound of the form F(¢,41) < %(t") By iteration, this yields a bound of the form

F(tp+1) < Féi‘?ll_l + 1. Note that for n large enough, since A > 1

F(tg) — 11—
Bryr =t = M1+ F(ta)) 7 > 2 (24 %) Yo 2+1/3) 7 > 2,
hence the algorithm must terminate for n large enough after finite number of iterations. Now
we need to check the conclusion ¢, = Z;é (thr — t) < 22 >,(1 4+ F(t;))'~*. Note that since

F(t;) = (F(tn) —1)2" %+ 1 then (1 + F(t;))'* < (F(tn) — 1)2" 7" + 2)17*, s0 we have

n n
tni1 < 2 Z ((F(tn) - 1)271—1' + 2)1—>\ < czA(F(tn) - 1)1—)\ Z 9(n—)(1-2)
1=0 1=0

1
1—21=»’
which yields the estimate from the statement. >

< 2MNF(t,) — 1)

Last we recall the fractional Leibniz rule and an elementary interpolation result used in the
proof of the coming down property in Section we prove these results in [10].

Proposition 26 — Let o > 0,7 € N and p,p1,p2,q € [1,00] such that
1 1 1

p B ITl D2
Then

lu s, < e ullsg, .
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Proposition 27 — Let o, a2 € R and p1,p2,q1,42 € [1,00] and 8 € [0,1]. Define « = fa;+(1—0)as,
and p,q € [1,00] by

1 0 1-06 1 0 1-6
-=—+ and — = — + .
P Dp1 b2 q q1 q2
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