Mean field singular stochastic PDEs

I. BAILLEUL and N. MOENCH

Abstract. We study some systems of interacting fields whose evolution is given by singular
stochastic partial differential equations of mean field type. We provide a robust setting for
their study leading to a well-posedness result and a propagation of chaos result. The case of
interacting systems with a common noise is also considered.
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1 — Introduction

Let (£%);>1 stand for a sequence of independent, identically distributed, random spacetime
distributions on the 2-dimensional torus T2. We will denote by (€2, F, P) the probability space on
which these random variables are defined. We assume that the £¢ are almost surely continuous
functions of time with values in the space of (a — 2)-Hélder regular distributions over T2, with
2/3 < a < 1, with null spatial mean. The archetype of such a noise is given by (the time
independent) space white noise. We study a system of interacting fields whose evolution is
given by the following system of ‘singular’ stochastic partial differential equations (SPDESs)

O — Ay’ = f(u', 1) & + g(u',p), (1 <i<n), (1.1)

1 n
n._ .
i=1

is the running time empirical measure of the system — a probability measure on a function
space. Some (possibly random) initial conditions in that function space are given.

Recall the rule of thumb: One can make sense of the product of two distributions with given
Hélder regularities if and only if the sum of their regularity exponents is positive. The term
‘singular’ in the expression ‘singular SPDE’ refers to the fact that the regularity of the noise
is too low for the regularizing effect of the heat resolvent to give sufficient regularity to the
u® to make sense of the products f(u’,u?) &% The diffusivity term f(u’, u?) is expected to
have at best parabolic regularity «, while the product f(u?, u7) ¢ is well-defined if and only
if @« + (@ —2) > 0. This condition does not hold in our case where o < 1. The settings of
regularity structures and paracontrolled calculus have been developed in the last ten years to
deal precisely with this kind of problem and one can indeed use either of them to make sense
of equation as an equation of the form

(@ — A)u=F(u) ¢+ g(u), (1.2)

for some n-dimensional unknown u and noise £[™, and identify conditions on f and g under

which has a unique solution over a given time interval. This way of proceding does not

take profit from the specific structure of the mean field type equation . It is in particular

unclear how to prove a propagation of chaos result for the interacting field system from this

point of view. The necessity of a point of view tailor-made to mean field-type dynamics gets even
1
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clearer if one looks at what should most naturally be the limit dynamics of a given field of system
(1.1) when n tends to oo, say the field with label i = 1. Based on symmetry/exchangeability
considerations this field is expected to be a solution of the equation

(0 = A)u = f(u, L(u)) & + g(u, L(ur)), (1.3)
where L(u;) stands for the law of the random variable u; and £ stands for a random distribution
with the same law as the £*. Our first aim in this work is to develop a setting within which one
can make sense of system (1.1]) and equation (|1.3) in a unified way, for a large class of spacetime
noises &.

Denote by z and 2’ generic spacetime points. The choice of functions f and g in equations of
the form and is guided by the physics of the phenomenon modeled by system .
To make things concrete we consider in this introduction the case where f(u,u) and g(u, p)
depend linearly on their measure argument and are of the form

Z ij(u(z),v(z’))k(z, 2z p(dv) = E{/F(u(z), V(")) k(z,2")dz' (1.4)

for u a function on T2, for a random function V with law p and a real-valued function F on
R%. Think of the kernel k as a parameter that captures the range of the interaction between
the different fields in the system, with extreme cases k(z,z’) = 1 and k(z,2") = §,(%'), and
intermediate cases represented by C? kernels for instance. The physics behind the two extreme
cases is very different and we will technically deal with them in a different way. We will be able
to work with functions that depend polynomially on their measure argument. Our main result
reads informally as follows. We fix some initial conditions.

Theorem. One can design a setting where equation (1.3 makes sense.

(a) Under proper regularity and growth assumptions on f and g there exists a positive time
T such that system (L.1) and equation (1.3|) have unique solutions on the time interval
[0,T].

(b) The law of any fized tuple of fields in the field system (1.1) converges to a tuple of
independent, identically distributed, solutions of (1.3) as n tends to oo, on the time
interval [0,T].

So there is propagation of chaos for system ((1.1), with mean field dynamics given by the
mean field type equation ([1.3)).

While equation and system share the common feature of being singular, in the
sense that they involve some ill-defined products, the mean field interaction in causes a
different kind of problem. A close situation was studied by Bailleul, Catellier & Delarue in
their analysis of mean field type random rough differential equations [4]. We design in the
present work an approach similar to [4] for the study of equation , using the language of
paracontrolled calculus to build our setting. The original form of paracontrolled calculus was
introduced by Gubinelli, Imkeller & Perkowski in [II]; one can find a nice short account of
the basics of paracontrolled calculus in Gubinelli & Perkowski’s lecture notes [I2]. Recall that
we work with a noise with null spatial mean. Denote by w € €2 a generic chance element and
write X (w) for —(0; — A)71({(w)), and X for an independent copy of the random variable
X. As in [4] we use a notion of paracontrolled field that is tailor made to capture not only
the paracontrolled structure of v needed to make sense of its product with £ but also of the
structure needed to describe the mean field specific spacetime function

(t,z) = f(ug, L(w)) ().
This comes under the form of a definition saying that a random field u(w) is w-paracontrolled
by a reference field X (w) of parabolic Holder regularity « if one has almost surely

u(w) ~ P((;zu)(w)X(w) + E[P((;“u)(w,.)Y(-)] (1.5)



up to a remainder of parabolic regularity 2¢, for some random functions (é,u)(w) and (d,u)(w, -)

that depend on w and an additional independent chance element that is averaged out in the E
expectation, where X (-) = (9; — A)71(£(-)) and £ has the same law as ¢ and is independent of
£, and - stands for the chance element argument. A precise definition, conveying in particular
the meaning of the notations d,u, d,u, is given in Section This definition will play a key
role in our construction of a robust setting where to make sense of equation and prove a

well-posedness result for it.

Setting up a framework for the study of a given singular stochastic PDE driven by a random
noise £(w) usually requires that we enhance the noise with the additional datum of quantities
that do not make sense analytically w-wise. In the archetypal example of the 2-dimensional
parabolic Anderson model equation

(0 — A)v = v¢,

where £ is a space white noise that is almost surely of space Holder regularity —1 — n for all
n > 0, enhancing the noise consists in building a random variable that plays the role of the
w-wise ill-defined product of £(w) and A™1(£(w)). This random variable, suggestively denoted
by (fA’l(é)) (w), is given by the L?(£2,P) limit of the renormalized regularized quantity
EATHE) - CF,

where £° stands for a smooth regularization of £ that converges to & in the space of distribu-
tions with Holder regularity —1 — n, and C° is an explicit constant that diverges to +oo as a
multiple of [loge|. The fact that the naive approximation £&£A~1(£%) is not converging leads

to the interpretation of the solution v to the parabolic Anderson model equation as a limit in
probability of solutions v¢ to the renormalized equation
(O — A)v® =0 — C0°,

rather than as a limit of solutions to the parabolic Anderson model equation driven by the
regularized noise €. We talk in this setting of the pair of random variables (£,£A71(€)) as an
‘enhanced noise’. A richer enhancement of the noise £ is needed in the analysis of the mean field
equation (L.3). Not only do we need to add the random variable (£A~'(£))(w) to our notion
of enriched noise, but the description of an w-controlled field should make it plain that
we also need to add a doubly random variable that plays the role of the analytically ill-defined
product of ¢£(w) and (9; — A)~ (é(w)), where (w, @) € Q2 and we work with the product
probability P®? on (2, F®2). Luckily, the independence of ¢ and £ allows to define a doubly
random variable (£(0; — A)7(€)) (w, @) as the L2(Q2?,P®?) limit of the regularized quantity

€0 - 1))
without the need of any renormalization. This will lead us to the interpretation of a solution to
equation as the limit in probability as € > 0 goes to 0 of the solution u® to the renormalized
equation

(0 — A = F(uf, L)) & — C°(FF) (uF, L)) + g(uf, £(u5),

where f’ stand for the derivative of f with respect to its first argument. Building on the setting
that we use to analyse Equation we are also able to deal with systems of interacting fields
and mean field equations subject to a common unaveraged noise A

(0 — A)u = f1(u, L(up))& + fo(u, L(up)) A + g(u, L{uy)).

See Theorem [31] for a description of what happens in this case.

Organization of this work. We treat the elementary case of systems and equation
with additive noise (f = 1) in Section Very robust results can be obtained in this simple
setting, leading in particular to a simple proof of propagation of chaos for the corresponding
system of interacting fields for an essentially arbitrary random noise with values in C7C®~2.
No tools from paracontrolled calculus are needed to deal with this case. We use the language
of paracontrolled calculus to study more general equations or systems. We recall what we need



from this domain in Section and study equation in the simple setting of a diffusivity
with form and C? kernel k in Section The notion of mean field enhancement of
the noise is introduced in Section with an associated notion of paracontrolled structure
described in Section The well-posed character of equation is the object of Section
The quantitative regularity result that we obtain for the solution u of equation as
a function fo the enhanced noise entails in Section [5] a propagation of chaos result for system
. Section |§| is dedicated to the study of mean field equations/systems with a common
unaveraged noise.

Notations. We gather here a number of notations that we will use frequently.

— We fiz throughout this work some reqularity exponents

2
§<B<a<L

— For v € R, we denote by C7 = CV(T?) the Besov space BL . (T?), with norm || - ||.

For any Banach space E and v > 0 we set
CrE = C7([0,T], E)
and write LFPE for L>([0,T]; E). We will also need the parabolic Holder space €
on [0,T] x T2, which is isometric to C’;/QLOO (T?)NCrC(T?) equipped with its natural
norm. We will denote (Py)>o the semigroup generated by the Laplace-Beltrami operator
A on an ad hoc function space. Recall the elementary estimate
[Pl s St |lull e,

ford6>0and0<t<T.

— We denote by LP(Q, E) the space of E-valued random variables in LP(2, F,P).

— For an integrability exponent 1 < p < oo we denote by Pp(E) the set of probability
measures on I that has a moment of order p and by W, g the p— Wasserstein metric
on Py(E). We define a distance on LEP,(C*) setting

LW, co (1) 3= sup Wy oo (e, p1y)-
t€[0,T]
— We denote by L(Z) the law of a random variable Z.
— For a measure p on a metric space E and ¢ € Cy(E) write p(¢) for [¢dpu.

2 — Additive noise

Fix 0 < Ty < oo and 1 < p < oo. Let ¢ € Cp,C*"2 be an arbitrary random element.
Following Coghi, Deuschel, Friz & Maurelli [9] we begin our work by studying the case of a
mean field type equation with additive noise

(Or = A)u = (+ g(u, L(ue)) (2.1)
and random initial condition wug, assuming that the random variable (¢, ug) is an element of
Lp (Q, Cr, 02 x C’O‘). No singular product is involved in the study of this equation and we
will be able to solve it with classical tools. We prove in Section that equation is well-
posed under proper Lipschitz assumptions on ¢ and that the law of its solution is a Lipschitz
continuous function of the law of ({,ug) in the Wasserstein p-space. This strong result leads in
Section to a propagation of chaos result for an associated field system.

2.1 — Additive mean field equation. For y € P,(Cp,,C*) and ¢ € [0, Ty], we write p,; for the

image measure of y in C* by the t-time coordinate map v € Cp, C* — u, € C*.



Assumption (H,;) — There exists a constant L such that for every vi,vs € C* and vy, €
Pp(C) we have

|9(v1,11) = g(v2,12)|[ ez < LP([lor — 2

%a + Wp.ce (1, V2)p)~

2 — Proposition. Suppose Assumption (Hy) holds. For any p € Pp(Cr,C%),up € C* and ¢ €
C’TOC’O‘_2 the equation
(O — A)u = ¢+ g(u, 1) (2.2)
with initial condition ug has a unique solution w € Cr,C*.

Proof — Set
t
Zt = / Pt_s((:s)ds
0

and recall the well-known Schauder type bound

12]lz, 00 S1o €l 0y 0o (2.3)

One can rewrite equation in integral form
ug = Py(ug) + Z¢ + /Ot Pi_sg(us, pis)ds. (2.4)
The estimate ensures that the map
O:uc CpC%— Pi(ug) + Z¢ + /Ot Pi_sg(us, pis)ds € Cp,C
is well-defined. For u,u’ € C,,C*, using Assumption (H,) and (2.3), we have

t t
[@(u) — @(u)illce < / (| Pr-sg(us, 11s) = Presg(ui, p1s)|| ods < / L|lus — u[lcads.
0 0

Denote by Ag(0,t) the simplex {0 < s; < -+ < s, < ¢} and write ds for ds;...dsg. An
iteration of the previous bound gives

ok ok, ./ k 1 (LT)k 1
12" (u)r — @ (u)efloe < L s, = g, loods < — —=llu = wlicrco.
k(ovt) °
The map ®°F is thus contracting for k large enough, so it has a unique fixed point. >

We denote by u*({,up) the solution to equation (2.2)). We now work with (¢, ug) random,
an element of L? (Q, Cp,C*2 x C*).

3 — Proposition. For every u € P,(Cr,C?) the law of u*({,ug) belongs to Pp(Cr,y C*).

Proof — Write Jg for Dirac distribution on the null function 0. We have from the integral
formulation (2.4]) the estimate

t
fut e < C(Jlon+1Zllor + [ Nt po)lcnds)
t
< (Jallo= + 1Zdlcn + [ o0, G001+ L (Jus b + Won (e 60)) s )
0

t
< C(Juallcn + | Zillcw + Tolg(0. 8o)lcw + ToWpcry e 130)) + CL | fuaflonds,
0
for some positive constant C'. We get the inequality

Jurlics < € (luollcw + 1Zellcw + Tollg(0, 80) ow + ToWp,crc (1, d) ) e

from Gronwall lemma, from which the conclusion follows. >
Set
U { Pp(Cr,C*) x LP(Q,Cr,C*2 x C*) —  P,(Cr,C%)
(/J’7 (Cvuo)) — E(UH(C,Uo))



We define a solution to equation (2.1)) with initial condition v as a fixed point of the
map

(-, (¢, up)) : Pp(C,, C*) = Pp(Cr,, C%).

4 — Theorem. Suppose Assumption (H,) holds. Then equation (2.1) has a unique solution denoted
by u({,ug). We have the Lipschitz estimate

Wa.cryce (L(u(C,u0)), L(u(C,15))) Sgp10 Wa,or,co-2xca (L£(C, o), L, up)). (2.5)

Proof - Fix (,ug) and use the shorthand mnotation W¢ ,(-) for W(-,(¢,uo)). For p,p’ €
P, (CrC®) write u# and ut for u(C,up) and u* (¢, up), respectively. One has

t

=l = [ (Proaglultone) = Pesglt! 1)) ds,

0

and
p Iz W
ot = e < € [ (ot = e+ Wt )

for some constant C', so we get from Gronwall lemma the estimate

RN t
Wy.coon (L£0dh ), LGy )" < CeCT /O W e (io.a Ho.1) .

A direct iteration gives

Whn,0n (¥, (1), 0k, (7)) < (Ce / R e

CToyk L
(Ce 0) ]{1' WPCTOCO‘(M /u') s
so the map \Ilzkuo is contracting for k sufficiently large and equation (2.1]) has a unique solution.

Let now (,¢’ € Cr,C*2 be two noises and ug,uf, € C® be two initial conditions. Pick
p € Pp(Cr,C*) and write uw and «’ for u((,up) and u'({,up), respectively. We can assume
without loss of generality that ¢, (', uo, uq are such that the p-th moment of [|u — u'| ¢y co is
equal to the p-Wasserstein distance between £(u((,up)) and L(u(¢’,up)). Since

Us — Uig = PS(UO - ué)) +2Zs — Z; + / (PS,T(Q(UT,MT)) - PS,T(g(u'T, /Jr)))dra
0

we have

t
sup lus — willce < lluo —ugllce + 12 = Z'llcro- + C/ lus = ugllceds
s€[0,t 0

t
< o — whlloe +1IC = Cllepcos + C / s — | geds
0

and
t
€[ sup (s = wl12n] S o = gl +ENIC— o] + [ E[ sup s — sl ]ds,
s€[0,t] 0 rel0,s]
We get the Lipschitz estimate . ) from Gronwall lemma. >

Note that we do not assume that the noise ¢ and the initial condition uy are independent.

2.2 — Propagation of chaos. Let now (¢%,u});>1 be a sequence of independent, identically

distributed, random variables with common distribution the law of (¢, ug). Denote by (Q, F, P)
the probability space on which this sequence of random variables is defined, with w € Q a
generic element of Q. Fix w € . For an integer n > 1 consider the interacting system of fields



(uh™(w), ..., u™™(w)) with initial conditions (uj(w),...,uf(w)) and dynamics

(0 — Au(w) = (W) +g(u"" (W), 17 (W),

1 n
n [p—— O kny \s
i (w) n kZ:l ul ™ (w)

for 1 <4 < n. H. Tanaka [I8] was the first to notice that system is actually, for each
w € Q, an equation of the form set on the finite probability space {1,...,n} equipped
with the uniform probability measure \,. Following [5], we call this observation ‘Tanaka’s
trick’. Random variables on the space {1,...,n} are n-tuples indexed by 1 < i < n. Denote
by Ly, (X) the law under A, of an arbitrary random variable X defined on {1,...,n}. Denote
also by

(2.6)

U,:j— 7
the canonical random variable on {1,...,n}. Tanaka’s trick says that a solution to the system
(0 — A (W) = (W) + g(u'(w), La, (@D (W),  (1<i<n)
with parameter w and chance element i € {1,...,n}, is precisely given by the n-tuple
(v (W), ... u™" (w))

of solutions to the field system (2.6)).

Recall that a sequence (u")n>1 of probability measures on E™, invariant by the action on
E™ of the permutation group of n elements, is said to be p-chaotic if for every 1 < k < n and
@1, ... 0 € Cp(E), we have

k
HH(or© - @ o ®1°07Y) — T u(60).
=1

A well-known criterion of u-chaoticity is given by the convergence in law of the empirical mean
of an iid n-sample of u™ to the measure p itself — see for instance Proposition 2.2 in Sznitman’s
lecture notes [I7]. Now the law of large numbers tells us that the empirical mean

1 n
- 25(&,%)(@

converges P-almost surely in W), ¢, co—2xca to L(C,ug). The following fact is thus a conse-

quence of the Lipschitz estimate (2.5) and Sznitman’s criterion. In the next statement we write
u € LP(Q, Cr,C*) for the solution to equation (2.1)).

Corollary.  For any integer k > 1, the law of the k-tuple (ub™, ..., uF™) converges weakly to
L(u)®* when n tends to co.

3 — Basics on paracontrolled calculus and long range mean field equations

The study of equation with a non-constant diffusivity f(-) requires that we use one of
the languages that have been developed in the last ten years for the study of a large class of
singular stochastic PDEs. The problem involved in this class of equations is best illustrated on
the toy example of the parabolic Anderson model equation

(0 — A)u = ug

set on T2, with ¢ a space white noise. Recall ¢ has almost surely Holder space regularity —1 —¢
for all € > 0. One expects from the Schauder estimates satisfied by the resolvent of the heat
operator that u has parabolic regularity (o — 2) + 2 = «. This regularity is not sufficient for
making sense of the product ué since a+ (a — 2) < 0. There are at least two languages one can
use to circumvent this problem and set a robust solution theory for this equation and a whole
class of equations involving the same pathology. We choose to work here with the language of



paracontrolled calculus first introduced by Gubinelli, Imkeller & Perkowski in [IT]. We recall
in Section the notions and results from paracontrolled calculus that we will use; we refer
the reader to [12} [10, [T4] for accounts of the basics on the subject. These results are sufficient
to deal with the soft case of a mean field equation with diffusivity given by the model
function with a C? kernel k. We deal with that case in Section as a warm-up for
Section [

3.1 — Basics on paracontrolled calculus. We will use the notations h; < he and hy ® hs

for the paraproduct and the resonant operators on space distributions hy, ho, defined from the
Littlewood-Paley projectors. From its definition h; < hg is well-defined for all distributions
h1, he on T2 and has high Fourier modes that are modulations of the high Fourier modes of ho
by low Fourier modes of h;. On that ground, it makes sense to think of h; < ho as a distribution
that ‘looks like’ ho. Recall from Lemma 2.4 of [I1] that the corrector
Cla,b,c):==(a<b)®c—a(boc)

has a continuous extension from C2? x C? x C? to C®* x C®? x C®* with values in C*1T@2+3 jf
as+ag <0and 0 < a + ag + ag < 1. The following continuity estimate from [2], Proposition
14 therein, will also be useful. One has

la < (b<c)=(ab) < || gaytas S llallzelBllce llellces., (3.1)

for all @ € L*°,b € C** with ay in (0,1) and ¢ € C* with —3 < a3 < 3. (The regularity
exponent 3 has no particular meaning; it is purely technical.)

Definition — Pick a reference distribution A € C?, with p € R. A distribution v on T? is
said to be paracontrolled by A if there exists a positive reqularity exponent v and functions
v' € CY and v* € CVTP such that

v= (v <A)+ o
We denote by DY(A) the space of all such couples (v',v¥); it is equipped with the norm

16, )l = V'l - + 0¥l (3:2)
For reference distributions A1,Aa € C? and v1 = (v}, vf&) € DY(A1) and vo = (v, Uf) €
DY (A2) we set
dp-(V1,v2) = Hvll - véHCv + HU# - v;#”cvﬂ"

The expression ‘Gubinelli derivative of v’ is sometimes used to talk about v’. Note that the
exponent v in DV (A) does not refer to the regularity of v but rather to the regularity exponents
of v" and v!. Indeed the distribution v is C. Let a and b be two functions on T2 with a € D?(b)
for 8 > 0, with Gubinelli derivative a’. Bony’s paralinearization result implies that if / stands
for a C} function from R into itself then h(a) € D?(b); we denote by h(a)’ = h'(a)a’ its Gubinelli
derivative and by h(a)? its remainder term. (See e.g. Section 2.3 of [I1].)

We will denote by k1 < ko the modified paraproduct on spacetime distributions introduced
in Section 5 of [II]. It is a parabolic version of the paraproduct operator < that has the same
analytic properties in the scale of Besov parabolic function spaces as the operator < in the scale
of spatial Besov function spaces. When applied to parabolic distributions k; € C;/ 2L"O, ke €
CrC? the two paraproducts are related by the continuity relation

[k < ko = k1 < k| o, cars S 1k1ll s poc k2l oo (3.3)
We further note the useful estimate
[0 — D) (k1 < k2) — k1 < (0 = D)k2) || o cors2 S Wkrlleg B2l opes-

(These two results are the content of Lemma 5.1 of [I1].) We use the < paraproduct and a
slightly different notion of size to deal with parabolic functions paracontrolled by a reference
parabolic function =.



Definition — Pick a reference function 2 € €y, with p > 0. A parabolic function u on
[0,T] x T? is said to be paracontrolled by = if there exists a function u' € (57@, with 8 > 0,
such that

u# =y —u <E€ECp
and

sup tB/2HufbHcﬁ+p < +o0.
te(0,T]

We denote by Df}’B(E) the space of all such couples (u',u); it is equipped with the norm
i T # /2|, #
1 ) | g = [l + [[u™ [l St [[uf loas-
For two reference functions 21,29 € €5 and uy = (uh,u?) e Dé,’iﬂ(El) and uy = (uh,ud) €
DL (E,) we set

s (o, 02) = [~ + o~y + sup P2t o

t€(0,T] HB-&-p'

3.2 — Noise enhancement and product definition. Fix a positive time horizon Ty, set
£ = (0, — A)
and write .#~! for the resolvent operator with null initial condition at time 0. Define
L: CTOCOO X C‘([O,To]7 R) — OTOCOO X CTOCOO
(l,c) — (E,.Z*l(ﬁ) OLl—c).

The letter L is chosen for ‘lift. The space M of enhanced noises is the closure in Cg,, C*~2 x
C71,C?72 of the range of L. As a shorthand notation, for ¢ € C([0, Tp], R), we set

L.(-) := L(-, ). (3.4)

We denote by R
¢=(¢?)
a generic element of 91 and set here

Z:=27() e %R,

The natural norm of ¢ as an element of the product space is denoted by ||C||. The following
statement provides a large class of random noises with a natural enhancement as random
element of M. It is proved in Appendix We write P, for et®.

6 — Theorem. Let (& )o<i<t, stand for a time-dependent Gaussian random distribution on T2 with
covariance of the form

E I:(é-ta d)) (587 d))} = C(t7 5) <1z[} * Cv ¢>L2
for some distribution C' on T2. We assume that the Fourier transform of C satisfies for some
n < 1— «a the condition R
IC(R)| < |k,
and that the function c satisfies the inequality
0 < c(t,t) + (s, s) — 2¢(s,t) < |t — s|°

for some positive exponent 5. Then one defines a random variable X ® & € LY(Q, CrC?*~2)
setting

(X@@aw=A(Hﬂ@g@&—aaﬂ@g@&nw (3.5)

One further has X ® & € LP(Q,CrC?*=2) for all 1 < p < oo and if £ stands for a space
reqularization of £ then
L(XE @567 E[XE ® 56])
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converges in LP(Q,C7C?**=2) to X ® & as e > 0 goes to 0.

The end of this section deals with deterministic enhanced noises. The datum of an element
of 91 allows to give a definition of some a priori ill-defined product.

7 — Definition. Pick ¢ € W and B> 2 — 20 and 0 < t < Ty. Let u € C([0,T] x T2) be such that
for each t € [0,T] one has v, € D?(Z;). We define the product u;\; as the element of D?(\;)
specified by the decomposition

llt)\t = U < )\t + (ut)\t)#a

where
(Wde)# == N < wg +uf © N+ C(uf, Zo, M) + uj¢
and
JA)Hllowss- S Tullpsczy (Idlles-2 + 1 ZilloaIddllcs-2 + 167 [ gaus ) (36)
For (i = (¢, ¢P) em, 70 = £71(¢") and u} € DA(Z}), with i € {1,2}, set
- i i(2 i )
mi= e {0 o [ o 0oz

The proof of the following proposition can be found in [IT], Theorem 3.7 therein.

8 — Proposition. We have the local Lipschitz estimate
# ~ —~.,
[CHe L G S dps (uf03) + [T = 32,

and the function t — w\; s in CrC*™2 foru € Dgi’ﬁ (X).

Ca+p—2

The starting point of the next statement is the description for each time of the right hand
side of a parabolic equation as a < paracontrolled distribution whenever this makes sense.
The statement provides as an outcome a description of the solution of the equation as a <
paracontrolled function. This can be read as a kind of Schauder-type estimate in the setting of
paracontrolled calculus. See Section 5 of [I1] for a proof.

9 — Proposition. Pick a positive regularity exponent b. For m € CoC*~2 let Il € €% be the solution
of the equation
(at - A)H =T
with null initial condition at time 0. Then for every w',w# € €& such that

sup t'@/QHw;#

t€(0,7] H(a_2)+ﬁ =0

and ug € C%, the solution u to the equation
(0 — Au=w' <7 +w?, u(0)=u, (3.8)
belongs to D%’ﬁ(ﬂ) and v’ = w'. We further have the estimate

1608 gy e+ 772 (g (14 Wl ons) + sup_ %20 o ren )
(0,

For different w;,wfe satisfying condition (3.7), initial conditions u; o and noises m; € CpC~2,
fori e {1,2}, setting

m' := max {1,”’(0; %”%aHWiHCTCO‘72}

ie{1,2}
and denoting by ui,us the corresponding solutions to equation (3.8|) with corresponding para-
controlled decomposition ui,us, we have

dpa.s (U1, u2) S [luro — uzollce + P(m')T(a*B)/z(Hwﬂ —wyllge + |l — T2l cpoa—

+ sup tﬁm”“’f&(t) - w#(t)nc(a—mw)’
t€(0,T]
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for some quadratic polynomial P.

3.3 — Long range mean field equations. As a direct application of the results of Section

we treat in this section a particular case of mean field singular stochastic PDE where the
function f in has a simple structure. Let a function F' € CJ(R?,R) and a C7 kernel k(z, 2)
on the torus T? be given, together with a constant 8 € (2/3,a). For a € C® and p € P,(C%)
we set in this section

/ /T 2))k(z,2") dz' p(db). (3.9)

This is a linear function of its measure argument. The setting and results of Section are
sufficient to deal with the mean field equation

(01 = A)u = f(u, L(ur))C + g(u, L(ur)), (3.10)
when f has the form (3.9)) and g satisfies the following Lipschitz condition.

Assumption (Ay) — One has ||g(ay, p1) — g(az, p2)llca-2+s S llar — azlloe +Wp,co (11, p2).

We first deal with the paracontrolled structure of f(a,u). Fix ¢ > 0 and some reference

function X; € C.
10 — Proposition. For a € D?(X;) and p € P,(C®) one has
fla,p) = fla,n) < Xe+ fla,m)*
with
flany )= [ [ P (ale), b)) b, ) d'nab),
a JT2
and
1F @ ¥ s S (L 1K 20) (14 10/ lles + laFllon ) (14 la'llcs + la#l|gess )
Furthermore, for Xj € C% and a; € DP(X}), i € Pp(C®), for 1 <i <2, one has
£ (a1, ) = flag, p2)*[lgass S dps(ar,az) +Wy,ca (1, o) + | Xy = XPlloe,  (3.11)

for an implicit constant that is a polynomial of degree 3 on

max { 1, aillpo (o) W.oo (115, 80), |1 X o }-

1=

Proof — We paralinearize with respect to the z variable, with 2’ in the role of a parameter in
the paraproducts below. We use the shorthand notations

ko (2) = k(2,2), Fyeny(w) = F(w,b(2")).
With these notations one has

F(a,b(z")) = 1F(a,b(z")) < a + Fy.r)(a)f
—{81 Z) }<Xt+81 ( (/))<a#
+ (91F(a b(z')) < (a/ < Xy) — (01F (a,b(2))a’ < X;) + Fyo(a)?

and

fla,p) = {a' /r2 . OF(a,b(2"))k. dz’,u(db)} < X,
+/ (((%F(a, b(z"))d < Xy)ko — {k201F (a,b(z))d’} < Xt) dz' u(db)
T2xCe
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/ kz’{alF(a’ b(z')) < (a' < Xy) = {01F(a,b(z))a’} < Xt} dz' p(db)
T2xCo

/P/auz/ L Fl(a a# ZIZ/
+/szca ke Fyory(a)* d2’ pu(db) +/a/T2 (01F(a,b) < a*)k.r dz'pu(db)

= {a'/ ONF(a,b(2"))k. dz’,u(db)} < X+ f(a,b)¥.
T2xCe

We estimate each term separately to show that the remainder is regular, using commutator type
estimates when needed. First, since k,/ is Cg and a + < 2 we have from (3.1]) the continuity
estimate

|({0uF (a.0(z)a'} < Xo)kor = {kotnF(a,b(=))a'} < i
< ks llo2a 100 F (. b(=")) [l cal| Xell o
S lkllez (1 + llalles) llallos | Xellca
S (U 1XellEe) (14 la'lZa + la? 12

and
Hé)lF(a,b(z’)) < (@ < X)—{aFlab)a} < Xi|
S N01F (a,b(2"))llcslla’ |l co | Xellce
S 1+ llallea) lla"los | Xell oo
S (U 1Xl180) (14 10/ 12e + lla# (12 )

and
o Fyeny(@Pllonss S I1Buen e (1+ lallde) S (14 1Xelze) (14 la'l2e + lla® 2.
and

1(01F(a,b(2")) < a®)kxlloass S (1+ lallca)lla® | gats

~

S (L IXillo) (14 lelles + lla# low ) o [lgess-

Integrating over 2’ and summing we get

1@ ¥ s S (L4 1XelZ0) (14 0/ lles + laFlloe ) (14 la'lles + la¥l|gess )
We leave the proof of the estimate (3.11) to the reader as it is similar to what is above. >

For ( € M we write Z := Z~1((), so Z € ¢x. We emphasize below the fact that u is
paracontrolled in the product of f(us, u¢) with A by writing f(ug, pe)As.

11 — Proposition. Assume Assumption (Ag) holds and fix 0 < Ty < oo. For every initial condition

ug € C%, for every enhanced noise { € M and any p € Pp((ﬁTo‘o) there exists a positive time
horizon T < Ty and a unique solution to the equation

(0r — A)u = f(ug, pe) e + glug, p1e) (3.12)
in D%’B(Z). This solution is a locally Lipschitz function of ug € C*, pu € Pp(€) and Cen.
Proof — Rewrite equation (3.12)) as the fixed point equation

t
uy = Prug +/ Py (f(usaﬂs)Cs + g(us,/is)) ds.
0

We get from Proposition and Proposition |8 that f(us, us)s + g(us, us) is for each s an
element of D*((,) with Gubinelli derivative f(us, uts) and remainder (f(us, us)Cs)* + g(us, ps)-
With Proposition@in mind we check that f(u, ) € €5 and (f(us, ps)Cs)# 4 g(us, ps) satisfies
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(B3-7). Take u € DP(Z). First one has for (s,z), (t,y) € [0, Ty] x T2

|f(ut7p’t)( ) ’U,g,,LL | - ‘ /T2 s Ut vt( ))k(yaz) 7F(u9(x)7v€(z))k(X7L) dZ,u(d’U)

</ (yF<ut<y>,vt<z>><k<y,z> — k(x, 1)
T2XECR

P () ) = (o). s()] WX D)) )

S [ (ol Glullag + olleg) (o =yl + It = 177)) dou(ar)
T2xER

S (U lullgs + Whigs (v,00)) (Jz = y|* + [t — 5|/?),
so we have the norm estimate
1 wlleg, S (14 1Zlg, ) (14 [l gy + W, (1,50) ).
Second, one gets for 0 < T < Ty
# ~
sup 72| (f (g, p) M) + 9(“t»ﬂt)”a+5_2 S (T CIR) (1 + ||u||273;=f1 + Whez (1, 50))~

t€ (0,7
(3.13)
from Proposition [10] and Proposition [8] It follows from Proposition [9] that the map

. DB a,B
e o Pr (Z2) - D37 (2)
which associates to u € D%’B (Z) the solution w of the equation
Lw = f(u, )¢+ g(u, p),
with initial condition wg = ug, is well-defined and satisfies the estimate
196 1y (0 S o+ 757 (1 [ 3) (1 Il + W (80)) - (310

One can then ﬁnd

M = M (Jluolla VI e v Wz (1 60) )
and

T =T (Jluolla v €1l ¥ Wiz (1,80) )

such that the map ®z ~  sends the ball {u € D%’ﬁ(Z); lallpe.s < M} into itself. One can
T

choose M as an increasing function of its arguments and 7 as a decreasing function of its
arguments
Given Cl, (2 in M, two initial conditions wug1, upe in C* and u1, po in Py(%5), set

M = 01 (g { Il v 1l Wy (i 50) )

For ||UHD;43 < M’, Proposition |§| tells us that

dDQ ? ((I)C1 Uo1,M1 (ul)’ (1)22771«02,112 (112))
S [luor — uozllce + T(a_ﬁ)/z{dpgﬁ (u1,u2) + G = Gl + Wy ez (Ml’/f)}-

So choosing T' small ensures that the map (I)f has a unique fixed point u = (v, uf) which

w4
depends in a locally Lipschitz way on ug € C%, u € Pp(65) and ¢ € N. >

Before we can consider the case where ( is random and formulate a fixed point equation to
get py = L(ug) we need a setting where the local solution to equation (3.12)) can be turned into
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a fixed horizon solution. The following statement is a first step to do that. It gives an explosion
criterion. It is a small variation on a similar result in Theorem 5.4 of [IT].

12 — Lemma. For every R > 0, the solution u to equation is defined up to the time
T* =inf {t >0, |ju(t)|L~ > R}.
Proof — The existence time T from Proposition [T1]is a decreasing function
T =T (|lupllce [IClls. Woege (1, 60))

of its arguments. One fixes here ¢ and z and consider T as a function of [jug|ce. We obtain

below a constant bound for [luf|c~ that is valid as long as [Ju[|Le < R. As [Jullcroe g [[allpe.s
T

we actually prove that

lull s <1+l e
This is done as follows. Since u; = f(u¢,v¢), we have

gz S 1+ Nl

Yet since u = u’ < X + u# where v/ appears as an L> contribution we have

Il Spoem 1+ el
We now use the fact that

(0 — A = oF (3.15)

where
(b# = (f(u’ I'L)C - f(u?/’t) =< C) + g(’uﬂu)
The refined paralinearization lemma C.1 from [I1] ensures that

1F (< X 4w, p) = f/ (0 < X 4, p) < (0 < X+ uP) | pas
S (L4 o' < X2 + [[u™ o) (1 + [0 gass)
S (U llullFe) (14 | gass),
so using the continuity relation and the estimate from Definition E we obtain

[@*llcaso-z Sz, (14 Il oo ) (1 +

Sep (T Il o ) (14 0¥ lleg + 0¥ llgess )

g + lu#lcess)

where the constant is a polynomial in ||EH9? of degree 3. Schauder estimates — Lemma 5.3 of
[11], ensure that

sup t7/2||u? || coss Suy 1+ sup 72|07 || casrs—s, (3.16)
0<t<T 0<t<T
and
(| @ Sup 1+ sup B2 0% || cotp—2, (3.17)
0<t<T
so we have
sup 20 |arp2 S, 0 (14 luld, e ) (14 sup 720% | ).  (3.18)
0<t<T 0<t<T

The coefficient in front of the sup term in the right hand side does not allow a priori to absorb
that term in the left hand side. We follow [I1] and use a scaling argument to isolate the ®#

terms. Let
(A M) (t, ) = u(N\%t, \x)
and
T2 = (R/(277'2))%.
We have

(0 — A) o A* = AN2A% 0 (9, — A)
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and
= NN (I a2 = (€l g2,
a deterministic estimate, and
=AM
is a solution of the equation
(0 — A)u = A" fut, )+ NP, ).
We now rewrite ([3.18)) for the rescaled equation, that is replacing f with A*f and g with A\2g,
the bound for &7 becomes for A <1
[9% A gars— S A+ X (1 + [0 Lo ) (1 + [[u??
SN+ M2y pee) (1 + [l

g + [ oats)

o + ||U/#7)\||Co¢+ﬂ)7

SO

sup 72 0% gurs s S A (1t llullEy e ) (14 sup 472 @F A gusrs s ).
0<t<T/A2 0<t<T/A2
and choosing A small enough we finally get after inverse scaling

B/2|| p# < 9
Ozltlth D7 || gats—2 Suelp Lt |2 o

In the end we obtain from the estimates (3.16]) and (3.17) the bound

[u# | + OE?ETtWHu#HCM Swoip L+l .

>

We are thus looking now for a condition on f that ensures a good control of the L*>° norm
of the solution to equation (3.12]). We follow Proposition 3.28 of Cannizzaro, Friz & Gassiat’s
work [7] and introduce the following assumption to control the L® norm of the solution u to

E3).

Assumption (B) — There exists a positive constant Cy such that

f(£Co, ) =0, g(£Co, ) =0
for all € Pp(C?).

Examples of such functions can be constructed from functions F such that F(-, u) is com-
pactly supported with a support independent of p. Alternatively one can think of functions of
the form F(c,u) = Fi(c)Fo(u) with separate variables, with Fy(+Cp) = 0. We now specialize
the result of Proposition [11|to the case where ( is the random enhancement £ of a random noise
¢ provided by Theorem @ We emphasize that point by writing ug for the solution to equation

(3.12)) in that case. Given g > 0 set
e, = E[X®* © &"].

18 — Lemma. There is a sequence € > 0 converging to 0 such that one has

u = lim u®*
n—+oo

where u* stands for the well-defined solution in [0,T(||u||co)] of the equation

(O — A)u = f(u™(t), pe) " — crf (U™ (8), ) f (W (2), )" + g(u™(2), o) (3.19)

Proof — The enhanced noise Z is the limit in 9 of the sequence of enhanced smooth noises
Cer 1= (¢, (X © C)%) where

(X @)™ = (0 X* — .
It follows from Proposition [L1] that the function u is the limit in C* of the sequence u°* where
u,, is the solution to equation ([3.12)) with noise (¢*. We have
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FQ@n, )¢ + g(@™, ) = f@™, p) < ¢ 4 ¢ < f@*, p) + f@*, p)* © ¢
+ C(f@™, 1), Xy C) + F (@, 1) (X © Q)™ + g(@™, )
= f(@™, )¢ — e (f 1)@, p) + g(@™, p),
so u®* is a solution of the equation
(0 — A)u™ = f(Wn(t), pe)G* = er(f£) @™ (), pe) + g (@ (t), pe),
and one has indeed u®* = uc*. >

14 — Proposition. Under the assumptions (Ag-B), if ||ug||r~ < Co then ug is defined globally in
time.

Proof — For every n € N the constant function Cj is a sub-solution and —Cj is a super-solution
of renormalized regularized equation (3.19). It follows from the classical comparison principle
that one has

u(t, )| < Co
for all t < T and x € T2. The local Lipschitz continuity of ug as a function of fA and the

convergence in 1 of é\f ¥ ensure that u®* is converging to u in CpL>°. It follows that we have
lu@®)|lpe < Cp for all 0 < ¢ < T. The result of the statement follows from the explosion
criterion of Lemma [12] >

15 — Proposition. If |luo||=~ < Co the random variable ||u|| pe.s(w) has moments of any order.
T
Proof — Following what was done in the proof of the Proposition 22| we have an estimate

lallpes Sz, L+ Tl Lo Sgup, 1+ Co

with an implicit multiplicative constant that is polynomial function in |\§||m of degree 3. >

16 — Theorem. Fiz Ty > 0. Suppose that f and g satisfy assumptions (Ay-B) and pick 1 < p <
0o. There exists a positive time T < Ty with the following property. For every ug € C¢
there exists a unique solution to the mean field equation (3.10) in L”(Q,‘ﬁﬁ). It is a locally

Lipschitz continuous function of the initial condition ug and the enhanced noise Ee L2 (Q,M).
Furthermore u is the limit in LP (Q, ‘57(30) of the solutions u® of the renormalized equations

(0 — A)ut = f(us, L(u=(1)))¢" — cc(8)(O1fF) (us, L(uF (1)) + g (u®, L(u*(1))).

Proof — Pick 0 < T < Tp. Write u¥  for the solution to equation (3.12). We define from

,Uo
Proposition [I1|a map ¥z from LP(Q, 47) into itself setting
Ve, (1) =ug

One has from the estimate ((3.14))

[ s S Mol + TEPP2(0 [ 3 (14, Iy + W (. 50))

§,uo

o ~13 1/2 3/2
< luollos + T2 (14 €]l ) {1+ I 1720 ) (14 Tuollen + Wi (11,0) )

+W, ,CR (/1'7 60)}
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2p

2
o ||D;,g] the upper bound

Integrating and using Cauchy-Schwarz inequality we get for E[||u’fi

~ 6p
o]l + T4p6(1 + E[Hg H?D{EU uf, Ies] (1 + [[uollce + Wpss (u,ao))

+ Wiz (1,50) ™ }.

So for T = T(Wp;g% (,u, (50)) sufficiently small we have

1 ~ 1
E[fut, 122,17 < lluollcn +T° (1 +EI€]5"]™ ) Waie (1. 60)-

;U0

We have
lullag < (41X g ), lpsoy

so we have from Cauchy-Schwarz inequality

i, 1217 S EDNE, 120 (1+ E[IE]) 3.20)
S (1+ Tuollen) (1 + ELIEITH) (1 + TWoiep (100))- - (321

Pick A > 0. For M sufficiently big and T' = T'(M, A) even smaller, for every uy € C* with
[uollce < A, the map Wz sends the ball

{1 € 7. 6)s Wyep (. 60) < M |

into itself. Now pick pq,pe in LP(Q,%5), two initial conditions w1, ug2 in C* and 21,52 in
L12P(Q, M) such that one has

~ |8
E[H&Hgﬂ V Juoillce < A, Wy, (11, 00) < M,
for 1 <17 < 2. Write u; for <I>a .. (1;) and define the random variable

04
R = &l + 1€l
We have from the Schauder estimates of Proposition [J]

dD%,ﬁ (u1,u2) Sr |luor — uozllca+ Té{“ﬁ: - ngHm + dD%,ﬁ(uhuQ) + Wy en (Ml,MQ)}

Sr [[uor — uozllcat T‘S{Ha - &y +dD;~6(ul,U2)%+W R (Ml,/f)},

for some implicit positive multiplicative constant that is a polynomial of R, which is of degree
5, combining Proposition [9 Proposition [[0] and Proposition [8] Integrating and using Cauchy-
Schwarz inequality we obtain the estimate

2p72 ~ 4
E[dD;,B (a1, u2)™]” Slluor — ozl + E[[|&1 — &7 ]
2
+ T Efdpe s (w1, 12)™] + Wy oz (1, 12) },
so taking T > 0 deterministic, small enough, independently of u¢; and f:-, ensures that we have
2p2 4 -~ -~
E[dpo.s (w1, u2) 17 < luor — uozlldh + E[lI€L — &0*P] + TP W, 0 (11, p2) .
We have moreover
ur — ualles < (14 [ X1]l42) dpes(ur, ug) + [ X1 — Xoflgg luzllpe s x,),
so we obtain from Cauchy-Schwarz inequality that

Eflus — vallyy]” S (1+ ENIX ) Eldpgs (s, us)] + E[IX: = Xl 2 JE[ualZ, o ]
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hence

Wz (W(11), (p2)) < lluor — woa[| e + E[16 = El58] + T Wiz (111, pa).
We conclude that equation (L.3) has a unique local solution u in P,(%47), and that the law
L(u) € Pp(D%’B(X)) of u depends continuously on & € L?P(Q,0N) and on uy € C. >

We remark that the integrability exponent 12p in the condition fA € L*?P(Q, M) in Proposition
comes from both the nonlinearity and the use of the Cauchy-Schwarz inequality when passing
from D%’ﬁ to €. In the next section we obtain a better exponent 8p as the last step is skipped,
working directly in ijﬁ’ﬂ . For the class of Gaussian noises of Theorem |§| we have E € L1(Q,M)
forall 1 < ¢ < oc.

4 — Mean field type singular SPDEs

We deal in this section with a large family of mean field type singular SPDEs (1.3). The
enhancement of the noise needed to make sense of is specific to the mean field setting
and described in Section The paracontrolled structure needed to make sense of is
described in Section [f.2] This structure is proved to be stable by a certain solution map to
a fixed point equation similar to where the measure argument is frozen and has
a particular structure. The proper statement and proof of item (a) of Theorem [l is done in

Section (4.3

4.1 — Mean field enhancement of the noise. We work here as above with the class of random

Gaussian noises specified in Theorem [6] The random field £ is initially defined on a probability
space (£, F,P). We extend it canonically as a random variable defined on the probability space
(9%, 72, P®?) setting

{(w, @) = ¢{(w).
We also define

§(w, @) = ¢{(@);
this is under P®?2 an independent copy of £. For a distribution A on T2 and a positive regular-
ization parameter ¢ set

A :=AoefP e C™.

Recall Ty stands for the time horizon that we use in our definition of the space of enhanced
noises M — the interval [0, Tp] is our maximal interval of time. Pick 1 < p < co. We define on
(9%, F®2,P®2) the random variable

X =271
and denote by
£OX e L (P®?),
the limit of the £°(w) ® £ ~1(£%(w)) as € > 0 goes to 0. We have
(6 ©X)(w, ')HLSP(QCTOCQ"—z) <00
and

H (oX)(,w) ||L8P(Q,CTOC2°‘*2) <

for P-almost every w € Q and @ € Q. We will use the notation E to denote the expectation
operator with respect to @ on the product probability space.

17 — Definition. The mean field enhancement of the random noise & is the random variable

& w,@) = (6w), (€0 )W), E(@), (€0 X) (w, =) ) € N2,
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defined on (Q2,f2, P®2). We define on (Q, F,P) the random variable
(€ e == €@l cry ooz + [|€P (@)l e, 202

T E[IE@ by o]t +EIE © T (@, Iy crems]

This is an element of L% (Q, R) — it actually has moments of any finite order.

4.2 — Paracontrolled structure for mean field singular SPDEs. The appropriate notion of

paracontrolled structure for the study of a large class of mean field singular SPDEs is captured
by the following definition.

18 — Definition. Pick an L? random variable A : Q — C®. A C*-valued random variable v on
Q is said to be w-paracontrolled by A if there are some random variables

Sv:Q—CP
and .,
Suv: Q — L3 (Q,CP)
and
v Qs Ot
such that one has
v(w) = (6,0)(w) < A(w) —&—E[(éuv)(w, )< K()] + vu(w) (4.2)

for P-almost all w € Q, and
6201l 22(0) + 116,01 £20) + V¥ ]| L2 (o) < o0.

We simply say that v is paracontrolled by A. We first check that the datum of a mean field
enhancement &1 of the random noise ¢ comes with a natural definition of the product of ¢
by a random function v € CpC?® with the property that v; is paracontrolled by X; for each
0 < t <T. To emphasize the fact that we use the paracontrolled structure of v to make sense
of that product we write

Vt€t7
using a bold letter v. Set then

(Ve€e) (W) 1= vp(w) < &(w) + (vi&e)* (w)
where
(Vi&)! (w) = &(w) < v (w) + ] (W) © & (w)

+ C((0:0) (@), X (@), &() + E[C((0u0)(w, ), (), &(w))]
+ (0:0) (@) (@) + E[(80) (@, ) (€ © X) (w, ).

The proof of the next statement comes from standard continuity estimates on paraproducts
and correctors and from Holder inequality in the expectation E; it is left to the reader.

19 — Proposition. One has P-almost surely vé € CrC*2 and
I(vi€)# (@)l cors—2 S (14 (€7)2) <||(5zv)(W)||cﬂ +E[llduvllgs]* + II’U#(w)|0a+ﬁ)~

Furthermore, for two enhanced moises EAH,?“‘ in our class, and with v' € CrC with v}
paracontrolled by X}, for integers 1 < i < 2, for each 0 <t < T, one has

I(vi&) ™ (w) = (viE) " ()l cara-2

— 4 3 ~ ~
S (Hi2(w) (II(SZU1 = 0.0%on + E[[18,0" = 8,0%(|25]* + [0 = 0*F || gara + (€71 — §+2Dw>,
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where

~ . ) — .4 3 i
(2(w) = P( e {7 160"l E[I,7 6] 0]

for some quadratic polynomial P.

Ca+pB })7

For a noise £ € C7C*~2 in our class of noises we set
X =270 ety

Fix t > 0. We prove now that the class of random functions on T? paracontrolled by X, is
stable by a certain family of nonlinear functions f : C* x W,(C®) — C®. This comes under
the form of a paralinearization formula. Our primary goal is to give a useful description of the
random variable f(vs, £(v;)) when vy is paracontrolled by X;. For that purpose it will be useful
to lift any function f : C* x W,(C%) — C into a real valued function on C® x LP(Q,P;C%)
setting, with a slight abuse of notation,

fw, A) = f(v, L(A4)),

for A € LP(Q,P;C%). We assume in this work that f depends polynomially on its measure
argument

Flu,p)(z) = / Fu(2),01(2)s ., 0m(2) 17 (dvs ... dvny) (4.3)

for some integer m > 1, for a function F : R™! 5 R of class Cg — or is a linear combination
of such monomials. With m = 1, and compared to the long range interaction (3.9) studied in
Section [3.3] this function corresponds to a pointwise singular Dirac kernel

k(z,2") =d.(7).
It will be useful to work on the probability space (Q™+1, F&(m+1) pem+1)) and write

(W, w1y W)
for an element of Q™+, We set E' for the expectation operator with respect to the variable w;
and for I = (i1,...,4x) a subset of the integer interval [1,m] we write E for the expectation
operator with respect to the variables (w;,,...,w;, ). In those terms, and for A € LP(Q, P; C%)
and p = L(A), one has

7[[1,'”7.]]

Fo,p)(2) = f(v, A)(z) =E [F(v(z),A(wl)(z), . .,A(wm)(z))].

As I e C’b3 C C}} one has

1F (v, Awn), -, Alwm)lloe S 1+ olles + Y 1AW))llce

j=1
and as A € CO% is integrable the function f(v,A) on T2 is indeed an element of C®. For
i € [1,m] we set

0if (v, 4)(2) = B 0,F) (0(2), An)(2),++ Alwom) ()]

20 — Proposition. Fizt > 0 and assume we are given two L% (0, DY(X;)) random variables (h', h¥)
and (k', k) with corresponding C* functions h,k on T?. Then f(h, k) is paracontrolled by X;
in the sense of Definition [18, with

(0= f)(h, k) (w) = (91 f) (h(w), k)W (w)
and

(0 f)(h, k) (w, @)

Sl [(@-HF) (). K@), -+ k(e 1), K@), by 1), ,k<wm>)] K (w),
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and

1 (o), Bl et < (1 X ()2 +E[Xt4ca]5>

x (1 @) s + [0 @) en + E[IF 1] + E[IR# 5] )
“

L [0 @)l + [0# (@) | coss + EIF 1 5s] F +E[IR#[ 4] )
Moreover for €7 € L8 (02, M2) and h and k in L (1, D*(Xy)), for 1 <i < 2, we have
1f (B (@), kD) = F(B2(@), 1) F | cars S (912(w) %
{|X§<w> — X2w)llce +E[|[ X7 = X7[5a]F + dos (h (), h2(w)) + E[dps (K, W]i},
(4.4)

where

. — . 1 . — . 1
(2(w) = P( max {155 @) e, ENIXTIE] Y 10 @)loe, E[IKB] *}),
for some polynomial P.

Proof — One has from paralinearisation
F(h(w)a k(wl)v ceey k(wm))

+ i <8j+1F(h(w), k(wl), ey k(wm))k/(wj)) < Yt(wj) + Rp + Ro + ZR]

j=1
where Rp = Rp (h(w), k(w1), -+, k(wn)) € C*TF and

Ry = {01 F (h(w), k(@) -, b(wm) < (H(@) < Xu(w))
— (O F (Aw), (@), - k(wm)) 1) < Xu(w) |
+ 0P (h(w), K@), klwm)) < W#(w),
Ry = {01 F (h(w), b(wr), -+ klwm)) < (F(w;) < Kawy)
— (B P (hlw) k(wn), - b)) () < Koley) }
+ 051 F(h(w), k(wr), - k(wm)) < E#(w;).

From classical results in paradifferential calculus we have

|Rellcoss S IFlon (1+ 1A 20 + 3 k(ws) 2.
j=1

S (14 1Xe(@) e + Y 1K (w5) 13
j=1

% (14 10 @) + IA# @) 20+ D I () + % ()20 )
j=1
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and

| Rollgess S 101F (Aw), k(wr), -+ k(wm)) low (1B @)llos | X (@) low + 1A% @)llgass )

S (L @)l + 3 ki)l ) (W les IXe@)len + 7% @) lers
j=1

S (11X @2 + D X wy) 2

j=1

x (14K @)llos + I1#(@)llce + 3 1K @)lles + 19 @;)lc=)
j=1

x (14 10 @)lles + 10 @)llgess + D 1K (@5) oo + 16 @5)llee ),

j=1
and, for 1 <4 < m, we have for ||R;||ga+s the upper bound

(1+ IXe(@) e + 3 1K (w5 2

Jj=1

Y {1 F IR @llos + I @) e + 3 1K w5 los + ||k#<wj>||ca}

j=1
m

< {1 I @llos + [H# @)llen + K@) llgars + 3 1K @5) s + ||k#<wj>ca}.

j=1
So we have for |Rr 4+ Y7 R;|| suss the bound

(11X @) 20 + DIR el 120 ) (14 19l + IAFllow + 3 1K (w5 loo + I1E# (w5 = )
j=1

Jj=1

x (14 1WNlos + H¥ llcars + D K @)llos + 1K# @)l cass ).
j=1
Taking the E[[l’m]] expectation one gets

F(h(e), k) = (0uS (), W () < Xi(w)
BT (@ F) ), K)o ) ) < Kelin)| + £(0e), ¥

J=1

= (01 f(h(w), W)h(w)') < Xi(w) + Y

Jj=1

E[E“’m”\“} {(%F) (), Kw), ,k<wj_1>,k<w>,k<wj+1>,...,k<wm>)k'<w>] < Xt<w>}

+ f(h(w), k)",
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with
£ (P(w), k) # || s
< (141X @)l2a +E[TE.]?)
X (1 + [0 @)lles + 177 (@) llce +E[IIF][6s] * +E[||k#||éa}4>
X (1 + {1 @) llos + 17 (W)llgass +E[IIK 6] * +E[IF7[|gass] 4)-
One proves (4.4)) in a similar way. >

We fix 4 < p < 0o and assume from now on that the following Lipschitz condition holds true.

Assumption (Ay) — There exists a constant L such that for every ai,as in C* and by, by in
LP(Q; C*) we have

— 1
£ a1,b1) = fazba)llcw < L(Jlar = azllos +E[Jbr = bal£] ).

We proceed as usual in two steps to prove the well-posed character of equation . We
freeze the measure argument in a first step and show that the corresponding equation is well-
posed. This is what Proposition [21] below is about. This gives a solution u* that depends on the
measure argument g. Another fixed point argument is done in a second step to find a measure
such that the law of u* coincides with p. In order to proceed in this way we need to make sure
that the fixed measure dynamics is defined on a fixed interval, not on a small interval, as is
typically given by fixed point arguments. Assumption (B) guarantees the long time existence.

Recall from the definition of the maps L., for ¢ € C([0,Tp],R), and the existence of
functions cx € C([0, Tp], R) such that the random variables L., (£;*) are converging in L8 (Q, R)
to the random variable ¢ ® £ ~1(£). We emphasize below in the product of f(u,v) by &
the fact that w is seen therein as a paracontrolled function by using the bold notation u.

21 - Proposition. Fiz 0 < Ty < oo. Assume the assumptions (Ag-Ag-B) hold true. For every
velrr (SLD%’)B(X)) and ug € C'™ there exists a positive random time
T =T((€ e, v, u0) < To
and a unique solution in ug, , . € D%’ﬁ(X) to the equation
(0 — A)u = f(u,v) €+ g(u,v), (4.5)
where u is w—paracontrolled by X with null 6,, derivative. This random solution u
satisfies the local Lipschitz continuity property

= w
&t ,uo,v

dpos (Ugr o o, (@) U, L (@) Sw lluor—uoz] oo +E[IVi—vall 1 pasy |+ =& - (4.6)

The random function uw(w) € € associated with Ui oy is the limit in probability of the
solutions u®* of the equations

(Or = AJu = f(u™,v) & + g(u™,v) — cr(t)(fOLf) (u™,v), (4.7)

with initial condition ug.

We should more properly write u(w),u (w), uf(w) rather than just u,u’,uf. Also the ran-
domness in ug, , (w) only occurs via &t (w).
yUo,V

Proof — Rewrite equation (4.5)) as the fixed point equation

t
ur = Pyug + / P, (f(us,vs)gt + g(us,vs)) ds.
0

We get from Lemma [19[ and Lemma [20] that f(us, vs)& + g(us, vs) is for each s an element
of D*(&;) with Gubinelli derivative f(us,vs) and remainder (f(us,vs)f)# + g(us,vs). With
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Proposition |§| in mind we check that f(u,v) € € and (f(us, Vs)f)# + g(us, vs) satisfies (3.7]).

Recall from ) the definition of the mixed pathwise/averaged random variable (£1),,
ue Dy A (x). Flrst one has

. Take
1 (u,0)llge S 1+ llulles +E[[lvfleg]

S (14 1X0heg + ENX@)IE]* ) (14 Nullpg.s +E[lol2,] )
S (1 1) (14l s +ElI0l4e0]*)
estimates

Second, combining the estimates from Lemmas and [20] one gets at some fixed time ¢ the

(V) F owrss S (1 ED2) (18- (. 0)low + E[6F(u,0)

4 3
Sol £, v )

S (14 €92){ (1+ lulle- + EfJole-]) 'l

— 1N — 1
(14 buln + EIol. ) JED 145 + 10 3)# s |
o~ — 1 — 1
S (14 ) (1+ Il + o+ E[I 145+ EN#1E] )
— 1 — 1
(14 1l + la#llowss +EN IR +ElIbens] ).
SO

~ 1
sup t2(F (e V) llowo-s 5 (14 €F0E) (1 + o +ElIVIG0])
te(0,
We have also

sup 1772 g(us, v)l|cero—s S sup t2(1+ Jugllce +Efui
te(0,T te(0,T

1
2.]7)
1
(1 Do) (1 + ul2es +E[IVI3ea]?),
so we have in the end the pathwise estimate

-~ 1/2
sup ¢%/2]( (e, V)8 + g, vllowsss S (1 EF0E) (1 Nl o + EIvpg.a)").
te (0,
It follows from Proposition [9] that the map

Der v DI (X (W) = DI (X ()

which associates to u € D%’ (X (w)) the solution w of the equation
(at - A)U} = f(u7 V)f + g(uv U)

with initial condition wqg = ug, is well-defined and satisfies the bound
H(bg+,uo,v(u)

_ - 1/2
Ips.s S luollce +TE=D72(1+ (€)8) (14 )2, +E[IVIida.0]"?)
Recall 4 < p < 0o. One can then find some random positive constants

M = M (Jluolla v E[IVIZ.0] v (€7D
and

T =

T(Jluolla v E[IVI2,0.0] v (€).)
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so that the map (I)Eﬂuo,v sends the ball
{weDp (X(@)); fulpgs < M}

into itself. Now, given Eff; in L8 (Q2,92), two initial conditions ug1, ug2 in C and vy, v
in LP (€, D%’)’B (X(w))), we define a random constant

M, = M (o { ol VEIVill, o] v (€7D )
For ||u|\D;,;s < M/, Proposition |§| tells us that
qua-’ﬁ (q)gf,um’vl (), ¢§§=“021V2 (u2))
Sy, [lwor — uozllce + T(afﬂ)/z{%;ﬁ(“l,uﬂ +E[IV1 = vl poapomy ] + (& - @Dw}
So choosing
7 ((mas { luodllen VE[IVill o, pgy] V (€5 })

small enough ensures that the map - has a unique fixed point ug o H(w) which satisfies

the local Lipschitz property

£+ uo,p

dpes (Ugr o v, (W)Ut o o, (@) Shry luor — uozlloe +E[lve = vall g pany] + (67 — & Do

Recall that (£, X ® &) € M is the limit in any LI(Q,P) space, 1 < ¢ < 00, of the sequence of
enhanced noises

(&% &% © Xn — ) = (&%, (§© X)n)
for some diverging function ¢, and that £ ® X is the limit in L9(Q2, P®?) of £+ © X, We

then have
fan, v)&* + g(u™,v) = f(u™,v) <&* + S, )+f( o, v)# CDEE’“
+C(6zf<u%v> X6t +E[ u,0), 6 X7 6]
0. (W, 0) (X ©€)™ +E [0,/ (uv) (¢ 06X )]
+ g(u,v)

= fu*,0)&" = a(fof) (™) + g(ur, v),

so the function u®* is a solution of the renormalized equation

(Or = AJut = f(u™,0)&" = er(fOLf)(u™) + g(u™,v).
As we know that the solution ug, € D; #(X) is a continuous function of §A+ € M2, and
since Q‘ converges to £+ in probability, we see that U Loy is the limit in probability in D%’B
of the sequence (u®*, f(u®*,v)) € D%’ﬁ(Xn). >
The following statement is the analogue of Lemma [I2)in the present setting.
22 — Lemma. For every R > 0, the solution u2+,u0,v(w) to equation is defined up to the time
=inf {t >0, [u(t)l|lz~ > R}.

Proof — The proof is a direct adaptation of the proof of Lemma We give the details for the
interested reader. To lighten the notations we write u for Uz o o). Recall that the local
well-posedness time from the Picard iteration argument for u reads as a decreasing function

T = T(uo,g+7E[||vH%%ﬁD.

If we fix £+ and v, one ends up with a function T = T(|luollce), so that it is sufficient to
obtain a bound for |[u/[c,c~ that depends only on the constant R. As [lullcrce Sgv [[ullpa.s
T
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we actually show that
lullpes S g 1+ luldppo +E[0lEpz=] "
We proceed as follows. Since u} = f(uy, v¢), we have
g < 1+ ullgs + olles-
Yet since u = u' < X + u# where v/ appears as an L™ contribution we have
Il S g 1+ Il + 1ol s

We now use the fact that
(0 — A = oF (4.8)

where
% = (f(u,v)€ — fu,v) <€) +g(u,v).
The refined paralinearization lemma C.1 from [I1] ensures here that
||F(u’ <X 4+u” v < Y—i—v#)—
Vi < X +u# o <X +0#) < (v < X +u# o <Y—&-v#)’|a+ﬁ
S (e < X[Ee + 10" < XfEe + Lo + [0# [ ) (1 + [[u¥[lgass + [[0# [l casa)
S U+ IXNEs + IXEe) (1 + NlullZee + Il o) (1 + [u#llcars + [[v# | cats),
so that using continuity relation [3.3] and estimate from Definition
127 (| gats-2 S E{(l HIEFIP) (U + llullEypoe + 012, L)
X (1+ g + llollag + lullcass + 0%l cess) |
~ 1/2
S (1+@12) (1 + luld, o~ +E[lolid, 2~]"")
1/4 1/4
x (P lleg + lu# loms +Elo*Idz] " + E[lo# [£0es] V)

The Schauder estimates from Lemma 5.3 of [II] ensure that

sup 192wl gass Sup L4+ sup 1772 8#]|casas, (4.9)
o<t<T o<t<T
and
u#lliap Sup 1+ sup 192 0% sz, (4.10)
o<t<T
so we have
1/2
sup 1720 |larsa S (14 Jull?, o +E[ll0]iE,2]""?) (4.11)
0<t<T

x (14 sup t7/2|0% | uoms + E[lo# 4] " + E[llo* [&ara] ).
0<t<T
(4.12)

We use again a scaling argument to isolate the ®# terms. Let
(A ) (t, ) == u(N’t, \x)

and
T3 = (R/(277'2))%.
We have
(0 — A) o A* = N2A 0 (0, — A)
and

= AN 1M lacz = ||€]l a2,
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a deterministic estimate, and
=AM
is a solution of the equation
(at - A)UA = Aaf(u)\7 V)\)g)\ + g(u)\a U)\)'
It follows from the estimate (4.11)) that we have

1/2
sup 72| &% s §g+ AY (1 + ||“H%*TL<>° + EU|U||2CTL°0] )
0<t<T/A2?

x (14 sup  t92)0F | coroma + E[JloF ] + E[o# 4ara] ),
0<t<T/\2 T

so choosing A small enough we finally get

1/2
sup_ 1920 gen-2 Sgo (14 [ullbpse +ElolZpr=]?)
0<t<T

1/4 1/4
x (1+E[lo# ] + ElloFlibaes] ).
In the end we obtain from Proposition [1.9] and Proposition [£.10] the estimate
1/2
lwtllcg + sup 2w lgars Sgo (14 o +E[0)2, 1))
0<t<T

(L EDI ) E e s ),
>

23 — Proposition. Under assumptions (Ay-Ag-B), if ||[ug||r~ < Co then u
in time and ||ul|pa.s(w) has moments of order p.
T

is defined globally

& ug,v

Proof — The global in time existence is a direct consequence of the explosion criterion of Lemma
and the maximum principle applied to the solution u** of the renormalized equation (4.7)).
Following what is done in the proof of the Proposition 22 we have an estimate of the form

ull pos Sgt iy 1+ ullEproe Sgv g 1+ Co

with an implicit multiplicative constant that is polynomial function in (]fA“‘[)w of degree 3. >

4.3 — Solving equation (|1.3). The proof of well-posedness of equation (|1.3)) requires a second
fixed point which is the object of the next statement. We fix as above 4 < p < oc.

24 — Theorem. We assume that the assumptions (Aj-Ag-B) hold true. There exists a positive
deterministic positive time T < Ty with the following property.

— For every ug € C% such that ||uo|| =~ < Co there exists a unique solution u = (u’,u?)
to the mean field equation (L.3) in LP(Q, D" (X)). The law L(u) € P, (D3’ (X)) of u
depends continuously on £+ € L3 (Q2,MN?) and ug € C°.

— Writeu =u' < X +u¥. The function u € €§ is the limit in probability of the family of
solutions of the renormalized equations

(0 = D)u™ = f(u™, L{u™ (1)) & — ex(®)(FOrS) (u™, L{u (1)) + g(u™, L{u™(1))).

Proof — Write here u§+

S U0

LP(9, D% (X)) into itself setting

for ug, We define from Proposition a map Vg, - from

ug,v’

\11@7“0 (v) = §X+1u0'

One has from Proposition [J]
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v ~ = 1/2
I, o e < ollce +70(1 4 (E9DE) (14 [l + EIvIS 0] )
< s peav 3 = 4 n:
S ol + 780+ @2) (Tl o {1+ ol +E[Iviid,.q1*)

— 1
VI ).

Integrating and using Cauchy-Schwarz inequality we get

B[, 1217 < ol + 7277 (1 -+ ELE V7)) { €Ll ) (14 fuollow +ElIvIes] F) ™
et ipga] -~ ltolice Uil e ugl|ce Vlips.s

VIR, ]}

So for T = T(E[”VH%;,L;]) sufficiently small we have

1 ~ a1 1
Efllul?s]” < lluollcw +T°(1+E[E)]7 ) E[IvIE, o).
T T
Pick R
A>C§V2E[(ET)].
For M sufficiently big and T' = T(M, A) even smaller, for every ug € C* with ||ug|/ce < A the
map \I/§+ o sends the ball
{v e @D (X)) IVl yoipg o) < M}
into itself. Now pick vy, va in LP(£2, DQQJB (X)), two initial conditions ug, ugz in C* and 5;: éj
in L8 (9% M?) such that one has
E[ED7] V lluoilles < 4, E[Ivillp, ] < M,

for 1 <4 < 2. Write u; for <I>g+ wo (v;) and define the random variable

Ry, = (& )w + (5o

i

We have
dpa.s (ur,uz)

NG

~ o = 4
SRW Hu01 - u02||ca+ Té{(lgf' — é’;l)w + d,D%ﬁ (ul,ug) + E[dD;,B (Vl’VQ) ]

|

~ ~ 1 = 413
SRW HU01 — ’U,ozllca—i— Té{(]{fr _ E;r[)w -+ dD;‘B (ul,u2)5+ E[dD%,B (vl’v2) ] 1 }’

for some implicit positive multiplicative constant that is a polynomial of R,,, which is of degree
5 combining Propositions [J][20] and [[9] Integrating and using Cauchy-Schwarz inequality we
obtain the estimate

2 o~ ~
E[dpas (u1,u2)"]" <lluo — uoz|| 2 + E[(&F — &3]
2p6 P E 4 %}
+ T2 E[dpg.» (w1, 02)"] + Efdpg.s (vi,v2) '],
so taking T' > 0 deterministic, small enough, independently of ug; and E;“, ensures that we have

Efdpp.s (w1, 12)")* S lfuor — uoa | + E[(E] — E1)%] + TP E[dpo s (vi,v2) "] .
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As 4 < p < o0, we conclude that equation (1.3) has a unique local solution u in P,(D7. B (X)),

and that the law L(u) € "Pp(D%”B (X)) of u depends continuously on £+ € L2P (02 ‘.YIQ) and on
ug € C%. >

5 — Propagation of chaos

Let now (&%, uj) be a sequence of independent and identically distributed random variables
with common law L£(&, ug), defined on the probability space (£, F,P). We fix w € Q and an
integer n > 1 and study the dynamics

(0 = Au"™(w) = f(u""(w), 1 )€ (W) + g(u"" (W), 1 (W), (1 <i<n)

1 n
wh=g Z; Ouiem )

with initial conditions (u$(w),...,u§(w)). We suppose that f and g satisfy the assumptions
(A;-Ag-B). System can either be understood as a multidimensional singular stochastic
PDE driven by a multidimensional (enhanced) noise or as a mean field singular stochastic PDE.
We prove in paragraph (a) that these two interpretations coincide and prove in paragraph (b)
that we have a propagation of chaos result for (5.1). We write [1,n] for the set of integers
between 1 and n.

(5.1)

(a) Singular systems of interacting fields — To lighten the notations we consider here the case
that the diffusivity f is linear in the measure argument — see (5.2)) below. The polynomial case
is treated similarly. One can see equation (5.1)) as a single multidimensional singular stochastic
equation

(0 — A)u = F(u)el™ 4 g(u)

with unknown u = (u",...,u™") and noise {7 = (¢1,... €, and where f is (f1,..., f")

with
. R )
fl : (ul’nv ce 7un’n) = f(ul7n7 E Zauj’”) = f(ul’na :Un)7
j=1

with a similar definition of g. The noise £ needs to be enhanced to make sense of the
equation. The solution will be a tuple of paracontrolled functions

ui,n _ (ui,n>/ < Xz' + (ui,n)# _ fi(ul,n) » .7un,n,) < Xi + (ui,n)#

so we will have from paralinearisation

fi (ul,n7 . 7umn) _ Z (ajfz (ul,n7 el un,n) (uj,n)/) < Xj + fz (ul,n7 o ’un,n)#7
j=1
with

B fi(utm, . um) = 6,00 f (uPh ) + 62( "),

Z ut " ud ), (5.2)

since

:\'—‘

fu'

The singular product in then reads
f(ui,nyun)gi _ f(ui,n’un) < é-z _'_51 < f(uz,n7ﬂn) 4 f(uz,n’un)# @52

+ C(alf(ui’”,u") (ui,n)/,Xi7€i) + % Z C(@gF(ui,,u")(uj’”)’, Xj7£i) (5 3)
=1 '

n

+81f(ui’",u)(ui’”)'(§i@X] + - Z@g ) (u?™) (fiQXj).
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Our task is now to prove that may also be understood as a mean field singular stochastic
PDE with a suitable enhancement of the noise and that the two interpretations coincide. With
the notations of Section Tanaka’s trick gives an interpretation of as the mean field
type equation

(0 = A" (w) = £ (1" (@), u" O @) )€ w) + g (u" (@), uOn @) (5.4)

studied in Section 4} but now set on the finite probability space ([1,n], 2[V"1 X)), with generic
chance element i. The enhanced noise from Definition [17] is then

{¢. dox’, ¢ dox'} |

1<i,j<n

where the index i plays the role of w and j the role of w. Let us now clarify the meaning of the
singular product. We have

B (i O) = 0y (O (w6

and
A

Ouf (u", uOT) = O (uh,pn 1) (u O ).
In the sense of Section the singular product in Equation is defined as
f(ui,n7uUn(-),n)€i _ f(ui,n7uUn(-),n) < gi + gz’ < f(ui,n7uUn(~),n) + f(ui,n’uUn(J,n)# @51'

n C(alf(ui,n7uUn(~),n) (ui,7l)’7Xi7§i) n 81f(ui,n’uUn('),n) (ui,n)’(g o X)i

S|

+ C(DuF (un, ™) (), X, ')
j=1
1 < .y _
+ - ;@F(u“",uljﬂ'(')’") (UU”(')’n) (fz ®© XJ)_

(5.5)
We conclude from ({5.3)) and (5.5) that the two formulations coincide as they amount to solving
the same classical PDE for the remainders (u®")%.

(b) Mean field limit — We know from the continuity result of Theorem [24] that the almost sure
convergence of

1 — R
We (n 2 5@’*,%)@;)? L(ET, Uo))

to 0 granted by the law of large numbers entails the convergence of W, ¢ (% Sy Oy, E(u))
to 0, where u is the function associated with the solution u of the mean field dynamics (|L.3]).
It follows then from Sznitman’s Proposition 2.2 in [I7] that there is propagation of chaos for

the system (5.1]) of interacting fields to the mean field limit dynamics (|1.3)).

25 — Corollary.  For any fized integer k, the law of (ul’", R uk’") converges to £ (u)®* when n
tends to oo.

Note that Shen, Smith, Zhu & Zhu have also looked at some systems of mean field type
singular SPDEs in their works [I5] [16] on the linear sigma model. The precise structure of the
equations they consider allows them to bypass the use of the sophisticated setting presented in
the present work.

6 — Systems with a common noise

We study in this section some systems of interacting fields of the form
(0 — A" = fi (g 1) € + fo(u, WA+ gug i), (1<i<n) (6.1)
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where the ¢ are independent random noises with values in C7C®~2 and \ is another noise
with values in CrC®~2, independent of the £. To lighten the notations, we we work with
a probability space (€2, F,P) of the form (1 x Qa, F1 ® Fa,P1 ® P2), with generic element
w = (w1,ws). We assume that the random variables £'(w) = £*(w1) are measurable with respect
to (Qq,F1) and A(w) = A(ws) is measurable with respect to (22, F2). For any random variable
Y on €, the conditional expectation

E1 [Y] (wg) = Y(wl,WQ) P1<dwl)
Q4
The mean field type equation corresponding to Equation (6.1) reads
(5t - At)u = fl (Ut, E(ut\)\))& + f2 (ut7 ﬁ(ut|)\)))\t + g(uh E(’U/tlA)) (62)

As in the previous sections it will turn out to be convenient to view the random variable £(U|\)
as an wo-dependent element v(wy) € LP(€2;). We work in this section with functions f; and fo
that are linear with respect to their measure argument

fj(uav)(z)(wl,wz):/ﬂ Fj(u(wr,w2)(2), v(w1, wa)(2)) P(dwy),

with F} of class C%. There is no difficulty in adapting what follows to the case where the
functions depend polynomially on their measure argument. We suppose that the function g
satisfies the assumptions (A,) and (B) and that both fi and fo satisfies assumptions (4;)
and (B). The analysis of Equation is very similar to what was done in Section 4| We
only describe below the main changes that need to be done and leave some of the details to the
interested reader.

6.1 — Paracontrolled structure for mean field singular SPDEs with common noise.We now

adapt the definitions of enhanced data and controlled distributions from Section [4] for the
purpose of this section. We still let X = (9, — A)~!¢ and set L = (9, — A)~1A.

Definition — The mean field enhancement of the random mnoise (§,\) is the random
variable

—

€N @,@) = (£w) &) Aw), (€ © X)), (§ 0 X) (w, @),
(60 L)(@), (A® X) (@), A0 X) (@), (A6 L) (@))
defined on (92,.7:2, P®2). We define on (2, F,P) the random variable

—+

&) o = lE@)ller, comz +[[(€ © X)) ¢y c2a-z + IMNW)eroe-s

+E[E@, My, 0a-2] +E[IE © X (w, )&, cram2]*
16 © L)@)llencaas + (3 © L)@)llgpcans + (A X)(@)l gy cras

FE[AOX)w, )b, c2oms]

Definition — A parabolic function u on [0,T] x T? is said to be paracontrolled by (X, L)
if there exists functions u'y,u), € €5, such that

u i=u—uy < X —ul < LeEy
and

sup tﬂ/zHukaCHp < +00.
t€(0,T]
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We denote by D%’ﬁ(X, L) the space of all such tuples u = (u'y,u’;,u?); it is equipped with the
norm

[l

oy = 0 e )l = el + Mgy + 1% llg + sup #2lefllgo

We will often write u' for the pair (u'x,u?). For two pairs of reference functions (X1, L1),
(Xa, Ly) in €% and u' = (', u'#) € DLP (X1, L) and u? = (u2,u?#) € DY (Xy, Ly) we set

d

D;,B(u17u2) = ||u’1 - u’zHng + Hul# - uz#H%m + sup tﬁ/2||u1# —u

2%
T 4e(0,T] HBJF“'

26 — Definition. Fizt > 0. A C*-valued random variable w on () is said to be w-paracontrolled
by (Xi, Lt) if there are some random variables

X w, 6tw : Q — CP
and ,
dpw: Q — Lg(Ql,Cﬁ)
and
wh Q= 0P
such that one has
w(w) = (0¥ w)(w) < X(w) + (6Xw)(w) < L(w) + E [(w)(w,) < X()] +wiw).  (63)

We will often write 5w for the pair (§Xw, §Ew).

—

The datum of a mean field enhancement (£,A) of the random noises £, A comes with a
natural definition of the product of & and A; by a random function v € CprC® with the
property that v; is w-paracontrolled by (X3, L) for each 0 < ¢ < T. We set

(Vele) (W) 1= vp(w) < &(w) + (ve&e)* (w)
where
(V&) (w) = & (w) < v(w) + 0] (w) © & (w)

+ C((0) (@), X (@), &) +E' [C((0u0) (@, ), X (), &) ]
+ (0E0) )€ © X)o(w) + E [(u0)(w,) (€ © X) ()]
+ C((0E0) (@), L), &) + (0£0) @) (L © &) ().

Likewise we set
(Vi) (W) == vy (w) < M(w) + (Vi) (w)
where
(Vide)H(w) i= Ae(w) < ve(w) + 0] (W) © Ae(w)

+ C((X0) (@), X (@), 2e(@) +E' [C((u0)(w, ), X () Mew)) |
+ (62 0) @A O L)) +E' | (3,0)(@,) A0 X) (w,)]
+ C((670) (@), L(w). M(w)) + (0F0)(@) (L @A) ()

The proofs of the following two propositions are identical to the proofs of Proposition and
Proposition [20] modulo the obvious changes to be made. We first have a continuity statement
for the product map.

27 — Proposition. One has P-almost surely vé € CC*~2 and

—

I # @ llmrss S (1+(EN) 12) (n(ézv)(w)ncﬁ +E[I8allds] " + ||v#(w)||ca+ﬂ>«
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14 — 24
’

Furthermore, for two enhanced noises (§,A\) ,(§,A)  in our class, and with vt € CrC with
v} paracontrolled by (X7, LY), for 1 <i <2, for each 0 <t < T, one has
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I(vie)™ (W) = (Vi) (W)l gats-2 S (*)12(cv)<|5§v1 = 020 on + [[620" = 02 0?|es

—+1 —+2

—1 4 .3
+E 100" = 0,071 8] * 4 [0 = 0*F[lcars + (&) = (6,4 I)w>,

where

— 1

(hal) = P(max {(EN Do 807 cm B 15,07 18]F, o™l omia }).

1€{1,2
for some quadratic polynomial P.

Second we have a stability result for the paracontrolled structure with respect to nonlinear-
ities.

28 — Proposition. Fiz t > 0 and assume we are given two L% (Q,DY(Xy,L;)) random variables
(R, Wy, hY) and (K'y, kY, k%) with corresponding C® functions h,k on T2, Then for f € {f1, f2},
the function f(h(w),k(w))(w) with w = (w1,w2) and @ = (w1, ws2) is paracontrolled by Xy, L,
in the sense of Definition |26, with

(63 ) (h, k) () = (01 £) (h(w), k) iy ()
(6L F)(h, k) (@) = (D1F) (h(w), k) (@) +E | ((02F) (h(w), k(=) ()
and
(6 ) () (0, ) = E' [(8F) (), () ) | (),

and

I1f(h(w), k) [lgass S (1 X (W) [[Ze +E[IXelEe]> + IILt(wz)II%a)
=1 1 —1 1
X (1 + W (W)lles + [1h* (W)llco +E [IIK[[6s]* +E [IIF*]¢a] )

=1 P— 1
X (1+||h’(w)llcza +[[W# (@)l gats +E [[IK[16s] * +E [k#éa%k).

—+

Moreover for (&, \) e LB (02, M?) and h and k in L% (2, D*(X,)), for 1 <i <2, we have
# #
1F (M (@), k)™ = f (R (@), k%) " lleats < (*)12(w){||Xt1(w) - XP(W)llce

F L W) — L2 () ]low +E[|X) = X ||5u] T + dps (B} (@), B2(w)) + E' [dps <k1,k2)4]‘1‘},
(6.4)
where

(2(w) = P( max {1XF@) e, L8 lon, ENXTIE] 14 @), B (1K) }).

for some polynomial P.

6.2 — Fixed point arguments. The local well-posedness of Equation (6.2]) follows from the

same two fixed point arguments as in Section [d] We only give the details of the first statement
to convince the reader that our machinery goes through.

29 - Proposition. Fiz 0 < Ty < oco. Assume the assumptions (Aj-Ag-B) hold true. For every
vel? (Q,D%’)ﬁ(X, L)) and ug € C% there exists a positive random time

—

T = T((](g,)\) Dw7V7UO> < T()



35

and a unique solution in Uyt € Dgi’ﬁ(X, L) to the equation
A) T uo,v
(8t—A)u:fl(u,v)f+f2(u,v)/\+g(u,v), (65)

where u is w—paracontrolled by (X, L) with null 6,, derivative. This random solution

u@+ (w) satisfies the local Lipschitz continuity property
) ;U0

dDTﬂ (u(&)\)fvuo»vl (), u(ﬁyk);yuo,vz (w)) Sw [luo.x —uozllo
—1 —+ 1
+E [HVI - VQHL:D(Q’D,‘;‘,'ﬂ)} +((¢, )‘>1 - (f»A)2 Dw'
The random function u(w) € €5 associated with u—+ is the limit in probability of the

(&) uo,v
solutions u* of the equations

(00 — A)u™ = f(u,0) & + g(u™, 0) — & ()(f101f1) (w™,v) — ¢ (£) (f201 f2) (u™, v), (6.6)
with initial condition ug.

Proof — We rewrite again equation (6.5)) as the fixed point equation

t
uy = Prug + / Py (f(us, ve)&e + fo(us, vo) Ag + g(us, vy)) ds.
0

We get from Lemma [27| and Lemma 28| that f1(us, vs)& + fa(us, vs) Az + g(us, vs) is for each
s an element of D¥(X;, Ls) with Gubinelli derivative (fl(us,vs),fg(us,vs)) and remainder
(F1(0s,v)€) ™ + (f2(us, vo)N) + glus, vs). We check that f(u,v) € €5 and (f1(u,,v,)€)" +
(f2 (us, vs))\)# + g(us,vs) have the regularity required. Take u € D%’B(X). First one has

=1
11, 0) e S 1+ Julleg +E [lolleg]
—1 = 1 —1 1
S (11X lleg + E [IX@)I%g) * + L0z ) (1+ Il pgo +E [Ilol20.6]7)

— 1+

S (L IEN D) (14 al2es +E [lolbe0] )

Second, combining the estimates from Lemmas 27] and 28] one gets at some fixed time ¢ the
estimates

— 1+

110, v)E g S (14 QEN) 12) (162 (vl om + B 16, F s 0)l3] F+ 170, v)# o)

—+

S (4 IEN 2] (1+ lullo- +E lolle-]) s
+ (U el + €' 10122 )E (1151 + 17w, lewss |
—

S (1 (@2 08) (14 1llos + lullow+ E [l Is] 4+ E [llo# 6] F)

=1 1 —1 1
x (14 Illos + lutllgwss +E [0/ les] T +E [l0#[Easa] ).

).

SO
—F

=1
sup 72 (fi(ur, v)e) Fllears S (L4 ((€,2) )5) (1 +llulge s +E [[Ivlpe.s]
te(0,T] T T

idem for (fa(uy, v¢)As)#. We have also

Nl

—1 1
sup 172 gus, v)llgars—z S sup 2 (14 flurllon +E' [JuilEa] )
te(0,T7] te(0,T7]

S (1 + (](57 )‘) Dw)

so we end up with the pathwise estimate

—+ —1 1
(1 Il s +E [IvI0.] ),
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S(up ]t6/2||(f1(utavt)§t)# + (falag, vi) M) ® + g(ug, ve)||cats—2
te(0,T

=t 1/2
S O+ (EN 18) (14 Il s +E' [IVli4es] )
It follows from Schauder estimates that the map

" o D3P (X (w), L(w)) — PP (X (w), L(w))

which associates to u € D%’ﬁ (X (w), L(w)) the solution w of the equation

(0 — A)w = f1(u,v)€ + fa(u,v)A + g(u,v)
with initial condition wg = ug, is well-defined and satisfies the bound

W)l e S lwollen + T D72 (14 GEN 02) (1+ Il +E [Ivlides]?):

Recall 4 < p < 0o. One can then find some random positive constants

M = M (ol v E' (1M1 v (EN D)

H .5)\) uov

and
T =T (Juolla v E'[IVIE0] v (EN) D)

so that the map <I>@+ sends the ball

{u € DF (X (), L(w)): [ullpgs < M|

into itself. Now, given (&, ) , (€, )\)2 in L8 (0% 912), two initial conditions ug 1, ug 2 in C* and
(@),

vi, vy in LP(Q, Dy ﬂ( X (w) we define a random constant

)L
(max{ luoi|lce \/E [HVZHDa B} qﬁjb‘”})

For [[ul|pa.s < M/, Schauder estimates tell us that
T

dpg. (@ (w), @ (w2)) Sarg o = wozlloe + T2 {dp s (ur, ws)

—t —
(&:M)1 »u0,1,v1 (&,N)5 yuo0,2,v2

—1 —— 1+ ——
+E' IV = Vallpo o ) + (& Ny = €Nz Do}
So choosing
— —+
7 (may {Jfwollcn VE' [IVill o] V (€N, Do })

small enough ensures that the map & — has a unique fixed point u

(&, )\) yUO 5 @+7u0aﬂ(w) which

satisfies the local Lipschitz property

dpge.s (u(/\ (w),u

e o (@) Sarg, [luo,n — o 2lloa

—1 —+ —
+E [Hvl - V2HLP(Q7’D;’/‘3)} + (&N — (&) )

The enhanced noise @ € M is the limit in any L9(£,P) space, 1 < ¢ < oo, of the sequence
of enhanced noises

(&%, (€ X)ns (€O L), X, (MO X)*, M@ L)) ==

—+
(f:A)z sU0, V2

( fk’ gsk @Xsk _Ci(’ gsk @Lek, /\sk’ Ak ®X€k7 Gk @Lsk _Cg)
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for some diverging functions ¢¥,ck, and that £ ® X, A ® X is the limit in L9(Q2?,P®?) of
' @Yak, Ak © X", We then have

fLutr V)ER = fi(uF,v) < EF 4 £ < fL(utF,v) + fi(ut0)F o
+ C(EX A, 0), X &%) + B |[C(0ufa(u,0), X, 5%
HE A (X 0T+ E i 06 0 X))
+ (85 fr(us*, v), L%, ) + 0 fr(u, v) (LOE)
= fu(u™, )€ — i (fLdLfi) (™, v)

and
Fo(, V)N, = fo(uF,0) < Ap + A < fo(ufs,0) + fo(uf,v)# O\,
+C(6X fo(uf,v), X, An) + E {C(5uf2(u5k,v)7ysk7)\n)}
+ 06X fo(u,0) (X @A), +E' {(Lfg(ug’“,v)()\n @fk)}
+ C (8L fa(u,v), L, M) + 6L fo(u,v) (L O N) |
= fo(u*, 0) A — ¢ (f201 f2) (u™, v)
so that

fr(u®F, v)EF + fo(u™, v)ATE + g(u*, v)
= fi(u*, 0)&" + f2(u,0)An — ci (f101 1) (W, v) — cf (f201 f2) (ur,v) + g(u, v),

and function u®* is a solution of the renormalized equation
(0 — A)u™ = fu™ )& = o (f101f1) (U™, 0) — i (fodr f2) (u™,v) + g(u, v).

—

As we know that the solution Uyt € D%’ﬁ(X, L) is a continuous function of (£,\) € N?,
5 , U0,V

—+
converges to (§,A) in probability, we see that Ut uow is the limit in
) » U0,

probability in D%’B of the sequence (u®*, f1(u*,v), fa(us*,v)) € D%’B(Xek,LEk). >

The scaling argument used in the proof of Lemma [22| works verbatim here with the obvious
changes.

—+
and since (&, \)

n

30 — Lemma. For every R > 0, the solution u to equation (6.5)) is defined up to the time

T =inf{t >0, |u(t)|r~ > R}.

The proof of the second fixed point works exactly as in the proof of Theorem [24] Details are
left to the reader.

31 — Theorem. We assume that the assumptions (Ag-Agy-B) hold true. There exists a positive

Qo-random time T < Ty with the following property.

— For every ug € C% such that ||ugllre < Cy there exists a unique local solution u =
(u',uf) to the mean field equation (6.2)) in LP(1, 'D;i’ﬁ (X, L)) and it depends continuously
—+
on (&,\) € L¥(Q% N?) and ug € C°.
— Write u = v’y < X +u}, < L+ u*. The function u € €5 is the limit in probability of
the family of solutions of the renormalized equations

(9 — A = fu(u™, L (1)) — 6 (0101 f1) (u™, L™ (1)]N)
- fo(u, L (OIN)A — k(02 f2) (u, L (1)N) + g (u, L (£)|N)).
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6.3 — Tanaka’s trick and conditional propagation of chaos. Let now (£%,uf) be a sequence
of independent and identically distributed random variables with common law L£(&,ug) and
some independent noise \, defined on the probability space (£2, F,P) as in the beginning of this
section. We fix w € 2 and an integer n > 1 and study the mean field dynamics

(0 = Mu"(w) = fi(u"" (W), 1) €' (W) + fo (" (W), 1) A(w) + g (u"" (W), 1 (W), (6.7)

with initial conditions (u$(w),...,uf(w)), where 1 < i < n. We suppose that fi, f> and g
satisfy the assumptions (Af-A,-B). As in Section the system can either be understood
as a multidimensional singular stochastic PDE driven by a multidimensional (enhanced) noise
or as a mean field singular stochastic PDE. We prove again in paragraph (a) that these two
interpretations coincide and prove in paragraph (b) that we have a propagation of chaos result

for .

(a) Singular systems of interacting fields — One can see equation (6.7)) as a single multidimen-
sional singular stochastic equation

(0 — A)u = i (u)e"™ + f2(u)A + g(u)

with unknown u = (u'™,...,u™") and noise 8™ = (€1,...,€"), and where f; is (f],..., )
and fp is (f5,..., f3) with

) I .
f]l : (ul,n’ cee 7un,n) — fj (uz,n7 E Zlaui”) = fj(uz,n’ ,u’n)7
]:

with a similar definition of g. The noise (£[™, \) needs to be enhanced to make sense of the
equation. The solution will be a tuple of paracontrolled functions

ui,n _ (uz,n)/X < Xi + (uz,n)/L <L+ (uim)#

= fi(ub™, .. u™") < XU fiubm, L u™) < L+ (ub™)F
so we will have from paralinearisation
Sty =37 (Ot ) Wy ) < X ()
j=1

o3 (i) <
j=1
with
0 fi(ul™, ™) = 600 fie(uh" ") + n ;%Fk (™" u?™),
J:

since

Fr(ub™, p™) ZFk i),
The singular products in then reads
fr(uh™ M) = fr(u ) < €46 < fr(utpt)
€O () (Y, X1 €1) +

fi ( in uj,n)#Qgi
2 (e (0, ) (™) X7, )

+
1
n

3

o Fy(u', ) (uw!™)x (€8 © X7)

:\*—‘

+ 01 fi (Ui’n7 M) (u"™)y (§i © Xi) +

=1
C (alfl (u®™, w™) (™), L 51) % Zn: (32F1 u™) (W), L fi)



39

+ 01 f1 (Ui’nv ,U)( ) fl © L Z 02 F1 (u u]n)lL (fi © L), (6.8)
and
fQ(Ui’n,/Jn))\ — fQ(Ui,n"un) < )\+ A < fg(ui’", n) +f2 ui,n n)# ® A
) ) 1 & ) )
+ C(Ofa () (W), XE ) + = 3 O Fa(ul, w) (), X7, 0)
j=1
oS (', ) (W) (A © X +iZazF2 W (W™ (A6 X9)

COuf (", 1) (W), Lo A) + 711 f:c(aQF1 W) (W) L)

, 1 <& , .
+ 0 f1 (u" ") (W™ (N L) + - > 0 Fy(ut, p") (W) (A @ L),
j=1
Our task is now to prove that may also be understood as a mean field singular stochastic
PDE of the type (6.2 . with a sultable enhancement of the noise and that the two interpretations
coincide. Tanaka’s trick gives an interpretation of | as the mean field equation

(@ = A" (w) =fi (u'" (@), uUn<'>v"<w>)£i(w> + o (@) a0 (@) ) M)
+g (ui’”(w), uU"(')’”(w))

now set on the finite probability space ([1,n], 2l X,), with generic chance element i. The
enhanced noise from Definition [I7] is then

{¢, ¢ox’, ¢ gox’, A goL, doX’, 20X, AoL]

(6.9)

1<i,j<n’
where the index 7 plays the role of w and j the role of w. Let us now clarify the meaning of the

singular product. We have
I

6§fk (ui,n7 ’U,U”(')’n) — alfk: (uim’ uUn(~),n) (ui,n)x’
6£fk (ui,n7 ’U,U”(')’n) — alfk: (uim’ uUn(~),n) (ui,n)/L’
and ‘
Sy fro (u'™ " m) = 9y F (whm, w0 (uU"(')”‘)/X
The singular products in Equation are defined as
fi (ui,n7uUn(.),n)£i - f (ui,n’uUn(~),n) < Ei +€i < fi (ui,n7uUn(-),n) +f (ui,ann(.),n)# ®§i
+ C<alfl (ui,n’ uUn(<),n) (ui,n)’x, Xi, 51)+ alfl (ui,n, UU"(A)’H) (Ui’n)/ (§ ® X)l

+C(o1f1 (ui’”, uU"(‘)’") (uz")lL, L,fi) + o1 f1 (ul Un()n ) ( ) (fl ® L)
3 (R ) (7 0.

1O n . ; .
+ - Z@ Fy(u"",u/™) (uJ")IX(fZ ® X7).

Jj=

—

(6.10)
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and
fz(ui,vz7uUn(~),n)>\ — fg(ui’”,uU"(')’") <A+ f2(ui,n uUn(~),n) + f2(ui,n’uUn(~),n)# oP)
+ C(81f2 (ui,’n7 ’U,U”(')’n) ( %, n) Xz ) + 61f2 (ui,n7 uUn(‘),n) ( i, rL) ()\ ® X! )
(B O () L) o (O (), (1 1)
1 n

=3 (B (") () X0

j:1

£ D AR O ) (0 ),

We conclude from and - ) that the two formulations coincide as they amount to solving
the same classical PDE for the remainders (u®™)#.

(b) Mean field limit — We know from the continuity result of Theorem [31] that the P-almost

sure convergence of
( Z(S @En" ((5 ) u0)>

to 0 granted by the law of large numbers entails the convergence of W, ¢, co (% o Gy £(u))
to 0, where u is the function associated with the solution u of the mean field dynamics (6.2]).

32 — Corollary. For any fized integer k, the law .i”(ul’", e ,uk’") converges Pa(dws)-almost surely
to 2L (u|\)(w2)®* when n tends to oo

A - Enhancing random noises

We prove Theorem [6] in this section. Recall from (3.5)) the definition of the random variable

X ®&. Write e, for the function = — exp(i(k,x)) and g(k) for (§,ex). Our noises satisfy the
identity

E[&(K)Es(—K)] = Ly c(t, 5) (k). (A1)
We denote below by VAR(A) the variance of a random variable A.
33 — Lemma. There exists a positive constant k such that on has for all £ € N, s,t,a,b € Ry and
x € T2, the estimate
22@22@7}

VaR(A (P © €)(2) S e (els, ) ela, ) + (s, a)%)

and

22@22@17
t

Proof — The proof follows closely the proof of Lemma 5.2 in [11]. We have

Ap(Pigs © &) (x) = 2m) 72 D ") py (k) F(Pi&s © &4 ) ()

keZ?

NS pulha + ka)pitka) e E () (o) Eu(ka) ey 4, (),

kl,kgeZ"‘ "L*]‘Sl

VAR<Ae(((Id — P)P&) © fa) (35)) S et (c(s, 8) cla, a) + c(s,a)?).

then VAR (Ag(Pt§5 © fa)(x)) is equal to

@)™ S ST ST pelhka + ke) pilky) e p (ky)

k17k27k/17ké ‘l_]‘gl |i'—j'|§1

< pe(k] + k) pur () = 51y (15) Cov (€ (k)8 (k). Eu(KDE(KS) ) ks ki 5 ()
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Using Wick theorem and the identity [A1] one gets
Cov (€ (k1) (ka), & (W)€ (1))
— E[& (k)& (k)& () (kD) — E[E (k)& (ko) | E[& (KD Eu (k)

= E|& (k)& (k) | B |0 (ko) 8 (k)) | + E[ k)& (1) |E[ €.k )& (k)|
= (27) 7i(k1) (ko) (1;@1:4«1 rm g €(5,8) (@, @) + Ly — g gy g (s, a)2>,

consequently

VAR(Ae(Ptfs Oﬁa)(ﬂf)) =D > D @)tk ilke) pelkr + k2)? pi(kr) pj(ks)

sk [i—j|<1 i’ =j5'|<1
« (C(S, S) c(a, (L) pi/(kl) pj/(k2)e—2t|k1\2 + c(s,a)2p¢/(/€2)0j/(k1) e—t\k1\2_t|k2\2>.
The factors p; (k1) pi (k1) and p; (k1) pjs (k1) ensure that one can restrict the sum on ¢ and ¢’ to
couples (i,4") such that im < || < pli| for some constant u, which will be denoted by i ~ 4’
Likewise the factor py(k1 + ko) enables us to restrict the sum to |i| > il for some p'. There

—2t|k|* < g—tro2*
~

exists some k¢ > 0 such that e for k € supp(p;), so that for some xk > 0

VAR(Ae(Ptﬁs ° £a)($))
S (e(s,8) e(a,0) +¢(5,0)°) D Lpgilimirmjmgt D Taupp(on) (b1 + k)

VIV k1,k2
L 2i
X 1supp(pi)(k1)1supp(m)(k2)22m6 a2
5 (C(S, 5) c(a,a) + c(s,a)Q) Z 221‘224221'7767215&221,
i1<i
22[22€n o2t
2 . 7
t
hence the first estimate. For the second estimate we notice that the e
(1 — e~bkal*y e=tIKil and that
(1 _ efb\k1|2) eft|kf\ < b|k1|267t|k1
The remainder of the proof is the same as for the first estimate. >
We can now prove Theorem@ We will estimate E[|| (X ®@€)(t) — (X ©&)(s) ||2Bp2afz} in order
2p,2p

to use Kolmogorov continuity criterion and Besov embedding. For 0 < s < ¢, write

t S
/ Prulta) © & da— / Py o(€a) @6 da
0 0

< (c(s7 s)c(a,a) + c(s, a)2)

—tlk1l* i5 replaced by

? < pe-tlkal?/2

= / ((Pt—s - Id)Ps—a(fa)) © &, da + / Ps—a(ga) © (gf - ge) da + / Pt—a(ga) O] gt da
0 0 s

S

::/Osil(a)dmr/o‘ Zz(a)da+/tﬁg(a)da,

and set ~ _

The quantity E[[[(X ®£)(t) — (X ©¢) (s)||?3p§al52] is equal to
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3 gei(za=2) /2 EHAe((X ©&)) — (X @5)(8))‘%}

>—1 T
s s t 2p
= Z 22p€(2a—2)/ E{/ AgAl(a)da—i—/ AgAg(a)da—&—/ AyAs(a)da }
>—1 T2 0 0 s

From gaussian hypercontractivity we have

E{ /0 AgAi(a) da+/os AgAz(a) da+/: AgAz(a) da zp}

SE[/OS|AeA1(a)‘da+/05|A5A2(a)|da+/:|AZA3(G)‘darp
< ([ el an) " ([ Elacto a) "+ ([ el a)”

So that the bounds for E[[|(X ® &)(t) — (X ® f)(s)Hzp ]1/(2p) becomes
ik

B3 s
P
T2
s 1 s 1 ! z
< Z 26(2@—2)(/0 E[|AZA1(G)‘2]§da+/O E|:|AZA2(Q)’2:|2da+/S EHA@AS(CL)P} da)

>—1
>-1

=: 51+ 52+ 53

s s t
/ ApAi(a) da+/ AyAs(a) da+/ AyAs(a)da
0 0 s

We now use Lemma [33| to estimate the EHA@AZ‘((I)‘Q]. First we have
E[| A (@] = Var(Ac (P - 1P its) 0&))

S(t—s) 2?322" o—r(5—a)2% (c(s, 8) cla, a) + c(s,a)?)
and
E[|arAs(@)’] = Var (A (Peote) © (& — &)
20920n o0
< 25 E o e rils—a)2 (c(a, a) (c(t, t) + (s, s) — 2¢(s, t)))
and

E[|Acds(@)]*] = Var(A((Patl) ©&))

20924n
<2 2

~

= e =02 (e(t, t)c(a, a) + clt, a)?).

So, writing ¢y for c(t,t) + c(s,s) — 2¢(s, t), we get

s 1/2 s - d
[ Ellacm@P] " da s ¢ - syhatpen oo
0

: (a7
s 2 1/2 1 s 20—1 da
< .2 9lg2in —k(s—a)2
/0 E“AgAg(aM } da S c2, 22 /0 e G a2

¢ 1/2 ¢ - da
2 20—1
< 9l92ln Kk(t—a)2
/s E|:|A5A3(a,)| i| daN2 2 /S (& 7(15 )1/2.
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We have
- da
t* 2[ 2a+2n— 1)/ —k(s—a)221
T G
1 +OO 2z—1 dr da
(t—s) 5/ / @(2a+27-1) ,—K(s—a)2
(s —a)l/?

M\»—l

+oo
t— S / / S _ CL) a— ny20¢+2n 2 e Y 2/2 dyda

and similarly

£(2a—1) —k(s—a)2%¢71 da
S ¢l Z 24 / (s —a)l/2

>-1

+oo
S Cgt / / (s — a)7a7"y2a+2"7267”y2/2 dy da

and

t
£(2a—1) —k(t—a)2?? da
S3 < 22 / € (t—a)l/?

>—1 s

t +oo 2
S/ / (t _ &)—a—ny2a+2n—26—ny /Qdy da.
s JO

Finally we see that

2p
E{H(X ©&) ) — (X 0¢)(s )IIBza } S ((t )2 4?4 (t - s)l_a_n)
S It s,
with
m = min {1/2, 5/2, 1—a— 77}_
From Kolmogorov continuity criterion and Besov embedding, for every o < 1 and 1 < p < o0
the process X ® £ is almost surely an element of Cm 1/pc2a—2- 1/p(T2)

The mollifier approximation result in the statement of Theorem [6] comes from the same
arguments and calculations writing

(X080 - (X" 0 )0 ~E[(x° 0.£)(0)])
= [ (Peste— €D 0 & —ElPs(6s — £ 0 6] )da

t
[ (Pai o6 - )~ ElPati o (6 - €] )da
0
If ¢ is the fourier transform of the mollifier, we have

E (k) = p(ke) E(k),

and the same calculations as in the proof of Lemma [33] give

VAR(A@(Pt_a(fa &) o &)(:c))

’S Z llsili"‘i/"’j’vj/ Z (1 - Qp(kla))lsupp(l?é)(kl + k2)lsupp(pi)(kl)].supp(pj)(k2)22in672tn22i

VIVM k1,k2

in 2t
S Z Ligi Z — (k1)) Lsupp(pe) (F1 + k2)1supp(m)(kl)lsUpp(pJ)(k2)22me e
k1,k2
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For some integer N = N (), one can decompose the last sum as

in ot
Z 1Z§z Z (1 - w(kl‘g))lsupp(m)(kl + k?)lsupp(pi)(kl)]-supp(pj)(k2)22”]6 22
i<N k1 ko

i 9102
+ Z ]-ZSi Z (1 - Qp(kls»lsupp(pe)(kl + k2)lsupp(pi)(kl)lsupp(pj)(kQ)QZZne 22

>N k1,k2
20620 2N 92Ny
5 sup (1 — w(xa))ﬂ e—”(t—a)Qu 4 i e—H(t—a)QZN
|lz|<N —a t—a

So that choosing N (e) such that N(g) — co and eN(e) — 0 as ¢ goes to zero, one gets

92((1+1)

VAR(Af (Ptfa(fa - 52) O] 515(30))) < 1[%(5) _— e_”(t_a)QM7

t—a

where 0 < p(e) <1 tends to 0 as € > 0 goes to 0. Likewise one has

_ _ 2¢
e K(t—a)2 )

VAR(Af (Ptfaé“ii o (& - 5«;)(36))) <o) M

€
t—a

The same calculations as above give for

E[H(X Ot — (X*@&)(t) —E[(X° 0 gf)(t)])\ﬁ;’mfz}

2p,2p

the bound

t 1
3 i(e) 2122 / E[|Ac4s(a)[*]*da
0

£>0

The result follows from dominated convergence argument as the series

t 1
Z 9l(2a+21-2) / E [|Azz43(a) }2] *da
0

>0

is seen to be convergent.
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