On deviation and moment inequalities for

dependent sequences and applications to
intermittent maps

Florence Merlevede
joint work with J. Dedecker
Université Paris-Est-Marne-La-Vallée (UPEM)

Aber Wrac'h. 16-18 Mars 2016

Florence Merlevede joint work with J. Dedecker Université Paris



@ Let (X;)icz be a stationary sequence of real-valued r.v.’s. in L2

@ The aim is to find a "good” upper bound for the quantity

P (o, | 06~ E0)| = )

for any x > 0.
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@ Let (X;)icz be a stationary sequence of real-valued r.v.’s. in L2

@ The aim is to find a "good” upper bound for the quantity
ma > )
<1<k§n | ,; ‘ x

for any x > 0.

@ "Good" in the sense that this upper bound implies "sharp” moment
inequalities or large deviation inequalities as : for some & > 0 and
any x > 0

(max‘Z ‘an)gC(x).

1<k<n P
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@ Let (X;)icz be a stationary sequence of real-valued r.v.’s. in L2

@ The aim is to find a "good” upper bound for the quantity

P, | 0% 00 =)

for any x > 0.

@ "Good" in the sense that this upper bound implies "sharp” moment
inequalities or large deviation inequalities as : for some & > 0 and
any x > 0

n“P(lgfén | Ii(x,- - E(X,-))‘ > nx) < C(x).

o Note that in the iid case and if P(|X; — E(X1)| > nx) ~ 5
then
liminf,_yeo NP1 P(maxlgkgn | YR (X — E(X,-))’ > nx) > 0.
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The Fuk-Nagaev's inequality (1971) in the independent

setting

@ Let (X;)i>1 be a sequence of independent real-valued r.v.’s. in L2.
Define S =0,

K
Sk = ;(Xi —E(Xj)) and S, = ngaén-gk,
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The Fuk-Nagaev's inequality (1971) in the independent

setting

@ Let (X;)i>1 be a sequence of independent real-valued r.v.’s. in L2.
Define S =0,

k
Sk = ;(Xi —E(Xj)) and S, = ngaén-‘;k,
@ Then, for any v2 > Y- ; E(X?) and any positive reals (x, y),

P(Sy 2 x) < exp(—y 2vih(xy/v7)) + Y P(Xi > y)
i=1

where h(u) = (14 u)log(1+u) —u > 5 log(1 + u).
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The Fuk-Nagaev's inequality (1971) in the independent

setting

@ Let (X;)i>1 be a sequence of independent real-valued r.v.’s. in L2.
Define S =0,

K
Sk = ;(Xi —E(X)) and S, = ngaén-‘;k,

@ Then, for any v2 > Y- ; E(X?) and any positive reals (x, y),
n

P(S, 2 x) < exp(—y 2vih(xy/v3)) + ) P(Xi > y)
i=1

where h(u) = (14 u)log(1+u) —u > 5 log(1 + u).

@ We also have: for any € > 0,

n
P(S) > (1+e)x) < exp(—yfzv,?h(xy/v xi Z

i=1
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Some applications (1)

@ To simplify, take the X!s identically distributed as X and such that
E(X) =0. Set S, = YK ; X;. Take p > 2.
@ Using the fact that
o0
E SelP) = / p1p Skl > x)d
(jmax [Se|?) =p | x""P(max |Sy| = x)dx
we get
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Some applications (1)

@ To simplify, take the X!s identically distributed as X and such that
E(X) =0. Set S, = YK ; X;. Take p > 2.
@ Using the fact that

E sp—/ P=1p( Sel > x)dx
(jmax [Sel") = p J - X777 P(max S| = x)

we get

@ for any r > 0,

0 1 X2\ —r/2
E(_max |Sk|P) <</ xP~ (1 + —2> dx
1<i<n 0 rvy
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Some applications (1)

@ To simplify, take the X!s identically distributed as X and such that
E(X) =0. Set S, = YK ; X;. Take p > 2.
@ Using the fact that

E(_ max |Sk|P) —p/ xP7MP( max |Sy| > x)dx

1<i<n 1<I<I7
we get

@ for any r > 0,

o0
E S|P / P*l(l AR
(lrg,.agxnl K|P) < ) +—

+"/omx"*2E<<|X| —x/r)4)dx

@ Hence, taking r > p, the Rosenthal inequality follows:
E P p E(1X|P
(jmax [Sk|?) < v + nE([X]P)
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Some applications (2)

@ Let p > 2. Still in the identically distributed case, assume now that
the r.v.'s have a weak moment of order p:

sup tPPP(|X| > t) < 0.
t>0

This condition is equivalent to:
1 1
sup xP~ / Q(u)1g(y)>xdu <
x>0 0

where Q is the quantile function of |X| that is the generalized
inverse of H(t) = P(|X| > t).

@ The Fuk-Nagaev inequality gives the following deviation bound: for
any x >0andany r >0

1 1
1P(lrgiagxn |5k| = nx) < x"nr/2 * xPpp—1
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What about IP(max;<j<,|Sk| > nx) in the dependent

setting?

@ Let us consider the following Markov chain: Let a = p — 1 with
p > 2. Let A denote the Lebesgue measure on [0, 1]. Define the
probability laws v and 7T by

v=(1+a)x?A and = ax?"1A.

We define now a strictly stationary Markov chain by defining its
transition probabilities K(x, A) as follows:

K(x, A) = (1 — x)8x(A) + xv(A),
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What about IP(max;<j<,|Sk| > nx) in the dependent

setting?

@ Let us consider the following Markov chain: Let a = p — 1 with
p > 2. Let A denote the Lebesgue measure on [0, 1]. Define the
probability laws v and 7T by

v=(1+a)x?A and = ax?"1A.

We define now a strictly stationary Markov chain by defining its
transition probabilities K(x, A) as follows:

K(x,A) = (1 —x)éx(A) + xv(A),
@ Then 7T is the unique invariant probability measure of the chain with
transition probabilities K(x, -). Let (Y});c,_, be the stationary

Markov chain on [0, 1] with transition probabilities K(x, ) and law
mT.
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What about IP(max;<j<,|Sk| > nx) in the dependent

setting?

@ Let us consider the following Markov chain: Let a = p — 1 with
p > 2. Let A denote the Lebesgue measure on [0, 1]. Define the
probability laws v and 7T by

v=(1+a)x?A and = ax?"1A.

We define now a strictly stationary Markov chain by defining its
transition probabilities K(x, A) as follows:

K(x, A) = (1 — x)8x(A) + xv(A),

@ Then 7T is the unique invariant probability measure of the chain with

transition probabilities K(x, -). Let (Y});c,_, be the stationary
Markov chain on [0, 1] with transition probabilities K(x, ) and law
TT.

@ For any bounded function from [0, 1] to R, set

X; = f(Y;) — 7t(f) and Sn(f) = nilx,-.
i=0
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A Markov chain example (1)

@ For this chain, we can use regeneration technique and
decomposition in iid cycles.
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A Markov chain example (1)

@ For this chain, we can use regeneration technique and
decomposition in iid cycles.

@ Define a sequence (Ty)k>0 of stopping time as follows:

Ty = inf{i >0:Y; 75 Y,'_l} and Ty = inf{i >Te1: Y, ;é Y,'_l}
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A Markov chain example (1)

@ For this chain, we can use regeneration technique and
decomposition in iid cycles.

@ Define a sequence (Ty)k>0 of stopping time as follows:
Ty = inf{i >0:Y; 75 Y,'_l} and Ty = inf{i >Te1: Y, ;é Y,'_l}

@ Let Ty = Tyy1 — Ty. Therv.'s (Y7, Tk) k>0 are i.id.
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A Markov chain example (1)

@ For this chain, we can use regeneration technique and
decomposition in iid cycles.

@ Define a sequence (Ty)k>0 of stopping time as follows:
Ty = inf{i >0:Y; 75 Y,'_l} and Ty = inf{i >Te1: Y, ;é Y,'_l}

@ Let Ty = Tyy1 — Ty. Therv.'s (Y7, Tk) k>0 are i.id.

@ Y7, has law v and the conditional distribution of T given Y7, =y
is the geometric distribution G(1 — y): for any £ > 0

P(t > £ Yy, =y) = (1-y)".
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A Markov chain example (1)

@ For this chain, we can use regeneration technique and
decomposition in iid cycles.

@ Define a sequence (Ty)k>0 of stopping time as follows:
To=inf{i>0:Y;#Y_1}and Te =inf{i > Tx_1: Yi # Yi_1}

@ Let Ty = Tyy1 — Ty. Therv.'s (Y7, Tk) k>0 are i.id.

@ Y7, has law v and the conditional distribution of T given Y7, =y
is the geometric distribution G(1 — y): for any £ > 0

P(te > €Y7, =y) = (1—y)".
@ Let N, =sup{i € N: T; < n}. Write
Th,—1 N,—1

Sa(f) =Y Xe+ Z X = ToXo + Z T X1, + Z X
k=0 k=T, k=T,
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A Markov chain example (2)

Recall that
Ny =sup{i €e N: T; < n}

Setting ¢ = 3/(2E(11)), we have

-1

| E TkXTk’ > nx) < P(N, > [cn]+1)+]l’(0<r?gf<cn | ; TkXTk| > nx

= ]P(T[cn]+1 < n) +IP(0<I’?2XC”] ‘ Z TkXTk’ > nx

[cn]

<P() (—E(w)) < —n/2) +P( max | Z X, | = nx)
=0 0</¢<[cn]
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A Markov chain example (3)

@ We have
1 ‘ 1
P(n>0) = (a+1) [ y(1=y)dy < 7@ = g0
JO
So, using the Fuk-Nagaev inequality, we get that, for any r > 0,

No=1 1 1 1
]P(‘ k;() TkXTk’ 2 mx) < x"nr/? + xPpp—1 = pp—1

@ In addition IP(Ty > ¢) = fol— Yedmy < 472 = (1-P

@ Moreover

n—=1
P(| Y. X¢| > nx) <P(2f]leotn, > nx)
k=T,

<P(Nn > [en] +1) + ([en] + 1)P(2[|f||oTs > nx)
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A Markov chain example (4)

@ Finally, we get that for any r > 0,

1 1

PSa(F)] 2 m0) € o+ —

(%)
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A Markov chain example (4)

@ Finally, we get that for any r > 0,

1 1
x'nr/2 + xPnpp—1

P([Sn(f)] = nx) <

(%)

@ In this example, the return times T,'s have a weak moment of order
p:
IP(Tl > f) K (P

They play the same role as the random variables X 's in the iid case!
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A Markov chain example (4)

@ Finally, we get that for any r > 0,

1 1

PSa(F)] 2 m0) € o+ —

(%)

@ In this example, the return times T,'s have a weak moment of order

p:
IP(Tl > f) K (P

They play the same role as the random variables X 's in the iid case!
@ For this example,

n .1
Bln) = sup [K"(1) = ())<=

(see Doukhan, Massart and Rio (1994)) and the inequality can be
deduced from a more general inequality due to Rio (2000) for
a-mixing sequences.

Florence Merlevede joint work with J. Dedecker Université Paris



A Fuk-Nagaev inequality for a-mixing sequences: Rio

(2000)

@ Let (Xj,)nez be a strictly stationary sequence of centered
real-valued r.v.'s in L2, let X, = (X, k > n)

«(0) = 1/2 and a(n) = Hfsl\up<1 IE( (Xn)|Fo) — E(f(Xn)) |11

where ]:0 = O’(Xk, k < 0)
@ For any u € [0, 1], set
v Yu)=min{ge N:a(q) <u Z u<a(n
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A Fuk-Nagaev inequality for a-mixing sequences: Rio

(2000)

@ Let (Xj,)nez be a strictly stationary sequence of centered
real-valued r.v.'s in L2, let X, = (X, k > n)

«(0) = 1/2 and a(n) = sup [[E((Xs)|Fo) —E(f(Xn)) |1

[fllo<1
where ]:0 = O’(Xk, k < 0)
@ For any u € [0, 1], set
-1
a " (u)=min{ge N:a(q) <u Z u<a(n

@ Let Q is the quantile function of |X1|, that is the generalized
inverse of H(t) =IP(|X1| > t). So for u € [0, 1],

Q(u) =inf{t >0: H(t) < u}.
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A Fuk-Nagaev inequality for a-mixing sequences: Rio

(2000)

@ Let (Xj,)nez be a strictly stationary sequence of centered
real-valued r.v.'s in L2, let X, = (X, k > n)

«(0) = 1/2 and a(n) = sup [[E((Xs)|Fo) —E(f(Xn)) |1

[fllo<1
where ]:0 = O’(Xk, k < 0)
@ For any u € [0, 1], set
-1
a " (u)=min{ge N:a(q) <u Z u<a(n

@ Let Q is the quantile function of |X1|, that is the generalized
inverse of H(t) =IP(|X1| > t). So for u € [0, 1],

Q(u) =inf{t >0: H(t) < u}.
@ Note that

1
Hit) <t P «— supx”il/0 Q(u)1g(y)>xdu < o0
x>0
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@ Theorem (Rio (2000)). Setting R,(u) = (a1 (u) A n)Q(u), we
have for any x > 0 and any r > 1,

—r/2 1
1
]P(lgwfi(n\SkD > 4x) <4<1+ n) +4nx /0 Q(u)1R, (uysx/rdu,

where v2 > n):";l Cov(Xp, Xk)|.
n k=0
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@ Theorem (Rio (2000)). Setting R,(u) = (a1 (u) A n)Q(u), we
have for any x > 0 and any r > 1,

—r/2 1
1
]P(lgwfi(n\SkD > 4x) <4(1+ n) +4nx /0 Q(u)1R, (uysx/rdu,

where v2 > nZZ;é |Cov (Xo, Xk)|-
@ In the independent setting R,(u) = Q(u) and

1 H(x/r)
| @1gursdu= [ Qu)du
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Some applications (1)

Using the fact that

E(_max |Sk|P) —p/ xP~ 1]P Jmax |Sk| > x)dx

1<i<n

we get the following Rosenthal-type inequality: for any p > 2

1
E( max |Sk|P) < apv,‘,’—l—nbp/O (= (u) An)P7LQP(u)du

1<i<n

since, taking r = p+1,

) 1
P—2/ 1 dud
n/O X 0 Q(u) R(u)>x/rduax

NGRS i /Ol(vc_l(u) A n)PLQP(u)du

p—1
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Some applications (2)

o Let R(u) = a1 (u)Q(u). Let p > 2. Assume that

-1
sup 1 [ Q(u)1p(y) i < 00 (5)

x>0

then for any r > 0

1 1
]P(lrgl_agxn [kl 2 mx) < xrnr/2 + xPnpp—1
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Some applications (2)

o Let R(u) = a1 (u)Q(u). Let p > 2. Assume that

-1
sup 1 [ Q(u)1p(y) i < 00 (5)

x>0

then for any r > 0

1 1
]P(lrgl_agxn [kl 2 mx) < xrnr/2 + xPnpp—1

o If Q(u) < C, then (%) reads as a(n) < npl_l. Hence the Rio's
results can be applied with X = f(Yy) — 7t(f) where f is bounded
and Yy is the strictly Markov chain previously defined.
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Some applications (2)

o Let R(u) = a1 (u)Q(u). Let p > 2. Assume that

1
sup L [ Q(u) Ly < 00 (4)

x>0

then for any r > 0

1 1
P(max [Si] 2 nx) < 0 + 5o

o If Q(u) < C, then (x) reads as a(n) < —=. Hence the Rio's
results can be applied with X = f(Yy) — 7t(f) where f is bounded
and Yy is the strictly Markov chain previously defined.

@ Rio’s inequality is proved by using truncature, blocking arguments
and coupling. In the mixing coefficients, all the past and all the
future of the sequence are needed. The mixing coefficients can be
replaced by coefficients allowing coupling in IL1 (see Dedecker and
Prieur (2005)).
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Examples of non strong mixing processes

@ In the Markov chain setting with invariant probability measure 7,
the alpha-mixing coefficients read as

«(n) = su K"(f) — m(f
(n) f|J’<1”(' (F) = (F)])
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Examples of non strong mixing processes

@ In the Markov chain setting with invariant probability measure 7,
the alpha-mixing coefficients read as

«(n) = su K"(f) — m(f
(n) f|J’<1”(' (F) = (F)])

@ A lot of Markov chains, even very simple, are known not to be
strong mixing.
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Examples of non strong mixing processes

@ In the Markov chain setting with invariant probability measure 7,
the alpha-mixing coefficients read as

«(n) = su K"(f) — m(f
(n) f|J’<1”(' (F) = (F)])

@ A lot of Markov chains, even very simple, are known not to be
strong mixing.

@ Take for instance

Z 2/+1

where ({;) is an iid sequence of r.v.'s ~ B(1/2).
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Examples of non strong mixing processes

@ In the Markov chain setting with invariant probability measure 7,
the alpha-mixing coefficients read as

«(n) = su K"(f) — m(f
(n) f|J’<1”(' (F) = (F)])

@ A lot of Markov chains, even very simple, are known not to be
strong mixing.

@ Take for instance

_ — gnfi
Xn = Z 2i+1 -
i=0
where (&;) is an iid sequence of r.v.'s ~ B(1/2).

@ This is a Markov chain with invariant measure A the Lebesgue
measure on [0, 1] and transition Markov operator given by

k()0 =5((3) +(55))
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Examples of non strong mixing processes

@ In the Markov chain setting with invariant probability measure 7,
the alpha-mixing coefficients read as

«(n) = su K"(f) — m(f
(n) f|wp<1”(' (F) = (F)])

@ A lot of Markov chains, even very simple, are known not to be
strong mixing.

@ Take for instance

_ — gnfi
Xn = Z 2i+1 -
i=0
where (&;) is an iid sequence of r.v.'s ~ B(1/2).

@ This is a Markov chain with invariant measure A the Lebesgue
measure on [0, 1] and transition Markov operator given by

k()0 =5((3) +(55))

@ This Markov chain is not strong mixing !
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Intermittent Maps and their associated Markov chains

Example Let us consider a LSV map (Liverani, Saussol et Vaienti, 1999):

x(1+27xY) ifx€[0,1/2]

for 0 < v < 1, TW(X)—{zx_l if x € [1/2,1]

Graph of T,
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@ If v > 1, there is no abs. continuous invariant probability.
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@ If v > 1, there is no abs. continuous invariant probability.

@ If ¢ €]0, 1], there is only one absolutely continuous invariant
probability v. Its density h satisfies

0<c<h(x)/x "< C<oo
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@ If v > 1, there is no abs. continuous invariant probability.

@ If ¢ €]0, 1], there is only one absolutely continuous invariant
probability v. Its density h satisfies

0<c<h(x)/x "< C<oo

@ We can associate a Markov chain X = (X;);cz with invariant
probability measure v such that on the probability space
(T, T72, el T$) is distributed as (Xp, X,_1,..., X1). Therefore

v(_ max ’Z foT’—U ()] = x)

1<k<n -1
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@ If v > 1, there is no abs. continuous invariant probability.

@ If ¢ €]0, 1], there is only one absolutely continuous invariant
probability v. Its density h satisfies

0<c<h(x)/x "< C<oo

@ We can associate a Markov chain X = (X;);cz with invariant
probability measure v such that on the probability space
(T, T72, el T$) is distributed as (Xp, X,_1,..., X1). Therefore

v(_ max ’Z foT’—U ()] = x)

1<k<n -1
< P2 g, | 170X ()] 2

@ The Markov operator of the chain is the Perron-Frobenius operator
K defined as follows: for any positive measurable functions f and g,

v(foT-g)=v(f -K(g)).
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Dependence coefficients for the chain.

@ The Markov chain X = (X;);cz with invariant probability measure
v and transition operator K is not strong mixing.
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Dependence coefficients for the chain.

The Markov chain X = (X;);cz with invariant probability measure
v and transition operator K is not strong mixing.

However we have the following upper bounds: Let BV be the space
of bounded variation functions f from R to R with norm || - ||
defined as follows:

1] = max([[ oo, [f

).

where |f| = ||df||. Let By = {f € B : |[f| < 1}. Then there exist
positive constants C; and Cy not depending on n such that

. n _ G
Hy: fé'ElU(‘K(f) v(O) < =57

and, for any function f in BV,
Ho:  [K7(N)] < Gl

(See Dedecker, Gouézel, Merlevede (2010) where GPM maps have
been considered).
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@ Having H{ and Hy implies that there exists a constant C such that
for any k > 0 and any n > 1,

sup v([K"(F KX (g)) —v(F K (g))]) < F=
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@ Having H{ and Hy implies that there exists a constant C such that
for any k > 0 and any n > 1,

C
n k _ k < —
v V(KPR g) —v(f K @))) < S
@ This is equivalent to say that
C
n k _ k <
sup V(KM KER) — v (B KM ED]) < s

where fi(x) = 1<y —v(] — o0, t])
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The a-dependent coefficients for stationary sequences.

@ For any integrable random variable Z, let Z(0) = Z —E(Z). For
any random variable V = (V4, - - -, Vi) with values in R¥ and any
o-algebra F, let

a(F, V)= sup

E (f[(l‘/jéxf‘)( ‘f> ﬁ (1<) )

1
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The a-dependent coefficients for stationary sequences.

@ For any integrable random variable Z, let Z(0) = Z —E(Z). For
any random variable V = (V4, - - -, Vi) with values in R¥ and any
o-algebra F, let

a(F, V)= sup

<1H 1y<)' ‘7> Ikl(l\/jéw)(o))
=1

1

@ For a stationary sequence Y = (Y]);cz, let

apy(0)=1/2 , apy(n) = max  sup a(Fo,(Y,....Y;)),n>0

1<I<k n<ip<...<j
Note that a1 y(n) is then simply given by

a1y (n) = sup IE (1y,<x|Fo) = F(x)Il; .
S

where F is the distribution function of Py, .
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Important remarks.

@ Contrary to the usual mixing case, any function of a stationary
a-dependent sequence Y = (Y});cz is not necessarily a-dependent
(meaning that its dependency coefficients do no necessarily tend to
zero). Hence, we need to impose some constraints on the
observables.
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Important remarks.

@ Contrary to the usual mixing case, any function of a stationary
a-dependent sequence Y = (Y});cz is not necessarily a-dependent
(meaning that its dependency coefficients do no necessarily tend to
zero). Hence, we need to impose some constraints on the
observables.

@ If f is monotonic on some open interval and 0 elsewhere, and if

X = (f(Y;))jez, then for any positive integer k,

apx(n) < 2%ay y(n).

As a consequence, if one can prove a deviation inequality for
Y71 Yi with an upper bound involving the coefficients

(@ y(n))n=0 then it also holds for Y_;_; f(Y;), where f is
monotonic on a single interval.
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Important remarks.

@ Contrary to the usual mixing case, any function of a stationary
a-dependent sequence Y = (Y});cz is not necessarily a-dependent
(meaning that its dependency coefficients do no necessarily tend to
zero). Hence, we need to impose some constraints on the
observables.

@ If f is monotonic on some open interval and 0 elsewhere, and if

X = (f(Y;))jez, then for any positive integer k,

apx(n) < 2%ay y(n).

As a consequence, if one can prove a deviation inequality for
Y71 Yi with an upper bound involving the coefficients

(@ y(n))n=0 then it also holds for Y_;_; f(Y;), where f is
monotonic on a single interval.

@ The deviation inequality can be then extended by linearity to convex
combinations of such functions.
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The class of observables

@ Let H:R" — [0,1] be a tail function so it is non-increasing,
right-continuous and converges to zero at infinity.

@ Denote by Q = H™1 its generalized inverse.
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The class of observables

@ Let H:R" — [0,1] be a tail function so it is non-increasing,
right-continuous and converges to zero at infinity.

@ Denote by Q = H™1 its generalized inverse.

@ For y a probability measure on R and Q = H~! an integrable
quantile function, we define 2 classes of functions: Mon(Q, ],t) and

F(Q p).
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The class of observables

@ Let H:R" — [0,1] be a tail function so it is non-increasing,
right-continuous and converges to zero at infinity.

@ Denote by Q = H™1 its generalized inverse.

@ For y a probability measure on R and Q = H~! an integrable
quantile function, we define 2 classes of functions: Mon(Q, ],t) and

F(Q p).

@ Mon(Q, u) is the set of functions g which are monotonic on some
open interval of R and null elsewhere and such that
u(lg| > t) < H(t) forany t € R*.
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The class of observables

@ Let H:R" — [0,1] be a tail function so it is non-increasing,
right-continuous and converges to zero at infinity.

@ Denote by Q = H™1 its generalized inverse.

@ For y a probability measure on R and Q = H~! an integrable
quantile function, we define 2 classes of functions: Mon(Q, ],t) and

F(Q p).

@ Mon(Q, u) is the set of functions g which are monotonic on some
open interval of R and null elsewhere and such that
u(lg| > t) < H(t) forany t € R*.

e F(Q, ) is the closure in IL1 (1) of the set of functions which can
be written as Z’gzl apfy, where Z’gzl lag] <1 and f; belongs to
Mon(Q, ).
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The class of observables

@ Let H:R" — [0,1] be a tail function so it is non-increasing,
right-continuous and converges to zero at infinity.

@ Denote by Q = H™1 its generalized inverse.

@ For y a probability measure on R and Q = H~! an integrable
quantile function, we define 2 classes of functions: Mon(Q, ],t) and

F(Q p).

@ Mon(Q, u) is the set of functions g which are monotonic on some
open interval of R and null elsewhere and such that
u(lg| > t) < H(t) forany t € R*.

e F(Q, ) is the closure in IL1 (1) of the set of functions which can
be written as Z’gzl apfy, where Z’gzl lag] <1 and f; belongs to
Mon(Q, ).

@ A function belonging to F(Q, u) is allowed to blow up at an infinite
number of points.
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A deviation inequality for a-dependent sequences:

notations

@ For u € [0,1] and k € IN*, let

1

gk

zx;:,{((U) =min{g e N:a,y(q) <u} = u<ayy(n) -

0

n

Note that a1 y(n) < apy(n), and consequently ai%{ < ocg%(.
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A deviation inequality for a-dependent sequences:

notations

@ For u € [0,1] and k € IN*, let

1

gk

zx;:,{((U) =min{g e N:a,y(q) <u} = u<agy(n) -
0

n

Note that a1 y(n) < apy(n), and consequently ai%{ < ocg%(.

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in L.
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A deviation inequality for a-dependent sequences:

notations

@ For u € [0,1] and k € IN*, let

1

e

zx;:,{((U) =min{g e N:a,y(q) <u} = u<agy(n) -
0

n

Note that a1 y(n) < apy(n), and consequently ai%{ < ocg%(.

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in L.

@ Let X; = f(Y;) —E(f(Y])), where f belongs to F(Q, Py,). Let
5n 222:1 Xk-
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A deviation inequality for a-dependent sequences:

notations

@ For u € [0,1] and k € IN*, let

1

e

zx;:,{((U) =min{g e N:a,y(q) <u} = u<ayy(n) -

0

n

Note that a1 y(n) < apy(n), and consequently ai%{ < ocg%(.

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in L.

@ Let X; = f(Y;) —E(f(Y])), where f belongs to F(Q, Py,). Let
5n 222:1 Xk-

@ Given a positive integer n, define

Rn(u) = (ai%{(u) A n) Q(u), foruel0,1]
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A deviation inequality for a-dependent sequences: the

statement

Theorem (Dedecker & M. (2016)). For any x >0, r > 2, B €]r — 2, r]
the following deviation bound holds

P (1@% || = x) + / u)1R (u)sxdu
/2
+W/o RE'? (1) Q(u) 15, (4
n .
+W/O Rn/2(u)Q(u)1Rn(U)Sxdu'

where

_ n/ (a % (1) A m) @2 (u) 1, ()<,
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Some insights for the proof

@ To simplify assume that f is monotonic on IR and bounded by
M=1.
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Some insights for the proof

@ To simplify assume that f is monotonic on IR and bounded by
M=1.

@ As in the Rio's proof, we make blocks of size g with
ary(q) <v=Ry(x)if0<v<1/2and g <n.
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Some insights for the proof

@ To simplify assume that f is monotonic on IR and bounded by
M=1.

@ As in the Rio's proof, we make blocks of size g with
ary(q) <v=Ry(x)if0<v<1/2and g <n.

n

@ Setting where U; = Z X;i, we have

(i-1)g+1

J
Y U] +

i=1

max |Sk| < 2gM+ max
1<k< 1<2j<[2]

maX
1<2j-1<[2]
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Some insights for the proof

@ To simplify assume that f is monotonic on IR and bounded by
M=1.

@ As in the Rio's proof, we make blocks of size g with
ary(q) <v=Ry(x)if0<v<1/2and g <n.

@ Setting where U; = Z (i-1)g+1 X;i, we have
max Skl <2qM max U max
1<k< [5k] < 2 + Z 2 1<2 —1<[2]

o Let U = Uy — ]EIQ(,,Dq(Um), Ujp1 = Uzjy1 — lEg(Q,,l)q(UziH)

0

max |5k| <2gM+ max max
1< 2<2j<[1] 1<2171§[g] =
[n/q]
+ Y Ui =G
i=1
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A Rosenthal for stationary sequences

Theorem (M. & Peligrad (2013)). Let p > 2 and let (X;);cz be a strictly
stationary sequence of r.v.’s in LP and adapted to a stationary filtration
(Fi)icz. Then for any n > 1,

n
1
1
I max 15ille <o (1%llo+ 3., 2775 B0l

n

1 s \1/(20)

+ (EIWH]EO(Sk)Hp/z) ) ;
where 6 = min(1,1/(p —2)) and Eo(X) = E(X|Fo).
Remark If there exists B > 2/p such that nfﬁlE(Sg) is increasing,

B0 (SE) 112 IEo(S%) —E(SP)II2

/2 1 n /2 2L
np ( 21 k1+725/pp> < (]E )2 ( ; k1+25/P . )

k
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Application 1: a Rosenthal-type inequality

Let p > 2. Starting from

E( max |Sk|P) = p/ xP7IP( max |Sk| > x)dx
0

1<i<n 1<i<n
and applying the deviation inequality with
r=2<pB<2p—-2<r<2p

we get the following Rosenthal-type inequality

p/2
E(ma, I5:7) < /2 [ (a0 A n) Q2w

1<i<n

1
+ n/o (zxi%{(u) A n)P1QP(u)du
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Application 2: large deviation inequalities (3)

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in I

@ Let X; = f(Y;) —E(f(Y;)), where f belongs to F(Q, Py,).
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Application 2: large deviation inequalities (3)

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in I

@ Let X; = f(Y;) —E(f(Y;)), where f belongs to F(Q, Py,).

@ Let R(u) = ocz_#(u)Q(u). Let p > 2 and assume that

1
sup 1 [ Q(u) 1y < 0o (5)

x>0
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Application 2: large deviation inequalities (3)

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in I

@ Let X; = f(Y;) —E(f(Y;)), where f belongs to F(Q, Py,).
@ Let R(u) = ocz_#(u)Q(u). Let p > 2 and assume that

1
sup 1 [ Q(u) 1y < 0o (5)

x>0

@ Then, for p>2 anya€ (p—1,p) and any x > 0,

P 1 |5 | . < 1 n 1
- m —_F —.
n 1§I?én k=X nax2a nP~1xp
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Application 2: large deviation inequalities (3)

@ Let Y = (Y])jcz be a stationary sequence. Let Py, the distribution
of Yy and Q be a quantile function in I

@ Let X; = f(Y;) —E(f(Y;)), where f belongs to F(Q, Py,).
@ Let R(u) = ocz_#(u)Q(u). Let p > 2 and assume that
1
sup xP 1 [ Qu)1g(ysndu <0 (4)
x>0 0

@ Then, for p>2 anya€ (p—1,p) and any x > 0,

P 1 |5 | . < 1 n 1
- m —_F —.
n 1§I?én k=X nax2a nP~1xp

@ Forp=2,any a€ (1,2), any c € (0,1) and any x > 0,

1 1 1
— > e — R
P (n lrgnl?;(n |Sk| - X) < nacxa(l+c) + nx2
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Application 3: large deviation inequalities (2)

@ If we reinforce the condition (x) in the following: let p > 2 and
assume

/c;l(vci#(U))p‘IQ”(u)du <oo.
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Application 3: large deviation inequalities (2)

@ If we reinforce the condition (x) in the following: let p > 2 and
assume

-1
[ (a5 ()P QP (u)ea < oo
Jo + =
@ Then, forany a € (p—1,p) and any x > 0,
1

xP

1 1
) nP=2Pp ( max |Sy| > X> L —; +
=0 n 1<k<n X
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Application to intermittent maps: the LSV map.

@ Recall that

x(14+27x7) ifxe€[0,1/2]

for0 <y <1, T(x):= T“Y(X)_{QX_l if x € [1/2,1]
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Application to intermittent maps: the LSV map.

@ Recall that

x(14+27x7) ifxe€[0,1/2]

for0 <y <1, T(x):= T“Y(X)_{QX_l if x € [1/2,1]

@ Consider the Markov chain (Y;);cz with invariant measure v and
transition operator K and recall that

k
v(,mpx, Sk(A)] 2 x) < P2 max | 3, (F(¥) = v(F)] 2 %)

where S (f) = Y5 1 (fo TN —v(f)).
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Application to intermittent maps: the LSV map.

@ Recall that

for0<y <1, T(x):=T,(x)= {X(l +27x7)  ifx€[0,1/2]

o l2x—1 if x € [1/2,1]

@ Consider the Markov chain (Y;);cz with invariant measure v and
transition operator K and recall that

k
v(,mpx, Sk(A)] 2 x) < P2 max | 3, (F(¥) = v(F)] 2 %)
where S (f) = Y5 1 (fo TN —v(f)).
@ For any k > 1, there exist two positive constants C and D such
that, for any n > 0,
C

= <agy(n) < =
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Application to intermittent maps: the LSV map.

@ Recall that

for0<y <1, T(x):=T,(x)= {X(l +27x7)  ifx€[0,1/2]

o l2x—1 if x € [1/2,1]

@ Consider the Markov chain (Y;);cz with invariant measure v and
transition operator K and recall that

k
v(,mpx, Sk(A)] 2 x) < P2 max | 3, (F(¥) = v(F)] 2 %)

where S (f) = Y5 1 (fo TN —v(f)).
@ For any k > 1, there exist two positive constants C and D such
that, for any n > 0,

C
n(l=7)/v < ey (n) < nl=71/"

@ Assume that f € F(Q,v) and Q(u) < u=? for b € [0,1).
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Moment bounds.

@ Let p > 2. Since, for any b € [0,1/p]

1 n ay (k)
/O (a % (u) An)P QP (u)du < 2(k+1)p*2/0 Q°(u)du
k=0
< Y kP11 7 pb(1-7/7)
k=1
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Moment bounds.

@ Let p > 2. Since, for any b € [0,1/p]

1oy 1 n 5 [r2v(k)
/O(zxziy(u)/\n)pf QP(u)du < Y (k+1)P~ /0 QP (u)du
k=0
< Y kP11 7 pb(1-7/7)
k=1
@ It follows that
p nP/2 ifh< 2—9(p+2)
S, (f = 2p(1-7)
e O b T =)

Florence Merlevede joint work with J. Dedecker Université Paris



Moment bounds.

@ Let p > 2. Since, for any b € [0,1/p]

1 1 n 5 [r2x(k)
| @4 @ An 1o (wdu < Y- (k1) /0 QP (u)du
o - k=0
< Y kP11 7 pb(1-7/7)
k=1
@ It follows that
P nP/2 if b< 5Pt
max |Sc(F)|l| < A
+(y=1)(1—pb)) /7y 2—y(p+2)
1<k<n o n(Py+(r=1)(1=pb)) /7 if p > e
@ For instance our result applies if f is positive and non increasing on
(0, 1), with
f(x) < £ near 0, for some C > 0 and s € [0,1 — 7), and

S

™ X

belongs to F(Q, v) with Q(u) < u=s/(1=7)
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Large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1-7)).
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Large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1-7)).
@ Assume that ¢+ b(1 —1) < 1/2. Then for any a € (p—1, p) and
any x > 0,
1 1

1
2 )| > LT S
v (n 1?l?én|5k( )= X) < nax2a + nP—1xp
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Large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1-7)).
@ Assume that ¢+ b(1 —1) < 1/2. Then for any a € (p—1, p) and
any x > 0,
1 1 1
- > .
v (n 12/?én|5k(f)| - X) < nax2a + nP—1xp
@ Assume that v+ b(1 —y) = 1/2. Then, for any a € (1,2), any
c€(0,1) and any x > 0,
1 1
v = max |Sk(f)| > x| < +—.
nx

n 1<k<n
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Large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1-7)).

@ Assume that ¢+ b(1 —1) < 1/2. Then for any a € (p—1, p) and
any x > 0,

1 1 1
- > .
v (n 12/?én|5k(f)| - X) < nax2a + nP—1xp

@ Assume that v+ b(1 —y) = 1/2. Then, for any a € (1,2), any
c€(0,1) and any x > 0,

1 1 1
- > e T
v (n 121?;1 ‘Sk(f” - X) < nach(1+c) T nx2

@ With another deviation inequality, we have: Assume that
v+ b(1—1y) € (1/2,1). Then, for any x > 0,

1 1
- > _
v (5 max 154012 %) <

Florence Merlevede joint work with J. Dedecker Université Paris



To summarize the large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1—7)). Then
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To summarize the large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1—7)). Then
@ there exists a function f,, from R™ to R™ such that for any x > 0,

1 fb'y(x)
- > d .
y (nlgka;nwk(f) _x) « 22

Moreover sup,~.. xPfp o (x) < oo for any & > 0.
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To summarize the large deviations.

o Let fin F(Q,v) with Q(u) < u~? for some b € [0,1). Let
p=1/(y+b(1—7)). Then

@ there exists a function f,, from R™ to R™ such that for any x > 0,

v <1 max | Sk(f)] 2x> < f"'g(x) .

n1<k<n np—1

Moreover sup,~.. xPfp o (x) < oo for any & > 0.

@ When f is a bounded variation function (then b = 0), for any x > 0,
1 o, (%)
= > —_—
v (n \max |Sk(f)] = x) < -1

This upper bound (with S,(f) instead of the maximum) was
obtained by Melbourne (2009) when f is Holder continuous who
also proved that it is optimal.
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Thank you for your attention!
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