ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. Given a point S (the light position) in P® and an algebraic surface Z (the mirror)
of P2, the caustic by reflection £g(2) of Z from S is the Zariski closure of the envelope of the
reflected lines R, got by reflection of (Sm) on Z at m € Z. We use the ramification method
to identify Xs(Z) with the Zariski closure of the image, by a rational map, of an algebraic 2-
covering space of Z. We also give a general formula for the degree (with multiplicity) of caustics
(by reflection) of algebraic surfaces of P3.

INTRODUCTION

Let S[xo : yo : 20 : to] € P3 := P(W) (with W a 4-dimensional complex vector space) and let
Z = V(F) be a surface of P3 given by some F' € Sym?(WV) (i.e. F corresponds to a polynomial
of degree d in C[z,y, 2,t]). The caustic by reflection X5(Z) of Z from S € P? is the Zariski
closure of the envelope of the reflected lines R, of the lines (m.S) after reflection at m on the
mirror surface Z.

Since the seminal work of Tschirnhausen [14], caustics by reflection of planar curves have
been studied namely by Chasles [6], Quetelet [12] and Dandelin [7]. Let us also mention the
work of Bruce, Giblin and Gibson [3, 1, 2] in the real case. A precise computation of the degree
and class of caustics by reflection of planar algebraic curves has been done in [9, 10, 11]. The
idea was based on the fact that the caustic by reflection of an irreducible algebraic curve C of P2
from source Sy € P? is the Zariski closure of a rational map, called caustic map, defined on C.
Moreover, in the planar case, the generic birationality of the caustic map has been established
in [11, 4]. The study of caustics by reflection of algebraic surfaces is more delicate. We will see
that a generic point m of Z is associated to two (instead of a single one) points on ¥g(Z). This
is precisely described here.

A classical way to study envelopes is the ramification theory. Let us mention that this
approach has been used namely by Trifogli in [15] and by Catanese and Trifogli in [5] for focal
loci (which generalize the notion of evolute to higher dimension). We use here the ramification
theory to construct the caustic by reflection ¥ g(Z) and to identify it with the Zariski closure
of the image, by some rational map @, of an algebraic 2-covering space Z of Z. We will see
that, contrary to the case of caustics by reflection of planar curves, the set of base points
of <I>| ; is never empty. We give a general formula expressing the degree (with multiplicity)

of ¥g(Z) in terms of intersection numbers of Z with a particular curve (called reflected polar
curve) computed at the projection on Z of the base points of <I>‘ 5

The paper is organized as follows. Section 1 is devoted to the (complex) projectivization of
orthogonality in the real euclidean affine 3-space (which plays a crucial role in the present work)
and its link with the ombilical curve. In Section 2, we construct the reflected lines. In Section
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3, we use the reflected lines and the ramification method to define the caustic by reflection. In
Section 4, we define the appropriate 2-covering Z of Z and the rational map ¢. In Section 5,
we determine precisely the base points of ® . We define the reflected polar in section 6 and
use it in Section 7 to establish a formula for the degree of the caustic by reflection. Finally, in
Section 8, we precise a significative difference between the caustic by reflection studied in this
paper and the focal loci of generic varieties considered in [15, 5].

We denote by H® the plane at infinity of P3: H® = {[z:y:2:t]€P? : t=0}.

1. AFFINE AND PROJECTIVE PERPENDICULARITY, LINK WITH OMBILICAL CONJUGATION

Consider the real euclidean affine 3-space E3 of direction the 3-vector space E3 (endowed
with some fixed basis). Let W := (E3 & R) ® C (endowed with the induced basis). Let
j : B3 < P3 := P(W) be the natural map defined on coordinates by j(z,y,2) = [z :y : 2z : 1]
for every m(x,y,z) € F3. We are interested in the interpretation in the plane at infinity of
P? of perpendicularity at a point of two affine subvarieties of E3. Consider the two following
quadratic forms

gz, y,2) =2+  +22on E3®C and Q(z,y,2,t) =2° +y* + 22 on W.

Definition 1. The ombilical curve of P? is the irreducible conic Coo := V(Qg) = V(q) C
P(E3 ® C). We call cyclic point any point of Coo.

We recall that every (complex projectivized) sphere contains Cs. It is worth noting that, for
every m € F3, we have the following classical diagram
Bs <% P(W) <& W\{0}
Em

e
HOO
where II is the canonical projection and with &, is defined on coordinates by &, (m+ (z,y, 2)) =
[ :y:2:0]. Given any vector subspace V C Eg, the projective subspace V := j(m + V) of P3

(where K denotes the Zariski closure of K) is the complex projectivization of the affine subspace
V =m+V of E3. We observe that &, (V) is Vs := VN H™.

An affine line L (resp. an affine plane H) containing m € FEj3 is defined by m + V; (resp.
m + V3) with V; an i-dimensional subspace of E3. Recall that the (complex) projectivization
L of L (resp. H of H) is the projective line (resp. plane) of P3 of equations obtained by
homogeneization of the equations of L (resp. H).

Hence, two lines L, L’ containing m are perpendicular at m if and only if their points at
infinity are conjugated with respect the conic Cy .

A line L and a plane H containing m are perpendicular if and only if H. is the polar of /.,
with respect to the conic Cs in H>® = P2. This leads to the following definition of projective
normal lines to a plane.

Definition 2. Let H =V (h) C P3 (with h € WY\ {0}) be a projective plane and m € H \ H*®.
The normal line Npp(H) to H at m is the line containing m and neo(H) = I(k(Vh)) with
Kk : W — W defined on coordinates by k(a,b,c,d) := (a,b,c,0).

Remark 3. Given a projective plane H C P3 (H # H™®), if noo(H) = [u : v : w : 0] lies on
the ombilical (i.e. (u,v,w) lies on the isotropic cone V(q) in E3 ® C), then the line Hoo is
tangent to Coo at noo(H) in H™. In this case we have Ny, (H) C H.
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Let m = II(m) be a non singular point of Z \ H*>. We write 7,,(Z) for the projective
tangent plane at m to Z. We also define the projective normal line N,,(Z) at m to
Z is the projective normal line to 7,,(Z) at m, i.e. N, (Z) is the line containing m and
Noom(Z) = II(k(VF(m))).

Observe that the line at infinity 7o m(Z) of 7,,(Z) is the polar of the point at infinity
Noom(Z) of Ny (Z) with respect the conic Coo.

Later, we will see that the base points of the reflected map can be seen on the geometry on
the normals at infinity with respect to the ombilical. In particular isotropic tangent plane to Z
containing S will play some role.

Definition 4. A plane H = V(h) (with h € WV \ {0}) is said to be isotropic if Vh is an
isotropic vector for Q.

Remark 5. A plane H C P3 is isotropic if and only if either it is the plane at infinity H™ or
if Noo(H) is in Coo (i-e. H contains its normal lines).

In particular, the surface Z admits an isotropic tangent plane at one of its nonsingular point
mlz :y: 2z : 1] if and only if m belongs to V(Q(VF), F'). We note that the whole curve Cy is
contained in every complex projectivized sphere S, and that we have N, (S,) C T (S,) for all
m € S, \ H*°. This is also true for tori.

Consider some particular points on Z, playing a particular role in the construction of the
caustic map. Let By := V(F, AsF,Q(VF)) in P3, the interpretation in the plane at infinity is
the following one. Let m be a nonsingular point of Z \ H* then

S eTn(Z) (mS) C T (2) (MmS)os € Too,m(2)
Noom(Z) €Coo { Noom(Z) €Coo | Toom(Z) = Tnw (2 (Coo)
(1)
We observe that By is in general a finite set, but that, for the unit sphere, By is a curve (the
circle apparent contour of Z seen from S).

m680<:>{

Let us now specify some additional notations used in this paper. We write S(zo, yo, 20, to) €
W\ {0}. For any mlx :y: 2 :t] € P3, we will write m(x,y,z,t) € W\ {0}. For any d’ > 1
and any G € Sym® (WV), we write as usual G, Gy, G, Gy € Sym? ~1(WV) for the partial
derivatives of in z, y, z and t respectively.

2. REFLECTED LINES

The incident lines are the lines (Sm) with m € Z. We will define the reflected line R,, as
the orthogonal symmetric of (Sm) with respect to the tangent plane to Z at m. To this end,
we will define the orthogonal symmetric o(m) of S with respect to the tangent plane to Z at
m. Let us first explain how one can give a sense to the notion of orthogonal symmetries in P3
by complex projectivization of the euclidean affine situation.

2.1. Orthogonal symmetric and map o. To every injective linear map W i> W, corre-

sponds a unique morphism P(W) PQ;) P(W). Therefore, to every injective affine map Fs 5 Es,

corresponds a unique algebraic map P(W) Lg) P(W). This defines an injective groups homomor-

phism ¢ : Af f(Fs3) = E3xGI(E3) — P(GI(W)) such that ¢(Is(E3)) = t(E3xO(E3)) € P(O(Q)),
with Q = 22 4+ y? + 2% + 2 on W. We apply this to the orthogonal symmetry sy with respect

to some affine plane H = V(h) C E3 with h = ax + by + ¢z + d. Recall that sy is defined by
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sg(P) =P —2h(P) q(g%)). This leads to the morphism sy := t(sp,) : P> — P3 defined by P(sy,)
with

VP e W, s,(P):=Q(Vh) -P—2h(P)-k(Vh) e W,
with # = V(h) C P? and with h = ax + by + ¢z + dt the homogeneized of h. Now we extend
this definition to any projective plane H C P3 as follows.

Definition 6. Consider a plane H =V (h) C P3 (with h € WY\ {0} ). We define the orthogonal
symmetry sy with respect to H as the rational map given by sy = P(sy,) with

VP €W, s,(P):=Q(Vh) -P—2h(P)-k(Vh) € W.

We can notice that, when H # H>, sy (P) is well defined in P3 except if H is an isotropic
plane containing P (see Proposition 7). For any non singular m[x : y : z : t] € Z, we define
o(m) = s7,,2(S) = P(o)(m) with

o:=Q(VF)-S—2AgF -k(VF) €W on II"!(2),
with AgF the equation of the polar hypersurface of Pg(Z) given by AgF := DF -S (where DF

is the differential of F'). We extend the definition of o(m) to any m € W \ {0}. Observe that
o defines a unique rational map o : P3 — P3.

Proposition 7. The base points of the rational map 0|z are the singular points of Z, the points
of tangency of Z with H* and the points at which Z has an isotropic tangent plane containing

S.

Proof. We prove that the base points of o are the points of P? such that F, = y=F.,=0or
such that Q(VF) = 0 and AgF = 0. It is easy to see that these points are base points of o.
Now let m = [z : y : 2 : t] be a point of P? such that o(m) = 0.

o If Ag(F') =0, then, since S # 0, we get that Q(VF) = 0.

o If Q(VF) =0, then either AgFF =0 or k(VF) =0.

e Assume now that Q(VF) # 0. We have Q(VF) - S = 2AgF - k(VF). This implies
that k(VF) is non zero and proportional to S (which is also non zero), so that tp = 0
and 0 = yoFy — xoFy = 20F, — yoF. = xoF, — 20F;. Therefore, writing o for the ith
coordinate of o, we have

0 = oW =Q(VF)zo — 2(xF2 + yoFu Fy + 20 F, Fy)
= Q(VF)xo —2(x0F; + 2oF, + 20F7) = —Q(VF)o.
In the same way, we get 0 = 0 = —Q(VF)yy and 0 = ¢® = —Q(VF)z. This
contradicts the fact that Q(VF') # 0 (since S # 0).

O
Remark 8. Each ¢ belongs to Sym**Y(WVY). Moreover, for a general (Z,8), the set
V(F, F;, Fy, F,) is empty and the base points of 0|z are the 2d(d—1)? points of V(F,Q(VF), AsF).
2.2. Reflected lines.

Definition 9. For any m € Z, the reflected line R,, on Z at m is the line (mo(m)) when it
is well defined.

Definition 10. We write Mg z for the set of points m &€ P? such that m and o(m) are
proportional, i.e.

Msz:={meP® : Io: M] €P', Xg-m+ A -o(m)=0}.
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Observe that R, is well defined if m € Z\ Mg z.
Proposition 11. We have ZN Mg z = Z N (Base(o) U{S}UW), with
W= {m €Z : m= noo,m(z)7 ASF‘(WL) 7& 0, Q(m) = 0}7
With Neem (Z) = (k(VF(m))).
Proof. We prove ZN Mgz C Z N (Base(o) U{S} UW), the inverse inclusion being clear. Let
m € (2N Mgz)\ Base(c). Observe that, due to the Euler identity, we have 0 = DF(m) - m
and so 0 = DF -0 = —AgF - Q(VF). If AgF =0, then o = Q(VF)-S, som =o(m) = 5.

If QIVF) =0, then 0 = —2AgF - K(VF). So m = o(m) = Neom(Z); moreover AgF # 0 and
Q=0. O

3. CAUSTIC BY REFLECTION

Now, let us introduce some additional notations. We define Ng(m) as the complexified
homogenized square euclidean norm of Sm by

Ns(m) := (xtg — zot)? + (yto — yot)? + (zto — 2ot)%.

We will also consider the bilinear Hessian form Hessp of F' and its determinant Hg. Let us
see how to construct two maps ¢ = 1* : Z — P3 such that the surface 1)(Z) is tangent to the
reflected line R, at 1(m), for a generic m € Z. Observe first that 1)(m) is in R,, implies that
1(m) can be rewritten

P(m) = Ao(m) -m+ A (m) - o(m) € W\ {0},

with [Ag(m) : A\;(m)] € P! for every m € Z. The main result of this section is the next theorem
specifying the form of Ao and A\; (belonging to an integral extension of the ring Sym(WV))
which ensures that, for a generic m € Z, R, is tangent to ¢(Z) at ¥(m).

Theorem 12. Let ¢ : U — P3 (with U C Z) be given by
P(m) = g(m) - m+ A\(m)-o(m) €W,
with M\o(+) and \1(+) in an integral extension of Sym(WV) such that
a(m) (Ao(m))? + B(m) Ao (m) A (m) + () (A1 (m))* = 0
with o, B,y € Sym(WVY) given by

o :=AgF e Sym®{(WY), (2)
B:=—2[Hess F(S,0) + (AsF)?(Fyy + Fyy + F..)| € Sym®4(W") (3)
and .
= 5d—7 v
v = (d—1)2NSHF € Sym°*""(WY). (4)

Then, for every mlz 1y : z:t] € Z\ V(tQ(VFE)), the reflected line Ry, is tangent to ¥(Z) at
P(m).

It will be useful to introduce
Y(m, A\, A1) € W x C?, Qs,r(m, A, A1) = a(m)A} + B(m)AoA; + y(m)AT.
One may notice that, for a fixed m, Qg p(m, Ao, A1) is a quadratic form in (g, A;). Roughly
speaking, Theorem 12 states that the image of (-) = Ao(+) - id + A1 (+) - o(-) (for some Ay, A1 €

Sym(WY)[v/B2 — 4ay]) corresponds to a part of the envelope of the reflected lines R,,. More
precisely:
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Definition 13. The caustic by reflection Xg(Z) of Z from S is the Zariski closure of the
union on Y of the images of (Z), for the ¢ satisfying the assumptions of Theorem 12, i.e. the
Zariski closure of the following set

{(PeP?® : ImeZ, Io: M| €P, Qsr(m A, \1)=0and P=Xg-m+ )\ -o(m)}.
Proof of Theorem 12. Let m[x 1y : z : t] € Z\ V((Q(VF))). We will use several times the
Euler identity (G + yGy + 2Gy + tGy = diG if G is in Sym® (WV)). We use the idea of

ramification used for example in [15, 5]. The points of the caustic corresponding to m are the
points II(Ag - m + A1 - o(m)) with [Ag : \1] € P! such that the rank of the Jacobian matrix J of

j: (m,)\o,)\l) — ()\0 -m—l—)\l a(m),F(m))

is less than 5. We have

Ao + /\109(61) )\101(,1) )\109) /\10151) r o)
)\103(62) Ao + )\1052) )\109) /\10?) y o2
J = >\10'9(03) )\10’53) )\0 + )\10,23) A10'§3) z 0'(3) )
>\109(64) )\10'54) )\10’,&4) )\0 + )\10’154) t 0'(4)
F, F, F, F; 0 O

with ¢® the ith coordinates of o.

(1) First, let us explain this briefly. Let ¢ (-) be of the following form
() = Ao(m') - 1’ + Ay (1) - o (nn').
We define the following property
the line (mo(m)) is tangent to ¥(Z) at ¢(m). (5)

Recall that we have assumed (Q(VF))(m) # 0. Assume for example F,(m) # 0 (the
proof is similar if we replace F, by F, or by F,). Now, Property (5) means that there
exists A € WY \ {0} such that

Fy(m)
Afm) =0, Ao(m)) =0, A((D(m)- | = |y—g,
0
F.(m) F(m)
A(Dw) - [l =0 and A@@wm)- |0 D=0
0 —Fy(m)

and so that
A(m) =0, A(o(m)) =0, A, (m))Fy(m) = F;(m)A(, (m)),
Ay (m)) Fz(m) = Fr(m) A4, (m)) and A(th, (m))Fy(m) = F(m) A(tp,(m)).
Therefore, by taking b := A(¢,(m))/F;(m),
A(tp,(m)) = F>(m)b and A(tpy(m)) = Fy(m)b
and so that the rank of the following matrix is strictly less than 5

5o < szlgn) wyl%n) wé:n) ¢t]gn) m U((l)fn) ) € Mats4(C).

|
o
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Let us write C; the i-th column of J. We observe that the four first columns of J are
respectively equal to C1 + (A1)2Cs + (AF)2Cs, Oz + (A1)yCo + (AF)yCs, Cs + (M1).Co +
(A).C5 and Oy + (A1) Co + (AF):Cs. Therefore the J and J have the same rank and so
(5) means that rank(J) < 5.

Now we observe that, on Z, xCy + yCs 4+ zC5 + tCy = ACs + A\ Cg. Since t # 0, Cy is
a linear combination of the other columns and so the rank of J is strictly less than 5 if
and only if the following determinant is null:

Ao + )\10';((;1) /\10'3(/1) )\10'9) T 0'(1)
)\10;(,;2) Ao + /\103(,2) )\1022) y o®
D(m, Ao, A1) := )\1053) )\103(/3) Ao + )\1023) z o®
Ala§4) )\101(/4) )\10£4) t o@
F, F, F, 0 O

Now let us define

(zto — zot) Fo + (ylo — yot)Fy + (2to — 200) F
t

T:=Q(VF)-S+2 K(VE).

Observe that
2todF

T=0+ k(VF)

(due to the Euler identity). Therefore, on Z, we have & = 7. Now we observe that, on
Z, we have

Ao + )\17'1(»1) )\17"751) /\17';1) z 7D
)\17'5,(;2) Ao + >\17'?52) /\172(2) Y (2
D(m, Ao, A1) = )\17-9§3) )\17@53) Ao + )\172(3) z 73 |, (6)
)\17'924) )\17'154) A1 72(4) t @
F, F, F, 0 0

with 7() the ith coordinate of 7. Indeed, if we write L; the i-th line of the matrix (with
o) used in the definition of D and if we write L; the i-th line of the matrix (with 7)
appearing in the above formula, we obtain (due to the Euler identity) that, on Z, we
have I~/4 = L4, .Z/5 = L5 and

8 Uod 8 Uod 8 2Uod
T AlTOFxL5, Lo = Lo+ AlTOFng,, Iy =Ls+ A1T0F2L5.
On Z, we have
D(m, Ao, A1) = a1 (m)A] + B1(m)AoAr + 71 (m)AT, (7)

where a1, 81 and 1 can be expressed as follows (due to Euler’s identity ensuring that
—xFyty — yFyto — 2Fto + tooFy + tyoFy + tz2oF, = tAgF on 2)

a1 = Q(VF)tAsF =tQ(VF)«x (8)

By = —%Q(VF)B ()

y1 = —4t ' Ng.Q(VF).AgF.hp (10)
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with the following definitions of hr and B. First, on Z, we have

Fmr ny sz Fx
hF — Fl"y Fyy Fyz Fy
sz Fyz Fzz Fz

F, F, FE 0
= —FuuFy,F2 +2F,,F,F,.F, — Fy, F..F, + F2 F?
—2F, FyyFy. F, — 2F, FyF F, + 2F, Fy FyF., + 2F, F, F.Fy, +
+F.F) — 2F,F,.FF,. — F2F,F.. + F;F.,

t2
= (d_l)QHFa

where Hp is the Hessian determinant of F !. Therefore

"= ‘@fngS Q(VF).AsF.Hy = tQ(VF)y. (11)
Second
B = 0,F + 0y Fyy + 0. Fos 4 2(eq yFoy + €22 Fp. + €y . Fy2),
with
8 = (ot — ato)*(Fy + F2) + ((toy — tyo)Fy + (toz — tz0) F.)?

( +(

2(F + F2) + (to(yFy + 2Fz) — t(yoFy + 20F%))°
(F; + (to(xFy + tFy) + t(yoFy + 20F))?
(F + (toxFy + t(to Fy + yoFy + 20 F))?

xot — to 2(F2 + F2) + ((tox — zot)Fy + tAgF)?

= 2MG(F2 4+ F} + F2) + 2atot[—ao(Fy + F, + F2) + F,AsF] +

+agtt (B + Fy + F2) + t*(AsF)? — 2zot* F AgF

= 2MG(F2 4+ F} + F2) + tAsF (2atoFy — 2x0tFy) +

HH(F? + F) + F2) (gt — 2zaoto) + t*(AsF)?,

1Indeed, if we write C; for the i-th column of Hess F', due to the Euler formula, on Z, we have Cy = %VF —
(xé’l + yég + zé’g)/t (where VF is the gradient of F'); therefore

Foo Faoy Fpz Fit Foow Foy Foo F;
HF:: ny Fyy FUZ Fyt :E Fify FUy Fyz FZI
Fo: Fy: F.. Fu t Fp. Fy: F.. F;
th Fyt th Ftt th Fyt th Ft

Now, if we write L; the i-th line of the above matrix, using again the Euler identity, on Z, we have Ly =
L(F, Fy F. 0)— (zL1+yL>+ 2Ls)/t and we get Hp = (d — 1)*hp /t°.
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dy (resp. 0.) being obtained from 0, by interverting « and y (resp. x and z) and
€y = —(tox —zot)Fy((tox — zot)Fy + (toz — 20t) F%)

—(toy — yot) Fu((toy — yot)Fy, + (toz — 20t) F2) + (tow — zot)(toy — yot) F2

= (tox — zot) Fy[toy Fy + totFy + a0t Fy + 20t F.) +
+(toy — yot) Fy[tor Fy + totFy + yotFy + 2ot F.] +
+(tox — ot) (toy — yot) F7

= (tox — xot)FyltoyFy + tAsF — tyoFy] + (toy — yot) Fy[tor Fy + tAsF — tagFy] +
+(tox — xot)(toy — yot) F2

= tay(F2 + F} + F2) + tAsF((tox — 2ot)Fy + (toy — yot) Fr)
+H(Fy + Fy + F2)(tzoyo — to(yor + yo))

€z, (resp. €y ;) being obtained from ¢, , by interverting y and z (resp. x and z). On Z,
we have

0=aF,+yF,+ 2F, +tF, and (d — 1)Fy, = 2 Fpy + yFyw + 2Fop + tF,, Yw € {x,y, 2, t}.
Therefore
0=2?Fyy + Y2 Fyy + 2°Fop + *Fyy + 2(xyFuy + 22Fy, + 0t Fyy + y2Fy, + ytFy + 2tFyy)
and so
B = (F2+ F} 4 F2)(by + by + bs) + 2tAgFby + t*(ASF)?*(Fyg + Fyy + Fiz),

with
by = —t2(t2Fy + 2t(xFyy + yFy + 2Fy)) = —t2t(2(d — 1)F, — tFy),
by = t* (23 Fpx + Yo Fyy + 25 Foz + 220y0 Fiy + 22020 Fz + 2y020F,2),

bs = —2tty Z (wo(szw + ywa + zew))
we{z,y,z}
= 2ty Y (wo(tFuw — (d—1)Fy))
we{z,y,z}
and

by = Z Fw((toﬂf - 753'50)F‘ﬂmu + (toy - 753/0)}73111) + (tOZ - tZO)sz)

we{z,y,2}
= ) Fulto(d—1)Fuy — t(z0Few + Y0 Fyuw + 20Few + toFur)).

we{z,y,z}

Putting all these terms together, we get that B is equal to
t* [Q(VF) - Hessp(S,S) — 2AgF - Hessp(S, k(VF)) + (AsF)*(Fyp + Fyy + F2)] -
and so
B = t* [Hessp(S,0) + (AsF)?(Fyy + Fyy + F.2)]
which leads to
B1=1Q(VF)B. (12)
Hence the points of the caustic associated to m are the points II(Ag - m + A\ - o(m))
where [\g : \1] € P! satisfies

a1 (m)A2 + B (m)AA; 4+ v1(m)AF =0, (13)
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with a1, $1 and 1 given by (8)

, (12 ) and (11). Now, since tQ(VF) # 0, (13) means
that a(m)A3 + B(m)AoA; + y(m)A\? =

O

4. COVERING SPACE Z AND RATIONAL MAP &

We consider the algebraic covering space Zof Z given by
Z = {(m,[Mo: \1]) € Z x P! : Qg r(m, X, \1) = 0}.
This set is a subvariety of a particular algebraic variety denoted F(3)(—2d + 3,0) (by extending
the notations used by Reid in [13, Chapter 2]) which corresponds to the cartesian product of sets
P3 x P! endowed with an unusual structure of algebraic variety based on the following definition
of multidegree multideg(P) for P € Sym(W")[Ao, \1] = Clx, vy, 2, t, Ao, M1]:
multideg(:ca/yb/zc/td/)\8/)\{/) =(@+V+d+d+2d-3), ¢+ f).
With this notion of multidegree, we have
Sym(WY) o, M) = €D Cr.,
k>0
where C}, ¢ denotes the homogeneous component of multidegree (k, ¢). Now, we define F 3y (—2d+
3,0) as the quotient of W x C? by the equivalence relation ~ given by
(.T, y? Z, t? )‘07 Al) ~ (Q?l, y/7 Z/7 tlv 67 )‘/1)
& v eCr, 2,y 2 ¢, N) = (u, py, pz, pt, 11?4 3vdo, vAr).
We observe that HO(IF(g)(—Qd + 3,0)) corresponds to the set of P € Clz,y,z,t, Ao, \1] with
homogeneous multidegree multideg defined above.
Now, since F' € Sym¥(WV), a € Sym? 1 (WV), 8 € Sym>¥=4(WV) and vy € Sym>¥~"(WV),
we get that " and Qg r are in H?(F(3)(—2d+3,0)). Therefore Z is a subvariety of F(3)(—2d+3,0)
since it can be rewritten:

Z ={(m,[Ao: M]) € Fz(—2d +3,0) : F(m)=0 and Qg p(m,)o,\1) =0}

Since each coordinate of o is in Sym??~2(WV), the map ® : W x C2 — W given by

®(m, Ao, A1) = Ag-m+ A -o(m) € (Cyg1)1)*
defines a rational map ® : X — P? with

X = {(m,[Xo: M]) € Fz(=2d +3,0) : Qs r(m, Ao, A1) = 0}.

Let us denote by Bq;lZ the set of base points of the map <I>|Z, ie.

B, ={(m,[Xo: A1]) € Z : ®(m, X, \1) = 0}.
We consider the canonical projection m : F3)(—2d 4 3,0) — P? (given by m1(m, [A¢ : A1]) = m).
Notation 14. We write B := 7T1(Bq>|2).

Observe that, for any m € B, there exists a unique [Ag : A1] € P! such that \g-m+\;-o(m) =
0. This gives the following scheme
5 P

B¢‘Z s YA < X — 3

TBy + 111 71'1‘2¢2:1 mx42:1
B — Z s 3
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Therefore # By = #B.

Remark 15. The caustic by reflection Xg(Z) of Z from S corresponds to the following Zariski
closure

Note that B C Mg z (with Mg 7 defined in Definition 10) Due to the classical blowing-up
theorem, we obtain the following result valid in the general case.

Proposition 16. Assume that the set B is finite and that dim(Z N Mg z) < 1. Then there
exists § € N*U{oo} such that, for a generic point P € Y¥.g(Z), we have #[771(<I>|721({P}))\B] =4.

Proof. Observe that, by hypothesis, the set Bq>|2 is finite. Now, applying the blowing-up result

given in [8, Example II-7.17.3], we get the existence of a variety Z and of two morphisms
7:2Z— Z and ®: Z — P3 such that

e 7 defines an isomorphism from 71(Z \ Bg) onto Z \ Bg,
On 771(Z \ Bg), we have ® = ® o T,
®(Z) is the Zariski closure of ®(Z \ Bg), i.e. ®(Z) = Xg(Z2),

dim(Z) = 2,

E:=Z\nY(Z\ Bg) is a variety of dimension at most 1.

Let 6 be the degree of the morphism 3.

If § = oo, then dim(Ss(Z)) < dim(d(2)) < 2.

Assume now that § < co. Since ® is a morphism, every point of $(ZA ) has § preimages by

® in ®(Z). Now, observe that dim(¥g(Z)) = 2 and that dim(®(E)) < 2. Therefore, a generic
point of ¥g(Z) is in ®(Z) \ [(Z N Mgz) U®B(E)]. Let P in this set. We have

5 = 4o ((P)
= #{(m,[Mo: \]) € Z X Pl . Qs ,r(m, Ao, A1) =0 and II(Ag-m+ ;- o(m)) = P}.
Observe that, for m € ZN Mg z, ®(r; ' ({m})) = {m} by Definition 10. Since P ¢ Z N Mg z,
we know that @E({P}) Na; (Mgz) = 0. So, for any m € 7r1(<I>|_Zl({P})), there exists a
unique [Ag : A1] € P! such that (m,[Xo, \1]) € @E({P}) Therefore § = #m(fble({P})) =
#m (1 ({P)\ B] (since #m (@2 (P)) N B € m(@1({PH) N Msz = 0. =

5. BASE POINTS OF @

Proposition 17. The base points of ®, are the points (m, [No : M) € Z satisfying one of the
following conditions:

(1) m € V(F,AgF,Q(VF)) (i.e. m € Sing(Z) or m is a point of tangency of Z with an
isotropic plane containing S) and Ao = 0,

(2)t=F,=F,=F, =0 and 2> + y> + 22 = 0 (i.e. m is a cyclic point with T, Z = H>)
and Ay = 0,

B)t=F,=F,=F,=0 (i.e. TnZ=H>)and Hr =0 and \g =0,

(4) m =S € Z and [\o : \1] is the unique element of P! such that \g- m+\Q(VF)-S =0,
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(5) m is a cyclic point (i.e. m € Cx), [Ao : M| = [2AgF (Fpp + Fyy + F>2) : 2d — 1] # [0 : 1]
and (Fpp + Fyy + F>2) -m = (2d — 1)k(VF).

Proof. Let us prove that any base point (m,[Ao : A1]) has one of the form announced in the
statement of the proposition (the converse being direct). Let (m, [Ag : A\1]) € Bg, ,. By definition
of ®, we have 0 = Ao-m+ Ay - o(m). So m € ZN Mg z and these m have been determined in
Proposition 11.

e Assume first that o(m) = 0. Then the unique [\g : ;] € P! satisfying \g-m+\;-0(m) =

0is [Ao : A1] =[0: 1]. Hence A\g = 0, A1 # 0 and so Qs p(m, Ao, \1) = y(m)\7.

If AsF(m) =0 and Q(VF(m)) = 0, then v(m) = 0.

Otherwise, according to Proposition 7, we have F,, = Fj, = I, = 0 and so t = 0. Now,
we have y(m) = 0 if and only if (22 + y* + 22)t3Hp = 0.

e Assume now that m = S and o(m) # 0. Then AgF(m) = 0 and so o(m) = Q(VF(m))-
S. We consider the unique [\, A\1] such that A\g-m+ A;-o(m) = 0. Observe that A\g # 0
and that Ay # 0. Since AgF(m) = 0, we have Qg r(m, o, A1) = S(m)AoA;. But
f(m) = —2Hesspm(S,0(m)) = 0 due to m =S = o(m).

e Assume finally that m € W. We have AgF(m) # 0, 22 + y?> + 22 = 0, m = [F(m) :
Fy(m) : F,(m) : 0], t = 0 and o(m) = —2AgF(m)x(VF(m)). Since t = 0, it follows
that Ng(m) = (2% + y?> + 2%)tZ = 0 and so that y(m) = 0. Let [\, \1] € P! be
such that Ao - m + A1 - o(m) = 0. We observe that A\; # 0 and A9 # 0. We have
a(m)A3 = AgF(m)A3 and

—2 - Hesspm(S, o(m))AA; = 2Hesspm (S, m)AE = 2(d — 1)AgF(m),
since (d — 1)Fy = xFpp + yFyw + 2F. + tFy, for every w € {z,y, z}. Hence we have
Qs.r(m, Mo, A1) = (2d — 1)As F(m)Aj — 2(As F(m))*(Fye(m) + Fyy(m) + F(m)) Ao s

Hence Qs r(m, Ao, A1) = 0 if and only if Ao/A1 = 2AgF(m)(Fyp(m) + Fyy(m) +
F..(m))/(2d — 1). We conclude by using A\g - m + A; - o(m) = 0 and the formula
obtained for o (m).

O
Corollary 18. A point m is in B if and only if it satisfies one of the following conditions:

(1) me By =V (F,AsF,Q(VF)), i.e. m is a singular point of Z or m is a point of tangency
of Z with an isotropic plane containing S (see also (1)),

(2) m is a point of tangency of Z with H* and m lies on the ombilical curve Coo,
(3) m is a point of tangency of Z with H™ and m lies in the hessian surface of Z,
(4) m=S5¢€Z,

(5) m lies on Cx and (Fyp + Fyy + F>2) -m = (2d — 1)k(VF).

This can be summarized in the following formula
B=Zn[V(AsF,Q(VF)) U{S} UV(HF - Q,k(VF))oo UGso],
with Goo = {m € Cx : (Fypo + Fyy + F..) - m = (2d — 1)x(VF)}.

Remark 19. The set B is never empty. FExzcept (iv), the forms of the base points are very
similar to the base points of the caustic map of planar curves (see [9]).

For a general (Z,85), the set B consists of the points at which Z admits an isotropic tangent
plane containing S, i.e. B =By =V (F,AgF,Q(VF)), and in general Z has no singular point
and By NH>® = 0. In this case B is fully interpreted by (1).
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6. REFLECTED POLAR CURVE

Let H € Pic(P?) be the hyperplane class. We will identify 71 .(®*H?) € As(P?) with the
class of sets Py p C P3 defined as follows.

Definition 20. For any A, B € WV, we define the set Ds g := V (A, B) C P? and the reflected
polar P4 g by
Pap = (27 (Da,p)) Um (Base(®)),

i.e. Pa p corresponds to the following set:

{m S P3 . 3[)\0, )\1] S Pl, A()\om+)\10'(rn)) =0, B()\Om+)\10'(m)) =0, Qs’p(m, A0, )\1) = O}.
Observe that dim Mg z > 1 since Base(c) € Mg z (see Definition 10 for the definition of

Mg z).

Proposition 21. Assume that dim Mgz = 1. For generic A, B in WY, Dagp is a line and
Pap =V(K1, K, K3), with

Ki(m) := A(o(m)) B(m) — A(m)B(o(m)), Kz(m):= Qs r(m,—A(o(m)), A(m)),
K3(m) := Qs,r(m, —B(o(m)), B(m)).
Proof. Assume that D4 p is a line that does not correspond to any line (mo(m)) for m €

P3\ Mg z (this is true for a generic (A4, B) in (W")?) and does not contain any point of Mg z
(this is true for generic (A, B) in (WVY)? since dim Mg z = 1). Hence

V(A,B,Aoo,Boo) =0 in P> (14)

Let m € P4 p and [\ : \1] € P! be such that A(®(m, \g, A1)) = 0 = B(®(m, X\g, \1)) = 0 and
Qs,r(m, A\g, A1) = 0. This implies that

Ao-A(m) + A - A(o(m)) =0 = Ao - B(m) + A\ - B(o(m)).

Hence (—A(o(m)), A(m)) and (—B(o(m)), B(m)) are proportional to (Ag, A1). Since Qg r(m, Ao, A1) =
0, we conclude that m is in V (K, Ko, K3).

Conversely, assume now that m is a point of V (K, Ka, K3). According to (14), we have
A(m) # 0 or B(m) # 0 or A(oc(m)) # 0 or B(o(m)) # 0.

Observe that (—A(o(m)), A(m)) and (—B(o(m)), B(m)) are proportional and at least one is
non null. Let [\ : 1] be the corresponding point in P!. we have

AN -m+ A -o(m)) =0and B(Ag-m+ A1 - o(m)) =0,
Qs,r(m, X, A1) = 0.
O

Notation 22. We write Bs z for the set of points m € P3 for which Qs r(m, X\o, A1) = 0 in
ClXo, A1l

Observe that, for m € P3\ Bg z, there are at most two [Ag : A1] € P! such that Qs r(m, Ao, A1) =
0, and so #(X Nwyt(m)) < 2.
Remark 23. According to the expressions of o, a, 8 and 7y, we have

BS,Z = V(Oé, ﬁ77) = V(ASFa HeSSF(S7 S) : Q(VF))
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We observe that dim Bgz > 1. Observe that (Mg z U Bg z) is the set of m € P3 such
that ®(7~1({m})) = O(Vect(m,o(m))). When m € Mgz, ®(m~1({m})) = {m} and when
m € Bgz, ®(m71({m})) = Ry Recall that B = 7T1(B¢|Z)-

Proposition 24. Assume that dim(Bgz U Mg z) = 1 and that #B < oo. Then, for generic
A, Be WY dimPyp=1 and degPap = (2d —1)5(d — 1).

Proof. As in the proof of the preceding proposition, we consider generic (4, B) € (WVY)? such
that (14) holds true. Since dim Bgz < 1, we also assume that this generic (A, B) € (WV)?
satisfies

#{mEB&Z : RmﬂDA,B#®}<OO, (15)
where R, is the line (mo(m)). Recall that Py p = V(K;, Ks, K3). First, we observe that
Ky € Sym?~1(WV) (it is non null for generic (A, B) since dim Mg z < 1) whereas K, K3 €
S’ymg’(d*l)(WV). Now, if m is a point of P3\ V(A, Ao o), then the following equivalence holds
true

m € 'PA’B < meE V(Kl,Kg)

and that, if m is a point of P>\ V(B,Bo o), then m € Pap < V € V(K1, K3). Therefore
dimPy p € {1,2}.

e Let us prove that dimP4 p = 1. Assume first that dim(Xg(Z)) < 1. Then, for generic
(A,B) € (WY)2 we have 5(Z) N Dap = 0. Therefore, Wl(@lle(DAyB)) = ) and so
Z NP, = Bis a finite set, which implies that dim P4 g < 1.

Assume now that dim(3¥g(Z)) = 2. Let us consider a generic (A, B) € (W")? such
that #(X5(Z2) N D g) < oo and such that, for every P € ¥5(Z) N D4 g, we have

#m (2, ({PH)\ B =,

(see Proposition 16). This implies that ;@ém((l)‘}1 (Da,B)) <ooandso#(ZNPap) < oo
(since #B < 00). Hence dim Py g < 1 since dim Z = 2.

e Let (A, B) as above. Since dimPy p = 1, degPa,p corresponds to #(Pa,p NH) for a
generic plane H in P3.

Since dim Mg z = 1, for a generic (A, B) € (WV)2, we have dimV(4,A00) =
and dimV(B,B o o) = 1. Since dimP4 p = 1, we conclude that dim V (K, K3)
dim V(Kj, K3) = 1. Moreover, for a generic (A, B) € (WVY)2, we have

#E < oo, with E:=V(A,Aoo,K3) UV(B,Boo,K3) < oo.
Indeed, let us explain how we get #V(A,Ao0,K3) < co. Let m € V(A, Ao o).
According to (14), [-B(o(m)) : B(m)] € P!, therefore —B(o(m)) - m+ B(m) - o (m) is
in R, N DA p. According to (15), we obtain #(V (A, Ao o, K3) N Bg z) < co. Now, for
m € V(A, Aoo)\Bg, z, there are at most two [Ag : A1] € P! such that Qg g (m, Ao, A1) = 0,
therefore, for a generic B,

#{(m,[Mo:M])eX: me V(A ,Aoo)\ Bsz, B(®(m,[ o, \1])) =0} < o0
and so #(V(A,Aoo0,K3)\ Bsz) < oo. This implies #V (A4, A0 o,K3) < oo for a
generic (A, B) € (WVY)2. In the same way, we get #V (B, B o a, Ks) < oo for generic
(A,B) € (WY)2,

Now, for a generic hyperplane H (containing no point of E and such that #H N
V (K1, K2) = (2d — 1)5(d — 1)), we have

degPap=#HNPap=#HNV(F,F) = (2d —1)5(d — 1).

1
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7. A FORMULA FOR THE DEGREE OF THE CAUSTIC

Recall that B has been completely described in Corollary 18 (see also Remark 19 for the
general case). We refer to Definition 10 and Proposition 11 for Mg z and to Notation 22 and
Remark 23 for Bg z.

Proposition 25. Assume that dim Mg z =1, that #(Bs,z N Z) < 0o and that #B < oo.

If dim(Xg(2)) < 2, for a generic (A, B) € (WY)2, we have

0=5d(d—1)(2d—1) = Y im(Z,Pan)
meB

If dim(X5(Z)) = 2, for a generic (A, B) € (WV)2, if § < oo, we have

mdeg(Ss(Z)) =5d(d —1)(2d — 1) = Y im(Z,Pap),
meB

where mdeg(Xs(2)) is the degree with multiplicity of (Xs(Z2)) (mdeg(Xs(Z2)) = ddeg(Xs(2)),
see Proposition 16 for the property satisfied by ), where d is the degree of the polynomial F
such that Z = V(F) and where i,,(Z,Pa ) denotes the intersection number of Z with Pa g at
point m.

Let us notice, that in this formula, we can replace i,,(Z,Pa ) by im(Z,V(F1, F3)), with the
notations of the proof of Proposition 24.

Proof of Proposition 25. First observe that for a generic (4, B) in (WVY)?, we have deg(Pa ) =
5(d—1)(2d — 1).

If dimX¥g(2) < 2 (i.e. § = 00), taking (A, B) such that deg(Pa p) = 5(d — 1)(2d — 1) and
DapNXg(Z) =0, we have P4 p N Z = B and so

bd(d—1)(2d—1) = deg(Z)deg(Pas)= Y. im(Z,Pan)

meEZNPa B
= Y im(Z,Pan) =Y im(Z,Pap).
meB meB

Assume now that dimXg(Z) = 2 (i.e. that J is finite). We consider (A, B) such that the
following conditions hold true:

(0) D4,p is a line containing no reflected line R, = (mo(m)) (m € 2),

(1) deg(Pap) = 5(d — 1)(2d — 1),

(2) the points P € Dy p N Xg(Z) are such that #[Wl(q)fZl({P})) \ B] = ¢ (this is generic
according to Proposition 16),

(3) For any P € Dy p N Xg(Z), we have ip(Xg(Z),Dap) = 1 (this is true for a generic
(A, B) since Xg(Z) is a surface),

(4) the line D p intersects no reflected line R,, with m € Bgz (this is generic since
#(Z N B&g) < OO),

(5) for any m € (PapN Z) \ B, we have i,,(Z,P4 ) = 1 (this is explained at the end of
this proof).
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Due to (1), we have

5d(d—1)(2d—1) = deg(Z)deg(Pas)= Y  im(Z,Pan)

meZNPa B
= > im(Z,Pas)t+ Y.  im(Z,Pap).
meB me(ZNPy,5)\B

Now, we have

Y im(Z2,Pap) =#(ZNPap)\B) due to (5)
me(ZNPa,5)\B

— #[m(@'_Z}(DA,B)) \ B]

= 0#(X5(Z2)NDyp) dueto (2)
= 0 ip(8s(2),Dap) = 6deg(Ss(Z)) due to (3).
P

Let us now explain why (5) is true for a generic (A, B). Let m € (PapN Z) \ B. Due to (4),
m e 771(<I>|7ZA1
m € Z \ Bg z, there exist two maps YT : U — P3 defined on a neighbourhood U of m in P3
such that, for any m € U, ®(7;'({m})) = {¢~(m),s»"(m)}. Let ¢ € {+,—} be such that
®(r;'({m})) N Dap = {¢°(m)} (¢ is unique for a generic m € Z according to (0)) and the
tangent space to P4 p at m is given by

V(A o Dy (m), B o DY (m)),

where D1*(m) are the jacobian matrices of ¢/ taken at m. Now, with these notations, for a
generic m in Z, Dy*(m) are both invertible. This combined with (3) gives the result. O

(Da,B)) \ Bs,z. We consider the cone hypersurface Kz of W associated to Z. Since

8. ABOUT A REFLECTED BUNDLE

Recall that Oz(—1) = {(m,v) € Z x W : v € m}. Observe that the set R(—1) of (m,v) in
the trivial bundle Z x W such that v corresponds to a point of P3 on the reflected line R, is:

R(-1)=0z(-1)+{(m,v) € ZxW : vea(m)}.

Observe that this sum is direct in the generic case (when S € Z and when W = (), see Proposition
11). But, contrarily to the normal bundle considered in [15, 5] to study the evolute, R(—1) does
not define a bundle since its rank is not constant. Indeed, the dimension of Vect(m, o(m))
equals 2 in general but not at every point m € Z (it is strictly less than 2 when m is a base
point of 0|z and, as seen in Proposition 7, such points always exist).
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