
Chapter 3

Invariants : Chern classes and cohomology

In this chapter, we will focus on some invariants of toric sheaves, namely characteristic
classes and cohomology groups. In both cases, we will define those invariants through
their properties. Our goal is then to give simple descriptions in terms of Σ-families.
This is achieved in Theorem 3.2.5 for Chern classes, and in Corollary 3.3.6 and The-
orem 3.3.8 for cohomology. We then give applications of those results, by computing
these invariants for some classical examples, such as ideal and tangent sheaves.

3.1 Resolutions

One of the main tools to compute the aforementioned invariants are resolutions. In
this first section, we will describe Klyachko’s resolution for locally free toric sheaves
over smooth toric varieties, and discuss Perling’s resolution for toric reflexive sheaves
over normal varieties.

Klyachko’s resolution

Let E be a coherent sheaf on a variety 𝑋 . A locally-free resolution for E is an exact
sequence

. . . → F𝑖 → . . . → F1 → F0 → E → 0 (3.1)

of coherent sheaves such that F𝑖 is locally free for all 𝑖 ≥ 0. If there is 𝑟 ∈ N∗ such that
F𝑖 = 0 for all 𝑖 ≥ 𝑟, we say that the resolution is finite, and if all the F𝑖 split, we call
this sequence a free resolution. Finally, if E is a toric sheaf and (3.1) is in the category
of toric sheaves, we will use the terminology toric resolution. Given a coherent sheaf
on a smooth projective variety, one can always find a finite locally-free resolution, cf
[25, Corollary II.5.18 and Exercise III.6.9]. In the smooth and complete toric case,
Klyachko produced an explicit finite, free, toric resolution for any locally free toric
sheaf, out if its family of filtrations [39]. The construction goes as follows. Let E be a
locally free toric sheaf with family of filtrations (𝐸𝜌 (•)) over a smooth and complete
toric variety 𝑋 . Over each affine subset 𝑈𝜎 ⊂ 𝑋 , with 𝜎 ∈ Σ, the sheaf E is free by
Proposition 1.3.25. Hence, by Proposition 2.2.14, we can find a decomposition

𝐸 =
𝑟Ê
𝑖=1

𝐸𝑚𝑖 (3.2)
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with weights (𝑚𝑖)1≤𝑖≤𝑟 ∈ 𝑀𝑟 such that for each 𝜌 ∈ 𝜎(1),

𝐸𝜌 (⟨𝑚, 𝑢𝜌⟩) =
Ê
𝑚𝑖≤𝜌𝑚

𝐸𝑚𝑖 .

We which to extend this splitting to the whole of 𝑋 . To do so, following Perling’s
presentation [58, Section 6.1], we introduce the function

𝜈 : Σ(1) → Z
𝜌 ↦→ min{𝑖 ∈ Z | 𝐸𝜌 (𝑖) = 𝐸}. (3.3)

We then define a family of filtrations (𝐹𝜌
𝜎 (•)) by setting for each 𝜌 ∈ Σ(1) :

∀ 𝑗 ∈ Z , 𝐹
𝜌
𝜎 ( 𝑗) =



𝐸𝜌 ( 𝑗) if 𝜌 ∈ 𝜎(1)
{0} if 𝜌 ∉ 𝜎(1) and 𝑗 < 𝜈(𝜌)
𝐸 if 𝜌 ∉ 𝜎(1) and 𝑗 ≥ 𝜈(𝜌),

(3.4)

with associated reflexive 𝑇-sheaf F𝜎 , cf Theorem 1.3.20. The sheaves (F𝜎)𝜎∈Σ sat-
isfy the following properties.

Lemma 3.1.1. Assuming that 𝑋 is smooth and E locally free, the sheaves (F𝜎)𝜎∈Σ
defined by (3.4) satisfy the following :

(i) For each 𝜎 ∈ Σ, F𝜎 is a splittable locally free 𝑇-sheaf,
(ii) For each 𝜎 ∈ Σ, there is an equivariant injection 𝜙𝜎 : F𝜎 → E that restricts

to an isomorphism over𝑈𝜎 ,
(iii) For each pair 𝜏 ≤ 𝜎 of cones in Σ, there is an equivariant injection 𝜙𝜏𝜎 :

F𝜏 → F𝜎 that restricts to an isomorphism over𝑈𝜏 .

Proof. For (𝑖), fix 𝜎 ∈ Σ. We have a decomposition

𝐸 =
𝑟Ê
𝑖=1

𝐸𝑚𝑖

for weights [𝑚𝑖] ∈ 𝑀/(𝜎⊥ ∩ 𝑀) such that for each 𝜌 ∈ 𝜎(1),

𝐹𝜌 (⟨𝑚, 𝑢𝜌⟩) = 𝐸𝜌 (⟨𝑚, 𝑢𝜌⟩) =
Ê
𝑚𝑖≤𝜌𝑚

𝐸𝑚𝑖 .

Then, by (3.4), each 𝐹𝜌 ( 𝑗) is a direct sum of the 𝐸𝑚𝑖 ’s, and Klyachko’s compatibility
criterion is satisfied, as well as Proposition 2.2.14(iii). Hence, F𝜎 is a splittable locally-
free 𝑇-sheaf.

For (𝑖𝑖), note that for each 𝜎 ∈ Σ, the identity 1𝐸 : 𝐸 → 𝐸 induces an inclusion
𝐹
𝜌
𝜎 ( 𝑗) ⊂ 𝐸𝜌 ( 𝑗) for each 𝜌 ∈ Σ(1) and 𝑗 ∈ Z, which is an isomorphism when 𝜌 ∈ 𝜎(1).

The result follows by Theorem 1.3.20. The same argument shows (𝑖𝑖𝑖).
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For 𝜎 ∈ Σ, the knowledge of the weights (𝑚𝑖)1≤𝑖≤𝑟 ∈ 𝑀𝑟 of the splitting (3.2)
enables to describe explicitly the decomposition of F𝜎 into a direct sum of line bundles.
Indeed, we find in Exercise 3.1.7 :

F𝜎 =
� 𝑟Ê

𝑖=1
O𝑋

 − ∑︁
𝜌∈𝜎 (1)

⟨𝑚𝑖 , 𝑢𝜌⟩ 𝐷𝜌
� � ⊗O𝑋 O𝑋

 − ∑︁
𝜌∉𝜎 (1)

𝜈(𝜌) 𝐷𝜌
�
. (3.5)

The families of filtrations of the sheaves (F𝜎)𝜎∈Σ contain all the information about
(𝐸𝜌 (•)). We would like to produce a toric free resolution of E out of the (F𝜎)𝜎∈Σ. For
this, we need first a surjective morphism from a split locally free𝑇-sheaf to E . The most
natural choice would be to consider the sum of all the inclusions 𝜙𝜎 : F𝜎 → E , for
𝜎 ∈ Σ. We could actually restrict the sum over maximal dimensional cones. However,
to extend this first map to a complex, we will consider instead a signed sum, defined
as follows. We fix an ordering of the rays Σ(1) = {𝜌0, . . . , 𝜌𝑝}. For each maximal
dimensional cone 𝜎 ∈ Σ(𝑛), written 𝜎 = 𝜌𝑖1 + . . . + 𝜌𝑖𝑛 with 𝑖1 < . . . < 𝑖𝑛, set 𝑗0 <

. . . < 𝑗𝑝−𝑛 to be the elements in {0, . . . , 𝑝} \ {𝑖1, . . . , 𝑖𝑛}. We then define 𝜀𝜎 to be +1
if (𝜌𝑖1 , . . . , 𝜌𝑖𝑛 , 𝜌 𝑗0 , . . . , 𝜌 𝑗𝑝−𝑛 ) is obtained from (𝜌0, . . . , 𝜌𝑝) by an even permutation,
and −1 otherwise. We then have the following :

Lemma 3.1.2. Assume that 𝑋 is smooth and E is locally free, and consider the sheaves
(F𝜎)𝜎∈Σ defined by (3.4). Then the map∑︁

𝜎∈Σ (𝑛)
𝜀𝜎 𝜙𝜎 :

Ê
𝜎∈Σ (𝑛)

F𝜎 → E (3.6)

is a surjective morphism of toric sheaves.

Proof. The result is straightforward on each 𝑈𝜎 , for 𝜎 ∈ Σ(𝑛), by Lemma 3.1.1(ii).
As by the orbit-cone correspondence (𝑈𝜎)𝜎∈Σ (𝑛) is an affine cover of 𝑋 , the result
follows.

For each 0 ≤ 𝑘 ≤ 𝑛, we introduce a split locally free 𝑇-sheaf :

F𝑘 =
Ê

𝜎∈Σ (𝑘 )
F𝜎 . (3.7)

We set 𝜙𝑛 : F𝑛 → E to be the surjective morphism defined in Lemma 3.1.2. We then
define a morphism for each 0 ≤ 𝑘 ≤ 𝑛 − 1 :

𝜙𝑘 : F𝑘 → F𝑘+1

in the following way. The ordering on Σ(1) induces in turn an ordering on each set
of rays 𝜎(1), with 𝜎 ∈ Σ, and an orientation for each basis1 of 𝜎 ∩ 𝑁 consisting in

1By basis here we mean a minimal set of generators for the semigroup
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primitive generators (𝑢𝑖)’s of rays (𝜌𝑖)’s of 𝜎. For each pair of cones 𝜏 ≤ 𝜎 of Σ
with dim(𝜏) = 𝑘 ≥ 1, write 𝜏 = 𝜌𝑖1 + . . . + 𝜌𝑖𝑘 with 𝑖1 < . . . < 𝑖𝑘 , and 𝜎(1) \ 𝜏(1) =
(𝜌 𝑗1 , . . . , 𝜌 𝑗𝑙 ) with 𝑗1 < . . . < 𝑗𝑙 . Then we set 𝜀𝜏𝜎 = ±1, with the rule that 𝜀𝜏𝜎 = +1
if (𝑢𝑖1 , . . . , 𝑢𝑖𝑘 , 𝑢 𝑗1 , . . . , 𝑢 𝑗𝑙 ) is a positively oriented basis of 𝑁 ∩ 𝜎 and 𝜀𝜏𝜎 = −1 if
not. We then define 𝜙𝑘 on F𝜏 , for 𝜏 ∈ Σ(𝑘), by setting

(𝜙𝑘)|F𝜏 =
∑︁
𝜏≤𝜎,

𝜎∈Σ (𝑘+1)

𝜀𝜏𝜎 𝜙𝜏𝜎 (3.8)

if 𝑘 ≥ 1, and
𝜙0 =

∑︁
𝜌∈Σ (1)

𝜙0𝜌.

We then have :

Theorem 3.1.3. Assume that 𝑋 is smooth and complete, and let E be a locally free
toric sheaf on 𝑋 . Let (F𝑘)0≤𝑘≤𝑛 be the split sheaves defined by (3.4) and (3.7), and
the maps (𝜙𝑘)0≤𝑘≤𝑛 be defined by (3.6) and (3.8). Then

0 → F0
𝜙0−−→ F1

𝜙1−−→ F2 → . . .
𝜙𝑛−1−−−−→ F𝑛

𝜙𝑛−−→ E → 0 (3.9)

defines a finite, free, toric resolution of E .

Proof. We first show that (3.9) defines a complex, that is, for each 𝑘 ,

𝜙𝑘+1 ◦ 𝜙𝑘 = 0.

It is enough to check this on each summand F𝜏 , with 𝜏 ∈ Σ(𝑘). We first assume that
𝑘 + 1 ≤ 𝑛 − 1. By definition, on F𝜏 ,

𝜙𝑘+1 ◦ 𝜙𝑘 =
∑︁

𝜏≤𝜎≤𝜎′
𝜀𝜎𝜎′𝜀𝜏𝜎 𝜙𝜎𝜎′ ◦ 𝜙𝜏𝜎 , (3.10)

where in the sum 𝜎 ∈ Σ(𝑘 + 1) and 𝜎′ ∈ Σ(𝑘 + 2). It is straightforward to verify that
𝜙𝜎𝜎′ ◦ 𝜙𝜏𝜎 = 𝜙𝜏𝜎′ . Then, the contribution of 𝜙𝜏𝜎′ in (3.10) is given by

𝜀𝜏𝜎1𝜀𝜎1𝜎′ + 𝜀𝜏𝜎2𝜀𝜎2𝜎′ = 0

where𝜎1 and𝜎2 are the two (𝑘 + 1)-dimensional cones ofΣ containing 𝜏 and contained
in 𝜎′ (we use here smoothness of Σ, that implies that each 𝑘-dimensional cone is
spanned by its 𝑘 rays). A similar argument shows that 𝜙𝑛 ◦ 𝜙𝑛−1 = 0. Note that this
requires completeness and smoothness ofΣ, which implies that each cone 𝜏 ∈ Σ(𝑛 − 1)
is contained in exactly two 𝑛-dimensional cones of Σ.
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By Lemma 3.1.1, what is left is showing exactness of (3.9). Clearly, 𝜙0 is inject-
ive. Surjectivity of 𝜙𝑛 was shown in Lemma 3.1.2. Denote, for each 𝑘 , the family of
filtrations of F𝑘 by (𝐹𝜌

𝑘 (•)), and by

𝜙𝑘 : (𝐹𝜌
𝑘 (•)) → (𝐹𝜌

𝑘+1(•))
the associated morphisms of filtrations. We will prove that for each 𝜌 ∈ Σ(1) and each
𝑗 ∈ Z, we have exactness of the complex :

0 → 𝐹
𝜌
0 ( 𝑗)

𝜙0−−→ 𝐹
𝜌
1 ( 𝑗)

𝜙1−−→ . . . → 𝐹
𝜌
𝑛 ( 𝑗)

𝜙𝑛−−→ 𝐸𝜌 ( 𝑗) → 0. (3.11)

Note that
𝐹
𝜌
𝑘 ( 𝑗) =

Ê
𝜏∈Σ (𝑘 )

𝐹
𝜌
𝜏 ( 𝑗).

If 𝑗 ≥ 𝜈(𝜌), for each 𝜎 ∈ Σ, 𝐹𝜌
𝜎 ( 𝑗) = 𝐸 . Then, the complex (3.11) is obtained by

tensoring

0 → Z
𝛿0−−→

Ê
𝜌′ ∈Σ (1)

Z
𝛿1−−→

Ê
𝜏∈Σ (2)

Z
𝛿2−−→ . . .

𝛿𝑛−1−−−−→
Ê

𝜎∈Σ (𝑛)
Z

𝛿𝑛−−→ Z → 0 (3.12)

by 𝐸 over Z, where the boundary operators are given by

(𝛿𝑘 (𝑥𝜏)𝜏∈Σ (𝑘 ) )𝜎 =
∑︁
𝜏≤𝜎

𝜏∈Σ (𝑘 )

𝜀𝜏𝜎 𝑥𝜏 .

One recognizes the augmented simplicial cohomology complex for the simplicial decom-
position of a sphere 𝑆𝑛−1 ⊂ 𝑁R given by the cells (𝜎 ∩ 𝑆𝑛−1)𝜎∈Σ, for a fixed euclidean
structure on𝑁R. Hence, (3.12) is exact, and so is (3.11) when 𝑗 ≥ 𝜈(𝜌). When 𝑗 < 𝜈(𝜌),
we this time have

𝐹
𝜌
𝑘 ( 𝑗) =

Ê
𝜏∈Σ (𝑘 )
𝜌∈𝜏 (1)

𝐸𝜌 ( 𝑗).

Then, in that case, the complex (3.11) is obtained by tensoring the complex

0 →
Ê
𝜌

Z
𝛿1−−→

Ê
𝜏∈Σ (2)
𝜌∈𝜏 (1)

Z
𝛿2−−→ . . .

𝛿𝑛−1−−−−→
Ê

𝜎∈Σ (𝑛)
𝜌∈𝜎 (𝑛)

Z
𝛿𝑛−−→ Z → 0 (3.13)

by 𝐸𝜌 ( 𝑗) over Z. Again, this is exact, being the augmented cohomology complex of
the simplicial complex {𝜎 ∩ 𝑆𝑛−1 | 𝜌 ∈ 𝜎(1), 𝜎 ∈ Σ}. Hence, (3.11) is exact. Then,
for any 𝜎 ∈ Σ, and any 𝑚 ∈ 𝑀 , one has

Γ(𝑈𝜎 ,F𝑘)𝑚 =
Ê

𝜏∈Σ (𝑘 )

� Ù
𝜌∈𝜎 (1)

𝐹
𝜌
𝜏 (⟨𝑚, 𝑢𝜌⟩)

�
.

Together with exactness of (3.11), and Theorem 1.2.21, this implies that (3.9) is exact,
cf Exercise 3.1.8.
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Perling’s resolution

On normal varieties, for a given coherent sheaf, a finite locally free resolution may not
exist. However, for reflexive toric sheaves over normal toric varieties, Perling obtained
the following [58, Chapter 6].

Theorem 3.1.4. Let E be a reflexive toric sheaf over a normal toric variety 𝑋 . Then,
E admits a toric resolution

0 → F𝑑 → F𝑑−1 → . . . → F0 → E → 0

such that each F𝑖 is a direct sum of reflexive rank 1 toric sheaves.

This resolution of toric reflexive sheaves is very useful, as rank 1 reflexive sheaves
are easy to describe, cf Proposition 2.1.4, and the resolution is explicitly computed
from the families of filtrations of E , cf [58, Sections 6.2 and 6.4]. As a straightforward
corollary, one obtains :

Corollary 3.1.5. Let E be a reflexive toric sheaf over a smooth toric variety 𝑋 . Then
E admits a finite, free and toric resolution.

Again, we emphasize that this resolution can be explicitly computed from the fam-
ily of filtrations of the sheaf E .

Remark 3.1.6. In contrast with Klyachko’s resolution, Perling’s resolution doesn’t
require 𝑋 to be complete. Moreover, while each term in Klyachko’s resolution has a
very simple description, Perling’s resolution is often more efficient for computations,
as its terms are of smaller rank than the ones of Klyachko’s.

We won’t give a proof of Theorem 3.1.4, as it relies on representation theory for
partially ordered sets, cf [58, Section 5], which goes beyond the scope of this book.
However, in Exercise 3.1.9, the interested reader will find a simple proof in the rank 2
case, and for the tangent sheaf in Exercise 3.1.10.

3.1.1 Exercises for 3.1

Exercise 3.1.7 (Klyachko’s free sheaves). Let E be a locally free𝑇-sheaf over a smooth
toric variety 𝑋 , with family of filtrations (𝐸𝜌 (•)). Let 𝜎 ∈ Σ and define F𝜎 as in (3.4).
Let (𝑚𝑖)1≤𝑖≤𝑟 ∈ 𝑀𝑟 be weights as in (3.2).

(1) Show that on𝑈𝜎 ,

F𝜎 ≃
𝑟Ê
𝑖=1

O𝑋
 − ∑︁

𝜌∈𝜎 (1)
⟨𝑚𝑖 , 𝑢𝜌⟩ 𝐷𝜌

�
.
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(2) Show that

F𝜎 =
𝑟Ê
𝑖=1

O𝑋
 − ∑︁

𝜌∈𝜎 (1)
⟨𝑚𝑖 , 𝑢𝜌⟩ 𝐷𝜌 −

∑︁
𝜌∉𝜎 (1)

𝜈(𝜌) 𝐷𝜌
�

and conclude the proof of Formula (3.5).
Hint : use Propositions 2.1.4 and 2.2.10.

Exercise 3.1.8 (Proof of Theorem 3.1.3). We use the notations of the proof of Theorem
3.1.3.

(1) Give an explicit description of the spaces Γ(𝑈𝜎 ,F𝑘)𝑚 in terms of the family
of filtrations for E .

(2) Deduce the exactness of

0→ Γ(𝑈𝜎 ,F0)𝑚
𝜙0−−→ Γ(𝑈𝜎 ,F1)𝑚

𝜙1−−→ . . .→ Γ(𝑈𝜎 ,F𝑛)𝑚
𝜙𝑛−−→ Γ(𝑈𝜎 ,E)𝑚→ 0.

(3) Conclude the proof of Theorem 3.1.3.

Exercise 3.1.9 (Perling’s resolution). Let E be a rank 2 reflexive sheaf over a normal
toric variety 𝑋 . Denote by (𝐸𝜌 (•)) the family of filtrations for E , given by :

∀ 𝜌 ∈ Σ(1), ∀ 𝑗 ∈ Z, 𝐸𝜌 ( 𝑗) =



{0} if 𝑗 < 𝑎𝜌
𝐿𝜌 if 𝑎𝜌 ≤ 𝑗 < 𝑏𝜌
C2 if 𝑏𝜌 ≤ 𝑗

for some lines 𝐿𝜌 ⊂ C2 and integers 𝑎𝜌 ≤ 𝑏𝜌.
(1) Assume that 𝑋 is smooth and that there is at most two different lines in {𝐿𝜌 | 𝜌 ∈

Σ(1)}. Show in that case that E is locally free.
We assume now that there are at least 3 distinct lines amongst the 𝐿𝜌’s, with corres-
ponding 𝑎𝜌 < 𝑏𝜌.

(2) Assume that 𝑛 ≥ 3. Show that E is not locally free.
We will construct Perling’s resolution for E , cf Theorem 3.1.4. Consider the (𝑛 + 1)-
dimensional complex vector space

𝐹 :=
Ê
𝜌∈Σ (1)

𝐿𝜌

and the rank (𝑛 + 1) toric reflexive sheaf F whose family of filtrations is given by

𝐹𝜌 (𝑖) =



{0} if 𝑖 < 𝑎𝜌
𝐿𝜌 if 𝑎𝜌 ≤ 𝑖 < 𝑏𝜌
𝐹 if 𝑏𝜌 ≤ 𝑖.
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(3) Show that the sum of the inclusions 𝐿𝜌 →C2 induces a surjective𝑇-equivariant
morphism 𝜙 : F → E .

(4) Prove that F is a direct sum of rank 1 reflexive sheaves, namely

F ≃
Ê
𝜌∈Σ (1)

O𝑋 (−𝑎𝜌𝐷𝜌 −
∑︁

𝜌′ ∈Σ (1)\{𝜌}
𝑏𝜌′𝐷𝜌′).

(5) Prove that the kernel of 𝜙 is a direct sum of rank 1 reflexive sheaves, namely

ker 𝜙 ≃
O𝑋 (−

∑︁
𝜌∈Σ (1)

𝑏𝜌𝐷𝜌)
�⊕ (𝑛−1)

.

(6) The sequence 0 → ker𝜙→ F → E → 0 is Perling’s resolution for E . Compare
it to Klyachko’s resolution.

Exercise 3.1.10 (The Euler sequence). Let 𝑋 be a smooth toric variety. We will con-
struct the (dual) Euler sequence :

0 → O⊕𝑝
𝑋 →

Ê
𝜌∈Σ (1)

O𝑋 (𝐷𝜌) → T𝑋 → 0,

where 𝑝 is the Picard rank of 𝑋 . Define a toric reflexive sheaf F of rank |Σ(1) | on 𝑋
by setting its family of filtrations to be :

𝐹𝜌 (𝑖) =



{0} if 𝑖 < −1
C · 𝑢𝜌 if 𝑖 = −1Ê

𝜌∈Σ (1)
C · 𝑢𝜌 if 𝑖 ≥ 0.

(1) Prove that the sum of the inclusions C · 𝑢𝜌 → 𝑁C induces a surjective morph-
ism

𝜙 : F → T𝑋 .

(2) Show that
F ≃

Ê
𝜌∈Σ (1)

O𝑋 (𝐷𝜌).

(3) Prove that
K := ker 𝜙 ≃ O⊕𝑝

𝑋

for some 𝑝 ∈ N.
(4) Show that

0 → K → F → T𝑋 → 0

is a free, toric resolution of T𝑋 (this is actually Perling’s resolution).
(5) Compare it to Klyachko’s resolution.
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Hints : for (1), use Proposition 2.1.8. For (2), use Propositions 2.1.4. For (3), use
Klyachko’s compatibility criterion.

Exercise 3.1.11 (Koszul resolution). Let 𝑋 be a smooth toric variety, and consider
𝜄 :𝑉→ 𝑋 the inclusion of some orbit closure𝑉 =𝑉 (𝜏) for 𝜏 ∈ Σ. We will construct the
Koszul resolution of 𝜄∗O𝑉 by direct sums of toric line bundles. For this, we introduce
the toric vector bundle of rank 𝑟 = codim(𝑉) :

F =
Ê
𝜌∈𝜏 (1)

O𝑋 (𝐷𝜌)

and a section 𝑠 = (𝑠𝜌)𝜌∈𝜏 (1) ∈ 𝐻0(𝑋 , F ), whose component 𝑠𝜌 is a defining section
for 𝐷𝜌 = {𝑠𝜌 = 0}.

(1) Show that 𝑉 (𝜏) = {𝑠 = 0}.
(2) Prove that convolution by 𝑠 induces the Koszul complex

0 → Λ𝑟F∨ → . . . → Λ2F∨ → F∨ → O𝑋 → 𝜄∗O𝑉 → 0.

(3) Show that this complex is a toric free resolution of 𝜄∗O𝑉 .
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3.2 Characteristic classes

On smooth varieties, one can associate characteristic classes to any coherent sheaf.
Those are cohomology classes, and provide simple topological invariants in the locally
free case. In this section, we provide formulae and methods to compute them in the
toric setting.

Definition

On a smooth projective variety 𝑋 , one can attach to any coherent sheaf E a set of
cohomology classes (𝑐𝑖 (E))0≤𝑖≤𝑛, called Chern classes. Denoting by

𝑐(E) := 𝑐0(E) + 𝑐1(E) + . . . + 𝑐𝑛 (E)
the total Chern class, they satisfy the following properties (cf [16, Chapter 13.1] or
[55, Chapter I.1] and reference therein):

(1) 𝑐0(E) = 1 and for 0 ≤ 𝑖 ≤ 𝑛, 𝑐𝑖 (E) ∈ 𝐻2𝑖 (𝑋 ,Z),
(2) Normalisation : 𝑐(O𝑋) = 1,
(3) Multiplicativity : for any exact sequence of coherent sheaves

0 → E → F → G → 0,

one has
𝑐(F ) = 𝑐(E) · 𝑐(G),

(4) Naturality : if E is locally free and 𝑓 : 𝑌 → 𝑋 is a morphism, then

𝑐( 𝑓 ∗E) = 𝑓 ∗𝑐(E).
The Chern classes can actually be defined by the previous properties for locally free
sheaves, and then extended to coherent sheaves by using multiplicativity and the exist-
ence of finite locally free resolutions. They are trivial for trivial locally free sheaves
by (2) and (3), and in general give a measure of ’non triviality’. In addition to the
previous properties, they also satisfy the following.

Proposition 3.2.1. The Chern classes of a coherent sheaf E of rank 𝑟 over a smooth
projective variety 𝑋 satisfy :

(i) If E is locally free, 𝑐𝑖 (E) = 0 for 𝑖 > 𝑟,
(ii) If E is locally free, 𝑐𝑖 (E∨) = (−1)𝑖𝑐𝑖 (E) for all 𝑖,
(iii) If E is torsion free, 𝑐1(Λ𝑟E) = 𝑐1(E),
(iv) If E is reflexive and L is invertible, then for 𝑖 ≤ 𝑟,

𝑐𝑖 (E ⊗ L) =
𝑖∑︁

𝑘=0

�
𝑟 − 𝑖 + 𝑘

𝑘

�
𝑐𝑖−𝑘 (E) · 𝑐1(L)𝑘 ,
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(v) If 𝐷 is a Cartier divisor on 𝑋 , then

𝑐1(O𝑋 (𝐷)) = [𝐷] ∈ 𝐻2(𝑋 ,Z).

Examples

The first Chern class of a locally free toric sheaf can be easily computed from the
properties in Proposition 3.2.1.

Proposition 3.2.2. Let E be a locally free toric sheaf on a smooth toric variety 𝑋 , with
associated family of filtrations (𝐸𝜌 (•)). Then

𝑐1(E) = −
∑︁

𝜌∈Σ (1)

�∑︁
𝑖∈Z

𝑖

dim 𝐸𝜌 (𝑖) − dim 𝐸𝜌 (𝑖 − 1)� � [𝐷𝜌] (3.14)

Proof. From Proposition 3.2.1.(iii), 𝑐1(E) = 𝑐1(Λ𝑟E), where 𝑟 is the rank of E . AsΛ𝑟E
is a rank one locally free sheaf, it is equivalent to O𝑋 (𝐷) for some invariant Cartier
divisor 𝐷 on 𝑋 . Then, 𝑐1(E) = [𝐷] by Proposition 3.2.1.(v). The result follows from
the description of the family of filtrations for Λ𝑟E in Proposition 2.2.10 and from
Proposition 2.1.4.

Formula (3.14) is actually valid for any coherent toric sheaf on projective and
smooth toric varieties, as we will see later in this section. We will now use Perling’s
resolution to compute efficiently Chern classes of reflexive toric sheaves on examples.
The first is the tangent sheaf.

Proposition 3.2.3. Let 𝑋 be a smooth toric variety. Then

𝑐(T𝑋) =
Ö

𝜌∈Σ (1)


1 + [𝐷𝜌]

� ∈ 𝐻•(𝑋 ,Z).

Proof. From Exercise 3.1.10, there is an exact sequence

0 → O⊕𝑝
𝑋 →

Ê
𝜌∈Σ (1)

O𝑋 (𝐷𝜌) → T𝑋 → 0.

By the defining properties of Chern classes,

𝑐(O⊕𝑝
𝑋 ) = 𝑐(O𝑋) 𝑝 = 1

and then

𝑐(T𝑋) =𝑐(
Ê
𝜌∈Σ (1)

O𝑋 (𝐷𝜌))

=
Ö

𝜌∈Σ (1)
𝑐(O𝑋 (𝐷𝜌)).
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By Proposition 3.2.1,
𝑐(O𝑋 (𝐷𝜌)) = 1 + [𝐷𝜌],

and the result follows.

A second example is given with rank 2 reflexive sheaves. Let E be a rank 2 reflexive
𝑇-sheaf on 𝑋 with family of filtrations (𝐸𝜌 (•)). We may assume that there are lines
𝐿𝜌 ⊂ C2 and integers 𝑎𝜌 ≤ 𝑏𝜌 such that for each 𝜌 ∈ Σ(1) and 𝑗 ∈ Z :

𝐸𝜌 ( 𝑗) =



{0} if 𝑗 < 𝑎𝜌
𝐿𝜌 if 𝑎𝜌 ≤ 𝑗 < 𝑏𝜌
C2 if 𝑏𝜌 ≤ 𝑗 .

Up to tensoring by O𝑋 (
Í

𝜌∈Σ (1) 𝑏𝜌 𝐷𝜌), by Propositions 2.2.10 and 2.1.4, we may
assume that 𝑏𝜌 = 0 for each 𝜌 ∈ Σ(1). In that case,

𝐸𝜌 ( 𝑗) =



{0} if 𝑗 < 𝑎𝜌
𝐿𝜌 if 𝑎𝜌 ≤ 𝑗 < 0
C2 if 0 ≤ 𝑗

for some (𝑎𝜌)𝜌∈Σ (1) ∈ Z |Σ (1) |
≤0 . We will say that E is normalised, and refer to the integers

(𝑎𝜌)𝜌∈Σ (1) and lines (𝐿𝜌)𝜌∈Σ (1) as the parameters of (𝐸𝜌 (•)).
Proposition 3.2.4. Let E be a normalised rank 2 toric reflexive sheaf on 𝑋 , with para-
meters (𝑎𝜌)𝜌∈Σ (1) . Then

𝑐(E) =
Ö

𝜌∈Σ (1)


1 − 𝑎𝜌 [𝐷𝜌]

� ∈ 𝐻•(𝑋 ,Z).

In the non normalised case, one may recover the Chern classes of E after untwisting
by using Proposition 3.2.1.

Proof. By Exercise 3.1.9, there is a resolution of E given by

0 → O⊕ (𝑛−1)
𝑋 →

Ê
𝜌∈Σ (1)

O𝑋 (−𝑎𝜌 𝐷𝜌) → E → 0.

Then, the proof follows the same arguments as the one of Proposition 3.2.3.

Klyachko’s formula

In general, the exact sequences given by Perling’s resolution have more than 3 terms,
and finding them may become tedious. Using Klyachko’s resolution for locally free
toric sheaves instead, we will find a closed formula for the total Chern class in terms
of the Σ-family. We will see that this formula actually holds for any coherent toric



Characteristic classes 107

sheaf. To state it, let us first introduce some notations. Let (𝐸𝜎
𝑚 ) be a finite Σ-family

corresponding to a coherent sheaf E over a smooth projective toric variety 𝑋 . Fix a
cone 𝜎 ∈ Σ(𝑑), that we may write

𝜎 = R+𝑒1 + . . . + R+𝑒𝑑 ⊂ 𝑁R

for (𝑒1, . . . , 𝑒𝑑) part of a Z-basis of 𝑁 . We will follow Kool’s notation [42]. We rewrite
the 𝜎-family (𝐸𝜎

𝑚 )𝑚∈𝑀 as (𝐸𝜎 (𝜆1, . . . ,𝜆𝑑))(𝜆1 ,...,𝜆𝑑 )∈Z𝑑 , where each 𝑚 ∈ 𝑀/(𝜎⊥ ∩
𝑀) is uniquely written

𝑚 = 𝜆1𝑒
∗
1 + . . . + 𝜆𝑑𝑒∗𝑑 ,

by mean of the isomorphism

𝑀/(𝜎⊥ ∩ 𝑀) ≃ Z · 𝑒∗1 ⊕ . . . ⊕ Z · 𝑒∗𝑑 .

For each 1 ≤ 𝑖 ≤ 𝑑, we introduce the Z-linear operator Δ𝑖 on the free abelian group
generated by the vector spaces {𝐸𝜎 (𝜆1, . . . ,𝜆𝑑)}(𝜆1 ,...,𝜆𝑑 )∈Z𝑑 defined in the following
way. For (𝜆1, . . . , 𝜆𝑑) ∈ Z𝑑 :

Δ𝑖 (𝐸𝜎 (𝜆1, . . . , 𝜆𝑑)) = 𝐸𝜎 (𝜆1, . . . , 𝜆𝑑) − 𝐸𝜎 (𝜆1, . . . , 𝜆𝑖−1, 𝜆𝑖 − 1, 𝜆𝑖+1, . . . , 𝜆𝑑).

We then set for any (𝜆1, . . . , 𝜆𝑑) ∈ Z𝑑 :

[𝐸𝜎] (𝜆1, . . . , 𝜆𝑑) = Δ1(. . . (Δ𝑑 (𝐸𝜎 (𝜆1, . . . , 𝜆𝑑))) . . .).

We then extend the definition of the dimension in a Z-linear way on the free abelian
group generated by the multifiltration, and we can consider the integer

dim ( [𝐸𝜎] (𝑚)) := dim ( [𝐸𝜎] (𝜆1, . . . , 𝜆𝑑)) ∈ Z,

where we used the identification 𝑚 = 𝜆1𝑒
∗
1 + . . . + 𝜆𝑑𝑒∗𝑑 . For example, for a ray 𝜌 ∈

Σ(1), and 𝑚 = 𝜆1𝑒
∗
1,

dim( [𝐸𝜌] (𝑚)) = dim(𝐸𝜌 (𝜆1)) − dim(𝐸𝜌 (𝜆1 − 1)),

while for 𝜎 ∈ Σ(2), and 𝑚 = 𝜆1𝑒
∗
1 + 𝜆2𝑒

∗
2,

dim( [𝐸𝜎] (𝑚)) = dim(𝐸𝜎 (𝜆1, 𝜆2))
− dim(𝐸𝜎 (𝜆1 − 1, 𝜆2)) − dim(𝐸𝜎 (𝜆1, 𝜆2 − 1))
+ dim(𝐸𝜎 (𝜆1 − 1, 𝜆2 − 1)).

In general, the formula is given by

dim( [𝐸𝜎] (𝑚)) =
∑︁

𝜇∈{0,1}𝑑
(−1) (

Í𝑑
𝑖=0 𝜇𝑖 ) dim (𝐸𝜎 (𝜆1 − 𝜇1, . . . , 𝜆𝑑 − 𝜇𝑑)) (3.15)
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We then obtain Klyachko’s formula2, cf [39, Theorem 3.2.1].

Theorem 3.2.5. Let E be a coherent toric sheaf over a smooth projective toric variety,
with Σ-family (𝐸𝜎

𝑚 ). Then :

𝑐(E) =
Ö
𝜎∈Σ

Ö
𝑚∈𝑀/(𝜎⊥∩𝑀 )

©­«
1 −

∑︁
𝜌∈𝜎 (1)

⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜎) dim( [𝐸𝜎 ] (𝑚) )

(3.16)

The proof was only stated for locally free sheaves in [39], and its extension to
coherent sheaves follows an argument by Kool [42, Proposition 3.16]. Note that finite-
ness of (𝐸𝜎

𝑚 ) ensures that the product on the right hand side of (3.16) is actually finite,
cf Exercise 3.2.10.

Proof. Assume first that E is locally free. Using Klyachko’s resolution, Theorem 3.1.3:

0 → F0 →
Ê
𝜌∈Σ (1)

F𝜌 → . . . →
Ê

𝜎∈Σ (𝑛)
F𝜎 → E → 0

we find

𝑐(E) =
𝑛Ö
𝑖=0
𝑐(F𝑖) (−1)𝑛−𝑖

=
𝑛Ö
𝑖=0

Ö
𝜎∈Σ (𝑖)

𝑐(F𝜎) (−1)𝑛−𝑖

=
Ö
𝜎∈Σ

𝑐(F𝜎) (−1)codim𝜎
.

By Equation (3.5), we obtain

𝑐(F𝜎) =
𝑟Ö
𝑖=1

�
1 −

∑︁
𝜌∈𝜎 (1)

⟨𝑚𝜎
𝑖 , 𝑢𝜌⟩ [𝐷𝜌] −

∑︁
𝜌∉𝜎 (1)

𝜈(𝜌) [𝐷𝜌]
�
,

where the weights (𝑚𝜎
𝑖 )1≤𝑖≤𝑟 are given by (3.2) and define Klyachko’s compatibility

condition on 𝑈𝜎 , while 𝜈(𝜌) is defined by (3.3). Then, to prove Formula (3.16) we
first show that :
𝑟Ö
𝑖=1

�
1−

∑︁
𝜌∈𝜎 (1)

⟨𝑚𝜎
𝑖 ,𝑢𝜌⟩ [𝐷𝜌]

�
=

Ö
𝑚∈𝑀/(𝜎⊥∩𝑀 )

�
1−

∑︁
𝜌∈𝜎 (1)

⟨𝑚,𝑢𝜌⟩ [𝐷𝜌]
�dim( [𝐸𝜎 ] (𝑚) )

.

(3.17)

2we use increasing filtrations rather than decreasing filtrations as in [39], which accounts
for the difference in signs in our formulae
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If E is of rank 𝑟 = 1, as
𝐸𝜎
𝑚 =

Ù
𝜌∈𝜎 (1)

𝐸𝜌 (⟨𝑚, 𝑢𝜌⟩),

we deduce that dim ( [𝐸𝜎] (𝑚)) = 0 unless𝑚 =𝑚𝜎
1 , in which case dim ( [𝐸𝜎] (𝑚)) = 1.

Hence, (3.17) follows in that case. A similar argument gives (3.17) for higher ranks,
using that each space 𝐸𝜎

𝑚 is a direct sum of some of the 𝐸𝜎
𝑚𝜎

𝑖
’s, together with Kly-

achko’s compatibility condition. If we had 𝜈(𝜌) = 0 for each 𝜌 ∈ Σ(1), this would
conclude the proof in the locally free case. But we may achieve this condition, up to
tensoring E by O𝑋 (

Í
𝜌∈Σ (1) 𝜈(𝜌) 𝐷𝜌). This affects the family of multifiltrations of E

by sending
𝐸𝜎
𝑚 ↦→ 𝐸𝜎

𝑚−𝑚𝜎
,

where [𝑚𝜎] ∈ 𝑀/(𝜎⊥ ∩𝑀) is defined by ⟨𝑚𝜎 ,𝑢𝜌⟩ = 𝜈(𝜌), cf Exercise 2.2.22. Twist-
ing back to E , Formula (3.16) remains valid, by using the change of variables 𝑚 ↦→
𝑚 + 𝑚𝜎 for each 𝜎 ∈ Σ. This achieves the proof in the locally free case.

In the general case, we can use the existence of a finite toric resolution of E by
locally free toric sheaves :

0 → E𝑞 → E𝑞−1 → . . . → E0 → E → 0.

To obtain such toric resolutions, one first uses Serre’s global generation theorem [25,
Theorem II.5.17], which asserts that there is 𝑘 ∈ N such that the natural map

𝜙 : 𝐻0(𝑋 , E ⊗ O𝑋 (𝑘)) ⊗ O𝑋 → E ⊗ O𝑋 (𝑘)

is surjective, for O𝑋 (1) some ample line bundle (see Chapter 4). Choosing an equivari-
ant structure on E ⊗ O𝑋 (𝑘) (which is possible by Proposition 2.1.3), we may assume
that 𝜙 is equivariant, by choosing a basis of equivariant sections in𝐻0(𝑋 ,E ⊗ O𝑋 (𝑘)).
Then, we obtain a 𝑇-equivariant surjective morphism

E0 → E

by tensoring 𝜙 by O𝑋 (−𝑘). Iterating the process, we end up with the desired toric
resolution. Formula (3.16) then applies to each E𝑘 in the resolution. But for each𝜎 ∈ Σ
and each 𝑚 ∈ 𝑀 , the resolution yields an exact sequence

0 → (𝐸𝜎
𝑞 )𝑚 → (𝐸𝜎

𝑞−1)𝑚 → . . . → (𝐸𝜎
0 )𝑚 → 𝐸𝜎

𝑚 → 0,

where ((𝐸𝜎
𝑘 )𝑚) is the family of multifiltrations for E𝑘 . Hence

dim 𝐸𝜎
𝑚 =

𝑞∑︁
𝑖=0

(−1)𝑖 dim((𝐸𝜎
𝑖 )𝑚).

The result then follows by multiplicativity of the total Chern class.
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As an application, we extend Formula (3.14) to coherent sheaves on projective
smooth toric varieties.

Corollary 3.2.6. Let E be a coherent toric sheaf on a smooth projective toric variety
𝑋 , with associated Σ-family (𝐸𝜎

𝑚 ). Then

𝑐1(E) = −
∑︁

𝜌∈Σ (1)

�∑︁
𝑖∈Z

𝑖

dim 𝐸𝜌 (𝑖) − dim 𝐸𝜌 (𝑖 − 1)� � [𝐷𝜌] (3.18)

Proof. We follow here [42, Corollary 3.18]. The first Chern class of E is the contri-
bution of degree 2 in Formula (3.16). Hence

𝑐1(E) = −
∑︁
𝜎∈Σ

∑︁
𝑚∈𝑀/(𝜎⊥∩𝑀 )

(−1)codim(𝜎) dim ( [𝐸𝜎] (𝑚))
∑︁

𝜌∈𝜎 (1)
⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]

= −
∑︁

𝜌∈Σ (1)

∑︁
𝜌∈𝜎 (1)

(−1)codim(𝜎)
� ∑︁
𝑚∈𝑀/(𝜎⊥∩𝑀 )

dim ( [𝐸𝜎] (𝑚)) ⟨𝑚, 𝑢𝜌⟩
�
[𝐷𝜌]

Because of the terms ⟨𝑚, 𝑢𝜌⟩, using Formula (3.15), the contributions from the terms
dim 𝐸𝜎

𝑚 cancel out whenever dim𝜎 ≥ 2, and we end with

𝑐1(E) = −
∑︁

𝜌∈Σ (1)

 ∑︁
𝜌∈𝜎 (1)

(−1)codim𝜎 � �∑︁
𝑖∈Z

𝑖

dim 𝐸𝜌 (𝑖) − dim 𝐸𝜌 (𝑖 − 1)� � [𝐷𝜌] .

The result then follows from
∑︁

𝜌∈𝜎 (1)
(−1)codim𝜎 = 1, cf Exercise 3.2.12.

Chern classes of structure sheaves

With Klyachko’s formula (3.16), one can in principle compute the Chern classes of
any coherent toric sheaf. We will now derive a simpler formula for structure sheaves
of invariant subvarieties.

Proposition 3.2.7. Let 𝑋 be a smooth projective toric variety, and let 𝜄 : 𝑉 → 𝑋 be
the inclusion of the invariant subvariety 𝑉 = 𝑉 (𝜏), for some 𝜏 ∈ Σ(𝑑). Then

𝑐(𝜄∗O𝑉 ) =
Ö

𝐼⊂𝜏 (1)


1 −

∑︁
𝜌∈𝐼

[𝐷𝜌]
� (−1) |𝐼 |

.

Proof. Recall that 𝜄∗O𝑉 has a Σ-family (𝐸𝜎
𝑚 ) given by

𝐸𝜎
𝑚 =




{0} if 𝜏 ≰ 𝜎,
{0} if 𝜏 ≤ 𝜎 and 𝑚 ∉ 𝜏⊥ ∩ 𝜎∨,
C if 𝜏 ≤ 𝜎 and 𝑚 ∈ 𝜏⊥ ∩ 𝜎∨,
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cf Proposition 2.1.5 and Exercise 2.1.11. We then use Klyachko’s formula (3.16) and
find

𝑐(𝜄∗O𝑉 ) =
Ö
𝜏≤𝜎

Ö
𝑚∈𝑀/(𝜎⊥∩𝑀 )

©­«
1 −

∑︁
𝜌∈𝜎 (1)

⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜎) dim( [𝐸𝜎 ] (𝑚) )

.

We will use the identification

𝑀/(𝜏 ∩ 𝑀) ≃ Z · 𝑒∗1 ⊕ . . . ⊕ Z · 𝑒∗𝑑
where (𝑒1, . . . , 𝑒𝑑) are primitive generators of the rays of 𝜏 and (𝑒∗𝑖 )1≤𝑖≤𝑑 form a dual
basis of 𝑀/(𝜏⊥ ∩ 𝑀). Now, for 𝜏, the only non zero space amongst the 𝐸 𝜏

𝑚’s is 𝐸 𝜏
0 .

Its contribution to the product

𝑃(𝜏) :=
Ö

𝑚∈𝑀/(𝜏⊥∩𝑀 )

©­
«
1 −

∑︁
𝜌∈𝜏 (1)

⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜏) dim( [𝐸𝜏 ] (𝑚) )

comes when dim ( [𝐸 𝜏] (𝑚)) = ±1, that is, by definition of [𝐸𝜎] (𝑚), when 𝑚 = 𝜇, for
some 𝜇 = 𝜇1𝑒

∗
1 + . . . + 𝜇𝑑𝑒∗𝑑 , with coordinates 𝜇𝑖 ∈ {0, 1}. We then find

𝑃(𝜏) =
Ö

𝜇=𝜇1𝑒
∗
1+...+𝜇𝑑𝑒

∗
𝑑

©­«
1 −

∑︁
𝜌∈𝜏 (1)

⟨𝜇, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜏) (−1) |𝜇 |

where the sum is over elements 𝜇with coordinates 𝜇𝑖 ∈ {0,1}, and |𝜇 | = 𝜇1 + . . . + 𝜇𝑑 .
This gives

𝑃(𝜏) =
Ö

𝐼⊂𝜏 (1)


1 −

∑︁
𝜌∈𝐼

[𝐷𝜌]
� (−1)codim(𝜏) (−1) |𝐼 |

.

We then compute the contribution

𝑃(𝜎) =
Ö

𝑚∈𝑀/(𝜎⊥∩𝑀 )

©­«
1 −

∑︁
𝜌∈𝜎 (1)

⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜎) dim( [𝐸𝜎 ] (𝑚) )

for 𝜏 ≤ 𝜎. We use again an identification

𝑀/(𝜎⊥ ∩ 𝑀) ≃ Z · 𝑒∗1 ⊕ . . . Z · 𝑒∗𝑘
where (𝑒𝑖)1≤𝑖≤𝑘 is the set of primitive ray generators for𝜎 such that (𝑒𝑖)1≤𝑖≤𝑑 is the set
of generators for 𝜏. Given the𝜎-family (𝐸𝜎

𝑚 ), 𝐸𝜎
𝑚 is non zero only when𝑚 ∈ 𝜏⊥ ∩𝜎∨.

Then, to have dim ( [𝐸𝜎] (𝑚)) ≠ 0, there must be 𝜇 = 𝜇1𝑒
∗
1 + . . . + 𝜇𝑘𝑒∗𝑘 , 𝜇𝑖 ∈ {0, 1},

such that 𝑚 ∈ 𝜇 + 𝜏⊥ ∩ 𝜎∨. Working in the basis (𝑒∗𝑖 )1≤𝑖≤𝑘 , we see that for fixed 𝑚,
the set

(𝜏⊥ ∩ 𝜎∨) ∩ {𝑚 − 𝜇 | 𝜇𝑖 ∈ {0, 1}}
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is either empty, or has cardinality 2𝑝, with 𝑝 = 0 if and only if 𝑚 writes itself 𝑚 =
𝜈1𝑒

∗
1 + . . . + 𝜈𝑑𝑒∗𝑑 , 𝜈𝑖 ∈ {0,1}. When 𝑝 ≥ 1, we have dim ( [𝐸𝜎] (𝑚)) = 0. We conclude

that

𝑃(𝜎) =
Ö

𝜇=𝜇1𝑒
∗
1+...+𝜇𝑑𝑒

∗
𝑑

©­«
1 −

∑︁
𝜌∈𝜎 (1)

⟨𝜇, 𝑢𝜌⟩ [𝐷𝜌]ª®¬
(−1)codim(𝜎) (−1) |𝜇 |

where again the 𝜇′𝑖𝑠 in the sum belong to {0, 1}. This gives

𝑃(𝜎) =
Ö

𝐼⊂𝜏 (1)


1 −

∑︁
𝜌∈𝐼

[𝐷𝜌]
� (−1)codim(𝜎) (−1) |𝐼 |

.

The end of the proof then follows from

𝑐(𝜄∗O𝑉 ) =
Ö
𝜏≤𝜎

𝑃(𝜎)

together with ∑︁
𝜏≤𝜎

(−1)codim𝜎 = 1,

the latter following from combinatorial arguments, cf Exercise 3.2.12.

The formula of Proposition 3.2.7 can also be obtained by using the Koszul resol-
ution, cf Exercise 3.1.11.

3.2.1 Exercises for 3.2

In all the exercises of this section, 𝑋 is assumed to be smooth and projective.

Exercise 3.2.8 (Chern classes of log tangent sheaves). Let Δ ⊂ Σ(1), and set

𝐷 :=
∑︁
𝜌∈Δ

𝐷𝜌 ⊂ 𝑋 .

Consider the logarithmic tangent sheaf :

T𝑋 (− log𝐷) = Ω1
𝑋 (log𝐷)∨,

cf Exercise 2.1.13.
(1) Compute the family of filtrations for T𝑋 (− log𝐷).
(2) Deduce, as for T𝑋, a finite free resolution for T𝑋 (− log𝐷).
(3) Conclude that

𝑐(T𝑋 (− log𝐷)) =
Ö

𝜌∈Σ (1)\Δ
(1 + [𝐷𝜌]).
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Exercise 3.2.9 (Third Chern class and locally freeness). Let E be a normalised rank
2 toric reflexive sheaf on the complex projective space P𝑛. Let (𝐸𝜌 (•)) be its family
of filtrations, with parameters (𝑎𝜌)𝜌∈Σ (1) ∈ Z |Σ (1) |

≤0 and (𝐿𝜌)𝜌∈Σ (1) , 𝐿𝜌 being a line in
C2. We use the isomorphism

𝐻•(P𝑛,Z) ≃ Z[𝐻]/⟨𝐻𝑛+1⟩,

and view the Chern classes as integers via 𝑐𝑖 ∈ Z ↦→ 𝑐𝑖 · 𝐻𝑖 ∈ 𝐻2𝑖 (P𝑛,Z).
(1) Show that 𝑐𝑖 (E) ≥ 0 for 0 ≤ 𝑖 ≤ 𝑛.
(2) Prove that 𝑐3(E) = 0 if and only if E is locally free.
(3) Extend this last result in the non normalised case.

Hint : for (2), show that the vanishing of 𝑐3 implies that at most two lines in (𝐿𝜌)𝜌∈Σ (1)
actually appears in (𝐸𝜌 (•)). Then use Proposition 2.2.14.

Exercise 3.2.10 (Finiteness of Klyachko’s formula). Show that (3.16) is a finite product,
using finiteness of the Σ-family.

Exercise 3.2.11 (The Chern character). The Chern character ch(·) ∈ 𝐻•(𝑋 ,Q) for
coherent sheaves on 𝑋 is a characteristic class that satisfies the following defining
properties :

(1) For an invertible sheaf L,

ch(L) = exp(𝑐1(L)),

(2) If 0 → E → F → G → 0 is a short exact sequence of coherent sheaves,

ch(F ) = ch(E) + ch(G).

Prove that if E is a toric coherent sheaf with finite Σ-family (𝐸𝜎
𝑚 ), then

ch(E) =
∑︁
𝜎∈Σ

∑︁
𝑚∈𝑀/(𝜎⊥∩𝑀 )

(−1)codim𝜎 dim
[𝐸𝜎] (𝑚)� exp

 − ∑︁
𝜌∈𝜎 (1)

⟨𝑚, 𝑢𝜌⟩ [𝐷𝜌]
�
.

Hint : follow the proof of Theorem 3.2.5.

Exercise 3.2.12 (A combinatorial formula). Let 𝜎0 ∈ Σ be a cone in a smooth and
complete fan Σ. Show that ∑︁

𝜎0≤𝜎

(−1)codim𝜎 = 1,

where the sum is over cones 𝜎 ∈ Σ containing 𝜎0. Hint : use the simplicial complex
obtained by cutting cones 𝜎0 ≤ 𝜎 with a sphere in 𝑁R, as in the proof of Theorem
3.1.3.
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3.3 Cohomology

Given a sheaf of O𝑋-modules E on 𝑋 , one can define cohomology groups 𝐻•(𝑋 , E).
For specific choices of sheaves associated to 𝑋 , such as the sheaves of differential
forms or the tangent sheaf, cohomology groups carry important geometric information
about the variety itself. In this section, we will describe some of the specific aspects
of cohomology for toric sheaves. The key result, Theorem 3.3.8, shows that it can be
computed using Klyachko–Čech complex. We then derive some examples, leading to
vanishing results for sheaves of 𝑝-forms. Finally, we explain how Serre duality for toric
sheaves corresponds to Alexander duality for (co)homology of locally contractible
compact subsets of the sphere.

Definition

We refer to Appendix A or [16, Section 9.0] for a brief account on cohomology, and
to [25, Chapter III] for a more detailed treatment. We will focus here on the main
properties of those groups, and methods to compute them. The cohomology groups
satisfy the following :

(1) For each 𝑖 ∈ N, the assignment

Mod(𝑋) → 𝔄𝔟
E ↦→ 𝐻𝑖 (𝑋 , E)

is an additive functor from the category of sheaves of O𝑋-modules to the
category of abelian groups,

(2) For any sheaf of O𝑋-modules,

𝐻0(𝑋 , E) = Γ(𝑋 , E),

(3) Given a short exact sequence of sheaves of O𝑋-modules :

0 → E → F → G → 0,

one has a long exact sequence in cohomology :

0 → 𝐻0(𝑋 , E) → 𝐻0(𝑋 ,F ) → 𝐻0(𝑋 ,G) 𝜕0−−→
𝐻1(𝑋 , E) → 𝐻1(𝑋 ,F ) → 𝐻1(𝑋 ,G) 𝜕1−−→ . . .

𝐻𝑖 (𝑋 , E) → 𝐻𝑖 (𝑋 ,F ) → 𝐻𝑖 (𝑋 ,G) 𝜕𝑖−→ . . .

where the morphisms 𝜕𝑖 :𝐻𝑖 (𝑋 ,G)→𝐻𝑖+1(𝑋 ,E) are called connecting homo-
morphisms.



Cohomology 115

Item (1) above says that cohomology groups are abelian, and that for any morphism
𝜙 : E → F of sheaves of O𝑋-modules, one has associated morphisms in cohomology
ℎ𝑖 (𝜙) : 𝐻𝑖 (𝑋 , E) → 𝐻𝑖 (𝑋 ,F ), in such a way that

HomO𝑋 (E ,F ) → Hom(𝐻𝑖 (𝑋 , E),𝐻𝑖 (𝑋 ,F ))
𝜙 ↦→ ℎ𝑖 (𝜙)

is a morphism of abelian groups. The properties (1) − (2) − (3) are almost3 enough
to characterize cohomology groups, and their existence is ensured by the fact that
Mod(𝑋) has enough injectives, cf Appendix A. From those properties, one says that
the cohomology groups are the derived functors of the functor of global sections Γ.
In addition to those defining properties, cohomology groups also satisfy the following
fundamental vanishing results.

Theorem 3.3.1 (Grothendieck). Let 𝑋 be an 𝑛-dimensional variety and let E be a
sheaf of O𝑋-modules on 𝑋 . Then for 𝑖 > 𝑛, 𝐻𝑖 (𝑋 , E) = 0.

Hence, we only consider cohomology groups 𝐻𝑖 (𝑋 , E) for 0 ≤ 𝑖 ≤ dim(𝑋). This
result was proved by Grothendieck in greater generality, for Noetherian topological
spaces and sheaves of abelian groups. We refer to [25, Theorem III.2.7] for a proof
and reference to the original result. For affine varieties, we have :

Theorem 3.3.2 (Serre vanishing). Let E be a quasicoherent sheaf of O𝑋-modules over
an affine variety𝑈. Then 𝐻𝑖 (𝑈, E) = 0 for all 𝑖 > 0.

We refer to [25, Theorem III.3.7] for a proof. Another very useful result is Serre
duality, cf [25, Section III.7], that we will use in the following form :

Theorem 3.3.3 (Serre duality). Let E be a locally free sheaf over a smooth and com-
plete variety 𝑋 of dimension 𝑛. Then for any 0 ≤ 𝑖 ≤ 𝑛,

𝐻𝑖 (𝑋 , E)∗ ≃ 𝐻𝑛−𝑖 (𝑋 , E∨ ⊗O𝑋 K𝑋).

In practice, to compute cohomology groups, one uses Čech cohomology. Let U =
{𝑈𝑖 | 1 ≤ 𝑖 ≤ 𝑙} be an affine open cover of 𝑋 , that is affine subsets𝑈𝑖 ⊂ 𝑋 such that

𝑙Ø
𝑖=1
𝑈𝑖 = 𝑋 .

3One also needs compatibility of the connecting homomorphisms 𝜕𝑖 with morphisms
between short exact sequences of sheaves, as well as a universality property, to characterize
the functors 𝐻𝑖 (𝑋 , ·)
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For a given sheaf of O𝑋-modules E on 𝑋 , the group of 𝑝th Čech cochains for E is
defined by :

𝐶̌ 𝑝 (U , E) :=
Ê

1≤𝑖0<𝑖1<...<𝑖𝑝≤𝑙
Γ(𝑈𝑖0 ∩ . . . ∩𝑈𝑖𝑝 , E).

The Čech cochains come with differentials :

𝑑 𝑝 : 𝐶̌ 𝑝 (U , E) → 𝐶̌ 𝑝+1(U , E).

Those are morphisms defined on an element 𝛼 ∈ 𝐶̌ 𝑝 (U , E) by

𝑑 𝑝𝛼 =
∑︁

1≤𝑖0<𝑖1<...<𝑖𝑝+1≤𝑙
(𝑑 𝑝𝛼)𝑖0...𝑖𝑝+1

with (𝑑 𝑝𝛼)𝑖0...𝑖𝑝+1 ∈ Γ(𝑈𝑖0 ∩ . . . ∩𝑈𝑖𝑝+1 , E) given by

(𝑑 𝑝𝛼)𝑖0...𝑖𝑝+1 =
𝑝+1∑︁
𝑘=0

(−1)𝑘 (𝛼𝑖0...𝑖𝑘 ...𝑖𝑝+1
)|𝑈𝑖0∩...∩𝑈𝑖𝑝+1

,

where the subscript 𝑖𝑘 means that 𝑖𝑘 is omitted, and where (𝛼𝑖0...𝑖𝑘 ...𝑖𝑝+1
)|𝑈𝑖0∩...∩𝑈𝑖𝑝+1

is
the image of𝛼𝑖0...𝑖𝑘 ...𝑖𝑝+1

through the restriction map. One can check that (𝐶̌•(U ,E),𝑑•)
forms a complex, and then define the Čech cohomology groups :

𝐻̌𝑖 (U , E) :=
ker 𝑑𝑖

Im 𝑑𝑖−1

where 𝑑−1 is the trivial map 0 → 𝐶̌0(U ,E). A far reaching corollary of Serre vanishing
is the following, cf [25, Theorem III.4.5].

Theorem 3.3.4. Let E be a quasicoherent sheaf over a variety 𝑋 . Then for any affine
open cover U of 𝑋 , there are natural isomorphisms for each 𝑖 :

𝐻̌𝑖 (U , E) ≃ 𝐻𝑖 (𝑋 , E).

Cohomology of 𝚺-families

Consider now a normal and complete toric variety 𝑋 with fan Σ. We have an affine
open cover

UΣ := {𝑈𝜎 | 𝜎 ∈ Σ(𝑛)}.
The fact that the union of the𝑈𝜎’s, where𝜎 runs through maximal dimensional cones,
covers 𝑋 comes from completeness of 𝑋 and the orbit-cone correspondence. Fix an
ordering

{𝜎1, . . . ,𝜎𝑙} = Σ(𝑛)
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of the maximal dimensional facets of Σ. For each 𝐼 ⊂ {1, . . . , 𝑙}, we set

𝜎𝐼 :=
Ù
𝑖∈𝐼

𝜎𝑖

and we have by Definition 1.1.7 :

𝑈𝜎𝐼 =
Ù
𝑖∈𝐼

𝑈𝜎𝑖 .

Let 𝐸• := (𝐸Σ, 𝜂Σ) be a Σ-family associated to a quasicoherent 𝑇-sheaf E over 𝑋 . We
have an 𝑀-grading, for each 𝐼 ⊂ {1, . . . , 𝑙},

Γ(𝑈𝜎𝐼 , E) ≃
Ê
𝑚∈𝑀

𝐸𝜎𝐼
𝑚 .

We then set, for 𝑝 ≥ 0, and 𝑚 ∈ 𝑀 ,

𝐶 𝑝 (UΣ, 𝐸
•)𝑚 :=

Ê
|𝐼 |=𝑝+1

𝐸𝜎𝐼
𝑚 ,

where the set 𝐼 runs through subsets of {1, . . . , 𝑙} with cardinality 𝑝 + 1. Recall that
for any 𝐽 ⊂ 𝐼 ⊂ {1, . . . , 𝑙}, there is an inclusion

𝜄𝜎𝐼𝜎𝐽 : 𝑈𝜎𝐼 → 𝑈𝜎𝐽

with associated restriction morphism

𝜄∗𝜎𝐼𝜎𝐽
: 𝐸𝜎𝐽

𝑚 → 𝜄∗𝜎𝐼𝜎𝐽
𝐸𝜎𝐽
𝑚

and an isomorphism
𝜂𝜎𝐼𝜎𝐽 : 𝜄∗𝜎𝐼𝜎𝐽

𝐸𝜎𝐽
𝑚 → 𝐸𝜎𝐼

𝑚 .

We then introduce the differentials :

𝑑 𝑝𝑚 : 𝐶 𝑝 (UΣ, 𝐸
•)𝑚 → 𝐶 𝑝+1(UΣ, 𝐸

•)𝑚
defined on an element 𝑠 = (𝑠𝐽 ) ∈

Ê
|𝐽 |=𝑝+1

𝐸𝜎𝐽
𝑚 by

𝑑 𝑝𝑚𝑠 =
∑︁

𝐼=(𝑖0 ,...,𝑖𝑝+1 )
𝑖0<𝑖1<...<𝑖𝑝+1

∑︁
𝐽⊂𝐼 , |𝐽 |=𝑝+1

𝐽=(𝑖0 ,...,𝑖𝑘 ,...,𝑖𝑝+1 )

(−1)𝑘 𝜂𝜎𝐼𝜎𝐽 ◦ 𝜄∗𝜎𝐼𝜎𝐽
(𝑠𝐽 ).

We leave to the reader the proof of the following in Exercise 3.3.23 :

Lemma 3.3.5. For each𝑚, (𝐶•(UΣ,𝐸
•)𝑚,𝑑•𝑚) forms a differential complex. Moreover,

the Čech complex of (UΣ, E) is isomorphic to the direct sum over 𝑀 :

(𝐶̌•(UΣ, E), 𝑑•) ≃
Ê
𝑚∈𝑀

(𝐶•(UΣ, 𝐸
•)𝑚, 𝑑•𝑚).
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We then define the cohomology groups associated to (𝐶•(UΣ,𝐸
•)𝑚, 𝑑•𝑚), for each

𝑚 ∈ 𝑀, and 𝑖 ≥ 0 :

𝐻𝑖 (UΣ, 𝐸
•)𝑚 :=

ker 𝑑𝑖𝑚
Im 𝑑𝑖−1

𝑚

,

where again 𝑑−1
𝑚 is the trivial map.

Corollary 3.3.6. The cohomology groups 𝐻𝑖 (𝑋 , E) are 𝑀-graded. More precisely,

𝐻𝑖 (𝑋 , E) ≃
Ê
𝑚∈𝑀

𝐻𝑖 (UΣ, 𝐸
•)𝑚.

Proof. As E is quasicoherent, we can apply Theorem 3.3.4 with the affine cover U .
Then, the result follows from Lemma 3.3.5.

In the definition of 𝐶•(UΣ, 𝐸
•)𝑚, different choices of 𝐼, 𝐼 ′ ⊂ {1, . . . , 𝑙}, even with

|𝐼 | = |𝐼 ′ |, may lead to an equality of the associated opens 𝑈𝜎𝐼 = 𝑈𝜎𝐼′ = 𝑈𝜎 , and to
some ’overcount’ of the associated spaces 𝐸𝜎

𝑚 . Hence, computing the cohomology
of the complex (𝐶•(UΣ, 𝐸

•)𝑚, 𝑑•𝑚) may not be the most efficient way to recover the
cohomology of E . We can consider a simpler, and somehow more natural, differential
complex, that will fix this issue. As in [11, 12], we fix an orientation on each cone
𝜎 ∈ Σ and signs 𝜀𝜏𝜎 for each pair 𝜏 ≤ 𝜎, dim𝜎 = dim 𝜏 + 1, with 𝜀𝜏𝜎 = +1 when the
orientation of 𝜎 induces the orientation of 𝜏 by restriction, and 𝜀𝜏𝜎 = −1 otherwise.
We then introduce complexes (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚) for each 𝑚 ∈ 𝑀 as follows. For each
0 ≤ 𝑖 ≤ 𝑛, set the cochains to be

𝐶𝑖 (Σ, 𝐸•)𝑚 :=
Ê

𝜎∈Σ (𝑛−𝑖)
𝐸𝜎
𝑚 .

The differentials are given, for 0 ≤ 𝑖 ≤ 𝑛 − 1, by

𝜕𝑖𝑚 : 𝐶𝑖 (Σ, 𝐸•)𝑚 → 𝐶𝑖+1(Σ, 𝐸•)𝑚
(𝑠𝜎)𝜎∈Σ (𝑛−𝑖) ↦→

∑︁
𝜏∈Σ (𝑛−𝑖−1)

∑︁
𝜏≤𝜎

𝜎∈Σ (𝑛−𝑖)

𝜀𝜏𝜎 𝜂𝜏𝜎 ◦ 𝜄∗𝜏𝜎𝑠𝜎

and by
𝜕𝑛𝑚 : 𝐶𝑛 (Σ, 𝐸•)𝑚 → 0,

and
𝜕−1
𝑚 : 0 → 𝐶0(Σ, 𝐸•)𝑚.

We leave to the reader the verification that

𝜕𝑖+1
𝑚 ◦ 𝜕𝑖𝑚 = 0,

that follows from Definition 1.2.20.(2) and the same argument that was used to show
that (3.9) is a complex (see also [16, Proof of Lemma 12.3.3]). Following [1], we
introduce the following terminology.
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Definition 3.3.7. The complex (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚) is called the 𝑚-th Klyachko–Čech
complex.

We can introduce the associated cohomology groups

𝐻𝑖 (Σ, 𝐸•)𝑚 :=
ker 𝜕𝑖𝑚
Im 𝜕𝑖−1

𝑚

.

The main result of this section is the following.

Theorem 3.3.8. Assume that E is a coherent toric sheaf over a normal and projective
toric variety 𝑋 . Let 𝐸• = (𝐸Σ, 𝜂Σ) be the associated Σ-family. Then,

𝐻𝑖 (𝑋 , E) ≃
Ê
𝑚∈𝑀

𝐻𝑖 (Σ, 𝐸•)𝑚.

Before giving a proof of this theorem, we will present some corollaries. The first
one gives a formula for the graded version of the Euler characteristic. The latter is
defined by :

𝜒(E) =
𝑛∑︁
𝑖=0

(−1)𝑖 dim(𝐻𝑖 (𝑋 , E)),

for any coherent sheaf 𝑋 on a complete variety 𝑋 . When E is a coherent toric sheaf,
one can consider for each 𝑚 ∈ 𝑀 , the weight-𝑚 Euler characteristic :

𝜒(E)𝑚 :=
𝑛∑︁
𝑖=0

(−1)𝑖 dim

𝐻𝑖 (𝑋 , E)𝑚

�
.

Corollary 3.3.9. Assume that E is a coherent toric sheaf over a normal and projective
toric variety 𝑋 . Let 𝐸• = (𝐸Σ, 𝜂Σ) stand for the associated Σ-family. Then for each
𝑚 ∈ 𝑀,

𝜒(E)𝑚 =
∑︁
𝜎∈Σ

(−1)codim(𝜎) dim(𝐸𝜎
𝑚 ).

When E is torsion-free, the complex (𝐶•(Σ,𝐸•)𝑚, 𝜕•𝑚) takes a simpler form. In this
case, 𝐸• = (𝐸𝜎

𝑚 ) simply is a family of multifiltrations for a finite dimensional vector
space 𝐸 , and for each 𝑚, the complex (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚) reads :

0 →
Ê

𝜎∈Σ (𝑛)
𝐸𝜎
𝑚

𝜕0
𝑚−−→ . . . →

Ê
𝜎∈Σ (2)

𝐸𝜎
𝑚

𝜕𝑛−2
𝑚−−−→

Ê
𝜌∈Σ (1)

𝐸
𝜌
𝑚

𝜕𝑛−1
𝑚−−−→ 𝐸 → 0 (3.19)

with for (𝑠𝜎) ∈ 𝐶𝑖 (Σ, 𝐸•)𝑚, and 𝜏 ∈ Σ(𝑛 − 𝑖 − 1) :

(𝜕𝑖𝑚(𝑠𝜎))𝜏 =
∑︁
𝜏≤𝜎

𝜎∈Σ (𝑛−𝑖)

𝜀𝜏𝜎 𝑠𝜎 .

Another corollary of Theorem 3.3.8 then is :
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Corollary 3.3.10. Let E be a torsion-free toric sheaf on a normal and projective toric
variety 𝑋 , with associated Σ-family 𝐸• := (𝐸𝜎

𝑚 )𝑚∈𝑀 . Then for each 𝑚 ∈ 𝑀 ,

𝐻0(𝑋 , E)𝑚 =
Ù

𝜎∈Σ (𝑛)
𝐸𝜎
𝑚

and
𝐻𝑛 (𝑋 , E)𝑚 = 𝐸/

∑︁
𝜌∈Σ (1)

𝐸
𝜌
𝑚.

Proof of Theorem 3.3.8

This section is devoted to the proof of Theorem 3.3.8. Our method will rely on tech-
niques from homological algebra (e.g. acyclic resolutions or short exact sequences)
that are common in computing cohomology theories. We will use a sheaf version of
the complexes (𝐶•(Σ, 𝐸•)𝑚, 𝜕𝑚), for a given Σ-family 𝐸• = (𝐸Σ, 𝜂Σ) associated to a
quasicoherent toric sheaf E . We define, for each 0 ≤ 𝑖 ≤ 𝑛 :

C𝑖 (Σ, E) :=
Ê

𝜎∈Σ (𝑛−𝑖)
(𝜄𝜎)∗(E |𝑈𝜎 ),

where 𝜄𝜎 :𝑈𝜎 → 𝑋 is the inclusion map. For each cone 𝜎 ∈ Σ, E |𝑈𝜎 clearly is a toric
sheaf on 𝑈𝜎 . From Proposition 2.3.14, C𝑖 (Σ, E) is naturally a quasicoherent toric
sheaf. More precisely, for each 𝜏 ∈ Σ, and 𝑚 ∈ 𝑀 , we have for each 𝜎 ∈ Σ :

Γ

𝑈𝜏 , (𝜄𝜎)∗(E |𝑈𝜎 )

�
𝑚 = Γ(𝑈𝜏 ∩𝑈𝜎 , E |𝑈𝜎 )𝑚

= Γ(𝑈𝜏 ∩𝑈𝜎 , E)𝑚
= 𝐸 𝜏∩𝜎

𝑚 ,

and then
Γ(𝑈𝜏 , C𝑖 (Σ, E))𝑚 =

Ê
𝜎∈Σ (𝑛−𝑖)

𝐸 𝜏∩𝜎
𝑚 . (3.20)

Hence we can define morphisms for 0 ≤ 𝑖 ≤ 𝑛 − 1 by setting

𝜕𝑖 : C𝑖 (Σ, E) → C𝑖+1(Σ, E)
(𝑠𝜎)𝜎∈Σ (𝑛−𝑖) ↦→

∑︁
𝜏∈Σ (𝑛−𝑖−1)

∑︁
𝜏≤𝜎

𝜎∈Σ (𝑛−𝑖)

𝜀𝜏𝜎 𝜂𝜏𝜎 ◦ 𝜄∗𝜏𝜎𝑠𝜎 .

Moreover, we have an injective morphism :

𝜄 : E → C0(Σ, E)

given by the direct sum over Σ(𝑛) of the restriction maps 𝜄𝜎 . We leave again to the
reader checking that the following is a complex :

0 → E
𝜄−→ C0(Σ, E) 𝜕0

−−→ C1(Σ, E) 𝜕1

−−→ . . .
𝜕𝑛−1

−−−→ C𝑛 (Σ, E) → 0, (3.21)



Cohomology 121

that is 𝜕0 ◦ 𝜄 = 0 and for each 1 ≤ 𝑖 ≤ 𝑛 − 1, 𝜕𝑖 ◦ 𝜕𝑖−1 = 0. To prove Theorem 3.3.8, we
will show that (3.21) is an acyclic resolution for E , assuming finiteness of the Σ-family
𝐸•. This means that for each 0 ≤ 𝑖 ≤ 𝑛, the sheaf C𝑖 (Σ, E) has vanishing cohomology
groups except in degree zero, and that (3.21) is exact. We first show acyclicity :

Lemma 3.3.11. Let E be a quasicoherent toric sheaf on 𝑋 . For each 0 ≤ 𝑖 ≤ 𝑛 and
each 𝑗 ≥ 1, one has

𝐻 𝑗 (𝑋 , C𝑖 (Σ, E)) = 0.

Proof. Being additive, the cohomology functors send direct sums to direct sums. It is
then enough to show that for each𝜎, (𝜄𝜎)∗(E |𝑈𝜎 ) has vanishing cohomology in degree
greater or equal to one. As

U𝜎 := {𝑈𝜎 ∩𝑈𝜏 = 𝑈𝜎∩𝜏 | 𝜏 ∈ Σ(𝑛)}

is an affine cover of𝑈𝜎 , by the Čech description of cohomology, one sees that

𝐻̌ 𝑗 (UΣ, (𝜄𝜎)∗(E |𝑈𝜎 )) = 𝐻̌ 𝑗 (U𝜎 , 𝜄
∗
𝜎E).

Together with Theorem 3.3.4, we deduce that

𝐻 𝑗 (𝑋 , (𝜄𝜎)∗(E |𝑈𝜎 ) ≃ 𝐻 𝑗 (𝑈𝜎 , 𝜄
∗
𝜎E).

The result then follows from Serre vanishing Theorem 3.3.2.

To prove exactness of the complex (3.21), we will reduce ourselves to the case of
rank one reflexive sheaves, by mean of Perling’s resolution. This method relies on the
following three lemmas.

Lemma 3.3.12. Let E be a quasicoherent toric sheaf on 𝑋 . Then 𝜄 : E → C0(Σ, E) is
injective and Im 𝜄 = ker 𝜕0.

Proof. This follows from the fact that E is a sheaf. First, the 𝑈𝜎 , 𝜎 ∈ Σ(𝑛), cover 𝑋 .
Hence, if the restriction of a section 𝑠 ∈ Γ(𝑈𝜏 ,E) to each𝑈𝜏 ∩𝑈𝜎 ,𝜎 ∈ Σ(𝑛), vanishes,
then 𝑠 = 0. For the second point, (𝑠𝜎)𝜎∈Σ (𝑛) being in the kernel of 𝜕0 precisely means
that the sections 𝑠𝜎1 and 𝑠𝜎2 agree on the overlaps 𝜎1 ∩ 𝜎2, for each pair (𝜎1,𝜎2) ∈
Σ(𝑛)2. We deduce that they glue over 𝑋 and come by restriction from a section of E .

In what follows, we let (C•(Σ, E), 𝜕•) to stand for the complex (3.21).

Lemma 3.3.13. Any exact sequence

0 → E → F → G → 0

of quasicoherent toric sheaves induces an exact sequence of complexes :

0 → (C•(Σ, E), 𝜕•) → (C•(Σ,F ), 𝜕•) → (C•(Σ,G), 𝜕•) → 0.
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By exact sequence of complexes, we mean that for each 0 ≤ 𝑖 ≤ 𝑛, there is an exact
sequence

0 → C𝑖 (Σ, E) → C𝑖 (Σ,F ) → C𝑖 (Σ,G) → 0, (3.22)

with commutative diagrams

0 C𝑖 (Σ, E) C𝑖 (Σ,F ) C𝑖 (Σ,G) 0

0 C𝑖+1(Σ, E) C𝑖+1(Σ,F ) C𝑖+1(Σ,G) 0.

𝜕𝑖 𝜕𝑖 𝜕𝑖 (3.23)

Proof. Denote by (𝐸𝜎
𝑚 ), (𝐹𝜎

𝑚 ) and (𝐺𝜎
𝑚) the 𝜎 families of E , F and G, respectively.

For each 𝜎 ∈ Σ, 𝜏 ∈ Σ and 𝑚 ∈ 𝑀 , restriction to𝑈𝜏∩𝜎 yields exactness of

0 → 𝐸 𝜏∩𝜎
𝑚 → 𝐹𝜏∩𝜎

𝑚 → 𝐺𝜏∩𝜎
𝑚 → 0.

Then, by the description of the sections of C𝑖 (Σ, E), cf (3.20), we have induced exact
sequences

0 → Γ(𝑈𝜏 , C𝑖 (Σ, E))𝑚 → Γ(𝑈𝜏 , C𝑖 (Σ,F ))𝑚 → Γ(𝑈𝜏 , C𝑖 (Σ,G))𝑚 → 0.

By Exercise 3.3.20, this proves the existence of the exact sequences (3.22). Com-
mutativity of (3.23) follows from the fact that morphisms of sheaves commute with
restriction maps, by definition.

Finally, we have :

Lemma 3.3.14. Consider an exact sequence of quasicoherent toric sheaves on 𝑋 :

0 → E → F → G → 0.

Then if two of the complexes (C•(Σ, E), 𝜕•), (C•(Σ, F ), 𝜕•) or (C•(Σ, G), 𝜕•) are
exact, so is the third one.

In the proof that follows, we will denote by

H𝑖 (Σ, E) = ker 𝜕𝑖

Im 𝜕𝑖−1

the cohomology sheaves of the complex (C•(Σ, E), 𝜕•).

Proof. From Lemma 3.3.13, we have a short exact sequence of complexes

0 → (C•(Σ, E), 𝜕•) → (C•(Σ,F ), 𝜕•) → (C•(Σ,G), 𝜕•) → 0.
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This induces in turn a long exact sequence in cohomology, cf Appendix B :

0 → H0(Σ, E) → H0(Σ,F ) → H0(Σ,G) →
H1(Σ, E) → H1(Σ,F ) → H1(Σ,G) → . . .

H𝑖 (Σ, E) → H𝑖 (Σ,F ) → H𝑖 (Σ,G) → . . .

By Lemma 3.3.12, the sheaves H0(Σ, E), H0(Σ,F ) and H0(Σ,G) all vanish. Exact-
ness of a complex (C•(Σ, E), 𝜕•) is the same as vanishing of all sheaves H𝑖 (Σ, E),
𝑖 ≥ 0. Hence, the result follows.

Together with Lemma 3.3.11, the following proposition is the key to prove The-
orem 3.3.8.

Proposition 3.3.15. Assume that 𝑋 is normal and projective. Let E be a coherent toric
sheaf on 𝑋 . Then the complex (3.21) is exact.

Proof. As in the proof of Theorem 3.2.5, E admits a finite locally free resolution by
toric sheaves (the proof of this fact doesn’t use smoothness). By a direct iteration of
Lemma 3.3.14, we may then assume that E is locally free, hence reflexive. Then, E
admits a resolution by direct sums of rank one reflexive sheaves, cf Theorem 3.1.4.
Hence, using Lemma 3.3.14 again, it is actually enough to deal with the case when
E =L is a rank one reflexive toric sheaf on 𝑋 . By Proposition 2.1.3, there exists integers
(𝑎𝜌)𝜌∈Σ (1) ∈ Z |Σ (1) | such that

L ≃ O𝑋
 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�
.

We set (𝐿𝜎
𝑚) to be a family of multifiltrations of L. By proposition 2.1.4, and Propos-

ition 1.3.16, for any 𝜎 ∈ Σ, and any weight 𝑚 ∈ 𝑀 , we may assume that

𝐿𝜎
𝑚 =

� {0} if ∃ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌
C if ∀ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌.

We wish to prove that (C•(Σ, L), 𝜕•) is an exact sequence of quasicoherent toric
sheaves. By Theorem 1.2.21, it is enough to prove exactness at the level of Σ-families.
This amounts to showing exactness, for each 𝜏 ∈ Σ, and 𝑚 ∈ 𝑀 , of the complex
(Γ(𝑈𝜏 , C•(Σ,L))𝑚, 𝜕•) (see Exercise 3.3.20). By (3.20), this complex is

0 → 𝐿𝜏
𝑚 →

Ê
𝜎∈Σ (𝑛)

𝐿𝜏∩𝜎
𝑚

𝜕0
𝑚−−→ . . .

𝜕𝑛−2
𝑚−−−→

Ê
𝜌∈Σ (1)

𝐿
𝜏∩𝜌
𝑚

𝜕𝑛−1
𝑚−−−→ C → 0 (3.24)

with
(𝜕𝑖𝑚(𝑠𝜎))𝜎′ =

∑︁
𝜎′≤𝜎

𝜎∈Σ (𝑛−𝑖)

𝜀𝜎′𝜎 𝑠𝜎 .
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From the description of (𝐿𝜎
𝑚), the contribution of 𝐿𝜏∩𝜎

𝑚 to this latter complex will be
non-zero precisely when for all 𝜌 ∈ 𝜏(1) ∩ 𝜎(1), ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌. Let then Σ𝜏̂𝑚 ⊂ Σ
be the subset of cones 𝜎 ∈ Σ such that for all 𝜌 ∈ 𝜎(1), either 𝜌 ∉ 𝜏(1), or 𝜌 ∈ 𝜏(1)
and ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌. Equivalently, Σ𝜏̂𝑚 is the largest subfan of Σ that do not contain
the set of rays

𝜏𝑚 := {𝜌 ∈ 𝜏(1) | ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌} ⊂ 𝜏(1).
Then, we reduced ourselves to showing exactness of the complex

0 → 𝐿𝜏
𝑚 →

Ê
𝜎∈Σ𝜏̂𝑚 (𝑛)

C𝜎
𝜕0
𝑚−−→ . . . →

Ê
𝜌∈Σ𝜏̂𝑚 (1)

C𝜌
𝜕𝑛−1
𝑚−−−→ C → 0, (3.25)

where each C𝜎 is a copy of C. We recognize the augmented homology complex for
the CW-complex given by Σ𝜏̂𝑚 ∩ 𝑆𝑛−1, where 𝑆𝑛−1 ⊂ 𝑁R is the sphere given by a fixed
euclidean structure on 𝑁R (see Appendix B). We further note that either 𝜏𝑚 = ∅, and
then |Σ𝜏̂𝑚 | ∩ 𝑆𝑛−1 = 𝑆𝑛−1, or 𝜏𝑚 ≠ 0, and then |Σ𝜏̂𝑚 | ∩ 𝑆𝑛−1 is contractible. Indeed,
for each cone 𝜎 ∈ Σ such that 𝜎(1) ∩ 𝜏𝑚 ≠ ∅, the cell 𝜎 ∩ 𝑆𝑛−1 admits a deformation
retract to a point in 𝜏𝑚 ∩ 𝑆𝑛−1, and 𝜏 ∩ 𝑆𝑛−1 is contractible. In both cases, this proves
exactness of (3.25), which concludes the proof.

We can now conclude the proof of Theorem 3.3.8.

Proof of Theorem 3.3.8. Let E be a coherent toric sheaf over 𝑋 , with Σ-family 𝐸•.
By Proposition 3.3.15, (C•(Σ, E), 𝜕•) is exact. By Lemma 3.3.11, for each 0 ≤ 𝑖 ≤ 𝑛,
C𝑖 (Σ,E) have vanishing cohomology in positive degrees. Then, it is a standard fact that
the global sections of an acyclic resolution computes cohomology for a given sheaf.
We recall the argument for completeness. First, note that for each 0 ≤ 𝑖 ≤ 𝑛,

Γ(𝑋 , C𝑖 (Σ, E))𝑚 = 𝐶𝑖 (Σ, 𝐸•)𝑚,

and that the restriction of the differential 𝜕𝑖 agrees with the differential 𝜕𝑖𝑚 of the
complex 𝐶•(Σ, 𝐸•)𝑚. Then, we proceed by induction on the cohomological degree.
First, consider the quotient obtained from the injection E → C0(Σ, E) :

0 → E → C0(Σ, E) 𝜕0

−−→ Q0 → 0.

This yields a long exact sequence in cohomology :

0 → 𝐻0(𝑋 , E) → 𝐻0(𝑋 , C0(Σ, E)) 𝜕0

−−→ 𝐻0(𝑋 ,Q0) −→
𝐻1(𝑋 , E) → 𝐻1(𝑋 , C0(Σ, E)) → 𝐻1(𝑋 ,Q0) −→ . . .

As the morphisms 𝐻𝑖 (𝑋 , E) → 𝐻𝑖 (𝑋 , C0(Σ, E)) and 𝐻𝑖 (𝑋 , C0(Σ, E)) → 𝐻𝑖 (𝑋 ,Q0)
are homogeneous of degree zero for the𝑀-grading (this follows from the Čech descrip-
tion for example), so are the boundary maps in the long exact sequence. We then have
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long exact sequences in cohomology, for each 𝑚 ∈ 𝑀 :

0 → 𝐻0(𝑋 , E)𝑚 → 𝐶0(Σ, 𝐸•)𝑚
𝜕0
𝑚−−→ 𝐻0(𝑋 ,Q0)𝑚 −→

𝐻1(𝑋 , E)𝑚 → 0 → 𝐻1(𝑋 ,Q0)𝑚 −→
𝐻2(𝑋 , E)𝑚 → 0 → 𝐻2(𝑋 ,Q0)𝑚 −→ . . .

We deduce that
𝐻0(𝑋 , E)𝑚 ≃ ker 𝜕0

𝑚 = 𝐻0(Σ, 𝐸•)𝑚,

as well as

𝐻1(𝑋 , E)𝑚 ≃ 𝐻0(𝑋 ,Q0)𝑚
Im 𝜕0

𝑚

and that for 𝑖 ≥ 2,
𝐻𝑖 (𝑋 , E)𝑚 ≃ 𝐻𝑖−1(𝑋 ,Q0)𝑚.

We then consider the short exact sequence

0 → Q0 → C1(Σ, E) 𝜕1

−−→ Q1 → 0.

As C1(Σ, E) has no cohomology in higher degree, the associated long exact sequence
gives

𝐻0(𝑋 ,Q0)𝑚 ≃ ker 𝜕1
𝑚,

which proves that
𝐻1(𝑋 , E)𝑚 ≃ 𝐻1(Σ, 𝐸•)𝑚,

and the result follows by iterating this process.

Remark 3.3.16. Klyachko’s original proof of Theorem 3.3.8 used Serre duality and a
result of Leray on degeneration of specific spectral sequences, cf [39, Theorem 4.1.1
and Remark 4.1.2]. It was then only valid for locally free toric sheaves. We extend
here this result to the coherent case, over normal and projective toric varieties. Using
a little more algebraic topology, one can extend the result of Theorem 3.3.8, and its
corollaries, to quasicoherent toric sheaves over normal and complete toric varieties
(hence dropping the projectivity assumption). This requires the use of sheaves over
fans (see Note 3.3.1), and Godement’s resolution, cf [31, Section 3]. We also mention
another approach based on methods from algebra and the Canonical Čech complex of
[48, Section 6, Example 6.6], together with Cox’s presentation of toric sheaves as in
Note 1.3.1. We refer the interested reader to [60, Proposition 1.3.14].
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Examples : rank one reflexive sheaves

Let 𝑋 be a normal and projective toric variety, and

L = O𝑋
 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�

be a rank one reflexive toric sheaf, for some integers (𝑎𝜌)𝜌∈Σ (1) ∈ Z |Σ (1) | , and consider
its family of multifiltrations 𝐿• = (𝐿𝜎

𝑚). We have

𝐿𝜎
𝑚 =

� {0} if ∃ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌
C if ∀ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌.

From Theorem 3.3.8, for each 𝑚 ∈ 𝑀 , the cohomology groups 𝐻•(𝑋 , L)𝑚 can be
computed from Klyachko–Čech complex (𝐶•(Σ, 𝐿•)𝑚, 𝜕•𝑚) :

0 →
Ê

𝜎∈Σ (𝑛)
𝐿𝜎
𝑚

𝜕0
𝑚−−→ . . . →

Ê
𝜎∈Σ (2)

𝐿𝜎
𝑚

𝜕𝑛−2
𝑚−−−→

Ê
𝜌∈Σ (1)

𝐿
𝜌
𝑚

𝜕𝑛−1
𝑚−−−→ C → 0.

The space 𝐿𝜎
𝑚 is non-zero if and only if for all 𝜌 ∈ 𝜎(1), ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌. Set

ΣL,𝑚 := {𝜎 ∈ Σ | ∀ 𝜌 ∈ 𝜎(1), ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌} ⊂ Σ. (3.26)

It is straightforward to check thatΣL,𝑚 is a fan. Then, the cohomology groups𝐻•(𝑋 ,L)𝑚
are computed by the following complex :

0 →
Ê

𝜎∈ΣL,𝑚 (𝑛)
C𝜎

𝜕0
𝑚−−→ . . . →

Ê
𝜎∈ΣL,𝑚 (2)

C𝜎
𝜕𝑛−2
𝑚−−−→

Ê
𝜌∈ΣL,𝑚 (1)

C𝜌
𝜕𝑛−1
𝑚−−−→ C → 0.

This is precisely the augmented homology complex for the CW-complex given by
ΣL,𝑚 ∩ 𝑆𝑛−1, where 𝑆𝑛−1 ⊂ 𝑁R is the sphere given by a fixed euclidean structure on
𝑁R (cf Appendix B). Hence we obtained :

Proposition 3.3.17. Let L = O𝑋 (
Í

𝜌∈Σ (1) 𝑎𝜌 𝐷𝜌) be a rank one reflexive sheaf on a
normal and projective toric variety 𝑋 . Then for each 𝑚 ∈ 𝑀 and each 0 ≤ 𝑖 ≤ 𝑛 − 1,
one has

𝐻𝑖 (𝑋 ,L)𝑚 ≃ 𝐻̃𝑛−1−𝑖 ( |ΣL,𝑚 | ∩ 𝑆𝑛−1),
where 𝐻̃• stands for the reduced homology groups, and ΣL,𝑚 is defined in (3.26).

Note that 𝐻𝑛 (𝑋 , L) can easily be computed from Corollary 3.3.10, which con-
cludes the description of the cohomology groups of rank one reflexive sheaves. As a
particular case, we recover a vanishing result due to Demazure :

Corollary 3.3.18. Let 𝑋 be a normal and projective toric variety. Then for each 𝑖 ≥ 1,

𝐻𝑖 (𝑋 ,O𝑋) = 0.
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Proof. If L =O𝑋, we see that the fanΣL,𝑚, for some𝑚 ∈ 𝑀 , is given by the largest sub-
fan of Σ contained in the halfspace 𝑚∨ ⊂ 𝑁R. Hence, by completeness of Σ, |ΣL,𝑚 | ∩
𝑆𝑛−1 is contractible, and we find 𝐻𝑖 (𝑋 ,O𝑋)𝑚 = 0 for all 𝑚 ∈ 𝑀 and 1 ≤ 𝑖 ≤ 𝑛 − 1 by
Proposition 3.3.17. The vanishing of 𝐻𝑛 (𝑋 ,O𝑋) follows easily from Corollary 3.3.10
and completeness of the fan.

Examples : sheaves of differential forms

The sheaf of degree 𝑝 differential forms is defined by

Ω𝑝
𝑋 := (Λ𝑝 (Ω1

𝑋))∨∨.

In the toric case, the cohomology of those sheaves is rather restricted.

Theorem 3.3.19. Let 𝑋 be a smooth projective toric variety. Then, for any 𝑝 ≠ 𝑞,

𝐻 𝑝 (𝑋 ,Ω𝑞
𝑋) = 0.

This result actually holds over simplicial and complete toric varieties, but the proof
requires a more general version of Serre duality, cf [16, Chapter 9, Section 3]. This
vanishing result is due to Danilov [18, Section 12] when 𝑝 < 𝑞, and the proof given
here follows Ishida’s ideas [35], and the presentation from [16, Theorem 9.3.2] (see
also [54, Section 3.1] and reference therein).

Proof. Introduce Ishida’s complex :

0 → Ω𝑞
𝑋 → K0(Σ, 𝑞) 𝜙0

−−→ K1(Σ, 𝑞) → . . .
𝜙𝑞−1

−−−−→ K𝑞 (Σ, 𝑞) → 0,

where
K 𝑗 (Σ, 𝑞) :=

Ê
𝜎∈Σ ( 𝑗 )

Λ𝑞− 𝑗 (𝜎⊥ ∩ 𝑀) ⊗Z O𝑉 (𝜎) ,

the map
Ω𝑞

𝑋 → K0(Σ, 𝑞) = Λ𝑞𝑀 ⊗Z O𝑋

is the 𝑞-th exterior power of the injection Ω1
𝑋 → 𝑀 ⊗Z O𝑋, cf Proposition 2.1.7, and

the maps
𝜙 𝑗 : K 𝑗 (Σ, 𝑞) → K 𝑗+1(Σ, 𝑞)

are defined by sending an element 𝛼𝜏 ⊗ 𝑠𝜏 in (𝜏⊥ ∩ 𝑀) ⊗Z O𝑉 (𝜏 ) to

𝜙 𝑗 (𝛼𝜏 ⊗ 𝑠𝜏) =
∑︁
𝜏<𝜎
𝜎=𝜏+𝜌

(𝜄𝑢𝜌𝛼𝜏) ⊗ (𝑠𝜏)|𝑉 (𝜎) ,

where 𝜄𝑢𝜌 denotes the inner product of the form 𝛼𝜏 with the primitive generator 𝑢𝜌 of
the ray 𝜌. Each of the terms in the Ishida complex is a coherent toric sheaf (we denoted
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O𝑉 for 𝜄∗O𝑉 , where 𝜄 : 𝑉 → 𝑋 is the inclusion map). We leave in Exercise 3.3.26 the
proof that this complex is exact. By definition of the pushforward, for any invariant
subvariety 𝑉 ⊂ 𝑋 , we have

𝐻•(𝑋 , 𝜄∗O𝑉 ) ≃ 𝐻•(𝑉 ,O𝑉 ).
Together with Corollary 3.3.18, we deduce that for any 𝑗 ≥ 0 and any 𝑘 ≥ 1,

𝐻𝑘 (𝑋 ,K 𝑗 (Σ, 𝑞)) = 0.

An inductive argument as in the proof of Theorem 3.3.8 shows then that𝐻 𝑝 (𝑋 ,Ω𝑞
𝑋) = 0

for 𝑝 > 𝑞. For the case when 𝑝 < 𝑞, we use Serre duality, Theorem 3.3.3, applied to
the sheaf Ω𝑞

𝑋. This gives

𝐻 𝑝 (𝑋 ,Ω𝑞
𝑋)∗ ≃ 𝐻𝑛−𝑝 (𝑋 , (Ω𝑞

𝑋)∨ ⊗ K𝑋).
But K𝑋 = Ω𝑛

𝑋, and

(Ω𝑞
𝑋)∨ ⊗ K𝑋 ≃ Hom (Ω𝑞

𝑋,Ω
𝑛
𝑋) ≃ Ω𝑛−𝑞

𝑋

so
𝐻 𝑝 (𝑋 ,Ω𝑞

𝑋)∗ ≃ 𝐻𝑛−𝑝 (𝑋 ,Ω𝑛−𝑞
𝑋 ).

As 𝑛 − 𝑝 < 𝑛 − 𝑞, the result follows from the previous case.

The computations for the cohomology groups 𝐻 𝑝 (𝑋 ,Ω𝑝
𝑋), and their twisted ver-

sions, can be found in [45]. In Exercise 3.3.27, another example of computations is
given, namely the cohomology for tangent sheaves of toric surfaces.

Alexander and Serre dualities

We finish this section by explaining how Alexander duality, cf Appendix B, implies
Serre duality for toric line bundles, assuming 𝑋 to be smooth. Let

L = O𝑋
 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�

be a toric line bundle, for some integers (𝑎𝜌)𝜌∈Σ (1) ∈ Z |Σ (1) | , with family of multi-
filtrations 𝐿• = (𝐿𝜎

𝑚) satisfying

𝐿𝜎
𝑚 =

� {0} if ∃ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌
C if ∀ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌.

Denote by Ľ := L∨ ⊗ K𝑋, and set 𝐿̌• = ( 𝐿̌𝜎
𝑚) be the associated family of multifiltra-

tions. From Exercise 3.3.28, one has

𝐿̌𝜎
−𝑚 =

� {0} if ∃ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌
C if ∀ 𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌.
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We then introduce the subfans of Σ :

ΣL,𝑚 = {𝜎 ∈ Σ | ∀ 𝜌 ∈ 𝜎(1), ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌}

and
ΣĽ,−𝑚 = {𝜎 ∈ Σ | ∀ 𝜌 ∈ 𝜎(1), ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌}.

From the discussion in the proof of Proposition 3.3.17, we know that the cohomology
of (𝐶•(Σ, 𝐿̌•)−𝑚, 𝜕•−𝑚) computes the reduced homology of 𝐾̌ := 𝑆𝑛−1 ∩ |ΣĽ,−𝑚 |. On
the other hand, it is straightforward to check that the cohomology of the dual complex
of (𝐶•(Σ,L)𝑚, 𝜕•𝑚) computes the reduced cohomology of 𝐾 := 𝑆𝑛−1 ∩ |ΣL,𝑚 |. As the
rays of Σ all belong to ΣĽ,−𝑚(1) ∪ ΣL,𝑚(1), the space 𝐾 is a deformation retract of
𝑆𝑛−1 \ 𝐾̌ . Hence, the reduced (co)homology of 𝐾 is isomorphic to the one of 𝑆𝑛−1 \ 𝐾̌ .
By Alexander duality, we deduce that the 𝑖-th cohomology for the dual complex of
(𝐶•(Σ,L)𝑚, 𝜕•𝑚) is isomorphic to the (𝑛 − 𝑖)-th cohomology for (𝐶•(Σ, 𝐿̌•)−𝑚, 𝜕•−𝑚),
recovering Serre duality in degrees 1 ≤ 𝑖 ≤ 𝑛 − 1. In general, Serre duality may be
viewed as a version of Alexander duality with local systems of coefficients, cf Exercise
3.3.28.

3.3.1 Exercises for 3.3

Exercise 3.3.20 (Exact sequences of Σ-families). Let

0 → E
𝜙−→ F

𝜓−→ G → 0 (3.27)

be a complex of quasicoherent toric sheaves on 𝑋 , with associated complex of Σ-
families:

0 → (𝐸Σ, 𝜂Σ) ΦΣ

−−→ (𝐹Σ, 𝜇Σ) ΨΣ

−−→ (𝐺Σ, 𝜈Σ) → 0.

Show that (3.27) is exact4 if and only if for each 𝜎 ∈ Σ, the associated complex of
𝜎-families

0 → 𝐸𝜎
𝑚

𝜙𝜎
𝑚−−→ 𝐹𝜎

𝑚

𝜓𝜎
𝑚−−→ 𝐺𝜎

𝑚 → 0

is exact for each 𝑚 ∈ 𝑀 . Hint : use the long exact sequence in cohomology and Serre
vanishing on each𝑈𝜎 ⊂ 𝑋 .

Exercise 3.3.21 (Ext sheaves). Given a sheaf of O𝑋-modules F on 𝑋 , the sheaves
Ext 𝑖O𝑋

(F , ·) are defined as the right derived functors of HomO𝑋 (F , ·). In practice,
one may compute them by using a locally free resolution [25, Proposition 6.5]. Given

. . . → L1 → L0 → F → 0

4Exactness means 𝜙 is injective, Im 𝜙 = ker 𝜓 and 𝜓 is surjective.
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a locally free resolution of F , then for any sheaf of O𝑋-modules E ,

Ext 𝑖O𝑋
(F , E) = ℎ𝑖 (HomO𝑋 (L•, E)).

Show that if 𝑋 is a smooth toric variety and F is a coherent toric sheaf, then for any
quasicoherent toric sheaf E , Ext 𝑖O𝑋

(F ,E) is a quasicoherent toric sheaf. Hint : use the
existence of a locally free toric resolution, as in the proof of Theorem 3.2.5.

Exercise 3.3.22 (Higher direct images). Given a toric morphism between normal toric
varieties 𝜙 : 𝑋 → 𝑌 , for any quasicoherent sheaf E on 𝑋 , one obtains higher direct
images 𝑅𝑖𝜙∗E , 𝑖 ≥ 0. Those are quasicoherent sheaves on𝑌 defined on affines𝑈𝜎 ⊂ 𝑌
by

Γ(𝑈𝜎 , 𝑅
𝑖𝜙∗E) = 𝐻𝑖 (𝜙−1(𝑈𝜎), E).

Assume that E is a quasicoherent toric sheaf and that 𝜙 : 𝑁𝑋 → 𝑁𝑌 is surjective. Show
then that 𝑅𝑖𝜙∗E admits a 𝑇𝑌 -equivariant structure. Hint : reduce to the case when 𝑌 is
affine and follow the arguments of Proposition 2.3.17.

Exercise 3.3.23 (Differential complex ofΣ-families). Let 𝐸• = (𝐸Σ,𝜂Σ) be aΣ-family
over a complete fan Σ. Denote by E the associated 𝑇-sheaf.

(1) Show that for each 𝑚 ∈ 𝑀 , (𝐶•(Σ, 𝐸•)𝑚, 𝑑•𝑚) forms a differential complex.
(2) Show that the Čech differential preserves the 𝑀-grading on sections of E over

toric affine open sets.
(3) Conclude the proof of Lemma 3.3.5.

Exercise 3.3.24 (Complexes on P𝑛). Let 𝐸• be a Σ-family on the projective space.
Show that the complexes (𝐶•(UΣ, 𝐸

•)𝑚, 𝑑•𝑚) and (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚) coincide for all
𝑚 ∈ 𝑀 .

Exercise 3.3.25 (Hirzebruch–Riemann–Roch). Let 𝑋 be a smooth and projective vari-
ety and E be a coherent sheaf on 𝑋 . The Hirzebruch–Riemann–Roch theorem relates
the Euler characteristic of E to the Chern character ch(E) of E , as defined in Exercise
3.2.11. The formula is given by

𝜒(E) =
∫
𝑋

ch(E) Td(𝑋), (3.28)

where ∫
𝑋

: 𝐻2𝑛 (𝑋 ,Q) → 𝐻0(𝑋 ,Q) ≃ Q

is the Poincaré dual map and Td(𝑋) ∈ 𝐻•(𝑋 ,Q) is a characteristic class, the Todd
class (see e.g. [16, Chapter 13, Section 1]). Show that to prove (3.28) for coherent
toric sheaves, it is enough to prove it for (toric) line bundles. Hint : show the existence
of a finite and free equivariant resolution.
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We refer the interested reader to [16, Chapter 13], and reference therein, for a
proof of an equivariant version of Hirzebruch–Riemann–Roch theorem for toric line
bundles, from which the classical case follows.

Exercise 3.3.26 (Ishida’s complex). Consider Ishida’s complex, as defined in the proof
of Theorem 3.3.19.

(1) Show that this is indeed a complex of coherent toric sheaves.
(2) We will show exactness if Ishida’s complex. Let 𝜎0 ∈ Σ and 𝑚 ∈ 𝑀 ∩ 𝜎∨

0 .
(a) Show that

Γ(𝑈𝜎0 ,K
𝑗 (Σ, 𝑞))𝑚 =

Ê
𝜎∈Σ ( 𝑗 )

𝜎≤𝜎0 , 𝜎⊂𝑚⊥

Λ𝑞− 𝑗 𝜎⊥ ∩ 𝑀C
�
.

(b) Let B = (𝑒∗𝑖 )1≤𝑖≤𝑛 be a basis of 𝑀C such that (𝑒∗1, . . . , 𝑒∗𝑟 ) is a basis for
𝜎⊥

0 ∩𝑀C. For each cone𝜎 ≤ 𝜎0, give a basis ofΛ𝑞− 𝑗

𝜎⊥ ∩𝑀C

�
in terms

of B.
(c) Deduce exactness of (Γ(𝑈𝜎0 ,K•(Σ, 𝑞))𝑚, 𝜙•𝑚).
(d) Conclude.

Exercise 3.3.27 (Deformation theory of toric surfaces). Cohomology of the tangent
sheaf carries important information about the deformation theory of the variety. In
this exercise, we will compute the cohomology of the tangent sheaf of smooth toric
surfaces, recovering results from [34]. Let 𝑋 be a smooth toric surface. We may order
the rays of Σ(1) counter clockwise, and denote them accordingly by {𝜌1, 𝜌2, . . . , 𝜌𝑑}.

(1) Using Corollary 3.3.10, show that 𝐻2(𝑋 , T𝑋) = 0.
(2) Using Theorem 3.3.8, show that for any 𝑚 ∈ 𝑀 ,

dim(𝐻1(𝑋 , T𝑋)𝑚) = ♯{𝜌𝑖 ∈ Σ(1) | ⟨𝑚, 𝑢𝜌𝑖 ⟩ = −1, ⟨𝑚, 𝑢𝜌𝑖±1⟩ < 0},

where by convention 𝜌0 = 𝜌𝑑 and 𝜌𝑑+1 = 𝜌1.
(3) Recover those results using the Euler sequence, Exercise 3.1.10, together with

Proposition 3.3.17.

Exercise 3.3.28 (Serre duality). Let E be a rank 𝑟 locally free toric sheaf over a smooth
and projective toric variety 𝑋 . Denote by 𝐸• = (𝐸𝜎

𝑚 ) its family of multifiltrations. For
each 𝜎 ∈ Σ, let (𝑚𝜎

𝑖 )1≤𝑖≤𝑟 ∈ 𝑀/(𝜎⊥ ∩ 𝑀) and

𝐸 =
𝑟Ê
𝑖=1

𝐸𝑚𝜎
𝑖
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be the eigenspace decomposition from Klyachko’s compatibility, Theorem 1.3.27, such
that for each 𝜌 ∈ 𝜎(1), and each 𝑚 ∈ 𝑀 ,

𝐸𝜌 (⟨𝑚, 𝑢𝜌⟩) =
Ê

𝑚𝜎
𝑖 ≤𝜌𝑚

𝐸𝑚𝜎
𝑖
.

We fix 0 ≤ 𝑘 ≤ 𝑛 and 𝑚 ∈ 𝑀 .
(1) (a) Let 𝜎 ∈ Σ(𝑛 − 𝑘). Show that

(𝐸𝜎
𝑚 )∗ ≃

Ê
𝑚𝜎

𝑖 ≤𝜎𝑚

𝐸∗
𝑚𝜎

𝑖
.

(b) Deduce that
𝐶𝑘 (Σ, 𝐸•)∗𝑚 ≃

Ê
𝜎∈Σ (𝑛−𝑘 )

Ê
𝑚𝜎

𝑖 ≤𝜎𝑚

𝐸∗
𝑚𝜎

𝑖
.

(c) Describe the dual complex (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚)∗ of (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚) in
terms of the spaces 𝐸∗

𝑚𝜎
𝑖

.

(2) We denote by 𝐸̌• = (𝐸̌𝜎
𝑚 ) the family of multifiltrations for the sheaf E∨ ⊗ K𝑋.

Let𝜎 ∈ Σ(𝑘). We set 𝑚̌𝜎
𝑖 ∈ 𝑀/(𝜎⊥ ∩𝑀) defined by ⟨𝑚̌𝜎

𝑖 ,𝑢𝜌⟩ = −⟨𝑚𝜎
𝑖 ,𝑢𝜌⟩ +

1 for all 𝜌 ∈ 𝜎(1), and 𝐸𝑚̌𝜎
𝑖

:= 𝐸𝑚𝜎
𝑖

.
(a) Show that

𝐸̌𝜎
−𝑚 ≃

Ê
𝑚≤𝜎−𝑚̌𝜎

𝑖

𝐸∗
𝑚̌𝜎

𝑖
.

(b) Describe the complex (𝐶•(Σ, 𝐸̌•)−𝑚, 𝜕•−𝑚) in terms of the 𝐸∗
𝑚̌𝜎

𝑖
’s.

(3) Interpret Serre duality, Theorem 3.3.3, for the complexes (𝐶•(Σ, 𝐸•)𝑚, 𝜕•𝑚)∗
and (𝐶•(Σ, 𝐸̌•)−𝑚, 𝜕•−𝑚).

Exercise 3.3.29 (Simplicity of TP𝑛 ). We will show that TP𝑛 is simple, that is

𝐻0(P𝑛,End(TP𝑛 )) = C · IdTP𝑛 .

This shows in particular that TP𝑛 is indecomposable.
(1) Show that the family of filtrations (𝐸𝜌 (•)) for End(TP𝑛 ) is

∀ 𝑗 ∈ Z , 𝐸𝜌 ( 𝑗) =



{0} if 𝑗 < −1
𝜌⊥ ⊗ C · 𝑢𝜌 if 𝑗 = −1

𝜌⊥ ⊗ 𝑁C + 𝑀C ⊗ C · 𝑢𝜌 if 𝑗 = 0
𝑀C ⊗ 𝑁C if 𝑗 ≥ 1.

(2) Deduce that 𝐻0(P𝑛,End(TP𝑛 ))𝑚 = 0 if 𝑚 ≠ 0.
(3) Show that 𝐻0(P𝑛,End(TP𝑛 ))0 = C · IdTP𝑛 and conclude.
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Notes for Chapter 3

On the resolution property

In Section 3.1, we have seen that toric vector bundles on smooth toric varieties admit
finite resolutions by direct sums of line bundles. A variety is said to have the resolution
property if any of its coherent sheaves admits a (non necessarily finite) resolution
by locally free sheaves. A question raised in [63] is whether any variety (or specific
stacks or schemes) has the resolution property. The answer is known to be positive
for quasiprojective varieties, for Q-factorial varieties, and for normal surfaces (see the
introduction in [57] and reference therein). In the first two cases, such resolutions are
actually free. In contrast with the results presented in Section 3.1, Payne constructed
complete toric threefolds with no nontrivial toric vector bundles of rank less than or
equal to three [57]. It is not known whether Payne’s examples have the resolution
property. This highlights the subtlety of this question, even in the toric context.

Equivariant cohomology and classes

We have restricted ourselves to the study of classical Chern classes and cohomology
groups for toric sheaves. Being equivariant, toric sheaves actually admit equivariant
versions of those invariants. Those carry more informations, and can be used to recover
the classical ones. We refer the interested reader to [16, Chapter 13] or [8, Part III],
and reference therein.

Cohomology and sheaves on fans

A fan Σ naturally carries a topological structure where the open sets are given by
subfans. Given a Σ-family (𝐸𝜎

𝑚 ), we obtain for each weight 𝑚 ∈ 𝑀 a sheaf on Σ
whose stalk at 𝜎 ∈ Σ is 𝐸𝜎

𝑚 , and with restriction maps induced by the morphisms
(𝜂𝜏𝜎 ◦ 𝜄∗𝜏𝜎)𝜏≤𝜎 . Using the theory of sheaves on fans and Godement’s resolution, the
results from [31, Section 3] show that Theorem 3.3.8 extends to normal complete toric
varieties. The use of sheaves on fans goes back to [12] and [11]. It has applications in
equivariant K-theory [4], and in combinatorial cohomology for fans [5].

More vanishing

We limited ourselves to the vanishing results Corollary 3.3.18 and Theorem 3.3.19.
One should be aware that there exists a wide range of vanishing theorems for cohomo-
logy of toric sheaves. Most of them involve twisting a toric sheaf by a line bundle
satisfying a positivity condition, as described in the following chapter. We refer to the
comprehensive treatment in [16, Sections 9.2 and 9.3] for more vanishing results and
references.


