
Chapter 2

Examples of toric sheaves

We focus now on examples and basic constructions of toric sheaves. The first section is
devoted to classical examples related to the geometry of the variety. Along the way, we
obtain a simple proof of Zariski–Lipman conjecture, Theorem 2.1.10, for toric variet-
ies. In the following section, we describe algebraic operations on 𝑇-sheaves in terms
of Σ-families, and derive Kaneyama and Klyachko’s splitting result for the projective
space in Corollary 2.2.18. In the last section, we discuss pullbacks and pushforwards
for toric sheaves.

2.1 First examples

In this section, we study the most common examples of torsion-free sheaves on nor-
mal varieties, in the𝑇-equivariant context. We start with rank one equivariant reflexive
sheaves, corresponding to torus invariant Weil divisors, and provide their families of
filtrations. In the irreducible case, we generalise this to ideal sheaves of𝑇-invariant sub-
varieties. Finally, in higher rank, we show that the tangent sheaf is naturally endowed
with an equivariant structure, that we describe in details. This leads to the proof of the
Zariski–Lipman conjecture in the toric case.

Rank one reflexive sheaves

We refer the reader to [16, Chapter 4, Sections 0 and 1] for the background material
on Weil divisors on normal toric varieties. Let 𝑋 be a normal toric variety. Denote by
C(𝑋) its field of rational functions. We set Cl(𝑋) to be its class group, that is the group
of Weil divisors – formal linear combinations of prime divisors – modulo principal
divisors – divisors of the form div( 𝑓 ) for some 𝑓 ∈ C(𝑋)∗. Set Div𝑇 (𝑋) to be the set
of 𝑇-invariant Weil divisors on 𝑋 . An important result is the following [16, Theorem
4.1.3]:

Proposition 2.1.1. There is an exact sequence

𝑀 → Div𝑇 (𝑋) → Cl(𝑋) → 0 (2.1)

where the first map is 𝑚 ↦→ div(𝜒𝑚) and the second sends a divisor to its class 𝐷 ↦→
[𝐷]. If 𝑋 has no torus factor, the sequence is also exact on the left.
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A toric variety is said to have no torus factor when {𝑢𝜌 | 𝜌 ∈ Σ(1)} spans 𝑁R,
where recall 𝑢𝜌 ∈ 𝑁 is the primitive generator of the ray 𝜌 such that

𝜌 = R · 𝑢𝜌.

We will also need the following facts [16, Propositions 4.1.1 and 4.1.2]:

Proposition 2.1.2. Let 𝜌 ∈ Σ(1) with associated prime divisor 𝐷𝜌 = 𝑂 (𝜌). Then the
associated valuation

𝜈𝜌 := 𝜈𝐷𝜌 : C(𝑋)∗ → Z

is given on 𝜒𝑚, 𝑚 ∈ 𝑀 , by
𝜈𝜌 (𝜒𝑚) = ⟨𝑚, 𝑢𝜌⟩.

Then, for any 𝑚 ∈ 𝑀 , the principal divisor div(𝜒𝑚) is given by

div(𝜒𝑚) =
∑︁

𝜌′ ∈Σ (1)
⟨𝑚, 𝑢𝜌′ ⟩ 𝐷𝜌′ .

To any Weil divisor 𝐷, one can associate a rank one reflexive sheaf O𝑋 (𝐷) defined
on open sets𝑈 ⊂ 𝑋 by

Γ(𝑈,O𝑋 (𝐷)) := { 𝑓 ∈ C(𝑋)∗ | div( 𝑓 ) + 𝐷�
|𝑈 ≥ 0} ∪ {0}.

Conversely, any rank one reflexive sheaf on 𝑋 is isomorphic to O𝑋 (𝐷) for some Weil
divisor 𝐷, an O𝑋 (𝐷) ≃ O𝑋 (𝐷′) if and only if [𝐷] = [𝐷′] ∈ Cl(𝑋) (see e.g. [16,
Chapter 8.0]). Then we have the following:

Proposition 2.1.3. Let L be a rank one reflexive sheaf on 𝑋 . Then there are integers
(𝑎𝜌)𝜌∈Σ (1) such that

L ≃ O𝑋
 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�
.

In particular, L is isomorphic to a 𝑇-equivariant rank 1 reflexive sheaf.

Proof. The first statement follows from Proposition 2.1.1. It is then enough to show
that L := O𝑋

 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�
admits a𝑇-equivariant structure. Let𝜎 ∈ Σ. By definition,

Γ(𝑈𝜎 ,L) = { 𝑓 ∈ C(𝑋)∗ | div( 𝑓 ) +
∑︁
𝜌

𝑎𝜌𝐷𝜌
�
|𝑈𝜎

≥ 0} ∪ {0}

= { 𝑓 ∈ C(𝑋)∗ | div( 𝑓 )|𝑈𝜎 +
∑︁

𝜌∈𝜎 (1)
𝑎𝜌𝐷𝜌 ≥ 0} ∪ {0}.

Recall then that the fraction field of 𝑋 is

C(𝑋) ≃ C(𝑇) = C( 𝜒𝑚 | 𝑚 ∈ 𝑀),
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and is isomorphic to formal Laurent series in 𝑛-variables. As
Í
𝜌 𝑎𝜌𝐷𝜌 is 𝑇-invariant,

for each 𝑡 ∈ 𝑇 , one then has an isomorphism defined on generators of C(𝑋) by

ΦL,𝑡 : Γ(𝑈𝜎 , 𝑡
∗L) → Γ(𝑈𝜎 ,L)

𝜒𝑚 ↦→ 𝜒𝑚(𝑡)𝜒𝑚.

The (ΦL,𝑡 )𝑡∈𝑇 ’s satisfy the cocycle condition (1.6) and induce a 𝑇-equivariant struc-
ture on L.

From now on, when referring to a rank one reflexive 𝑇-sheaf, we will assume that
the 𝑇-equivariant structure is given by ΦL, as in the proof of Proposition 2.1.3. Such
sheaves are described by families of filtrations, thanks to Theorem 1.3.20.

Proposition 2.1.4. Let L = O𝑋
 ∑︁
𝜌∈Σ (1)

𝑎𝜌 𝐷𝜌
�

be a rank one 𝑇-equivariant reflexive

sheaf. Denote by (𝐿𝜌 (•))𝜌∈Σ (1) the associated family of filtrations. Then for any 𝜌 ∈
Σ(1),

𝐿𝜌 (𝑖) =
� {0} if 𝑖 < −𝑎𝜌

C if 𝑖 ≥ −𝑎𝜌.
Of course, there is a slight abuse of terminology in the above proposition, as ’the’

family of filtrations is only defined up to an isomorphism.

Proof. Let 𝜌 ∈ Σ(1). From the proof of Proposition 2.1.3,

Γ(𝑈𝜌,L) = { 𝑓 ∈ C(𝑋)∗ | div( 𝑓 )|𝑈𝜌 + 𝑎𝜌𝐷𝜌 ≥ 0} ∪ {0}.

Let𝑚 ∈𝑀 . Then, div(𝜒𝑚) is𝑇-invariant. By the orbit-cone correspondence, div(𝜒𝑚)|𝑈𝜌

is supported on 𝐷𝜌. By Proposition 2.1.2, 𝜈𝜌 (𝜒𝑚) = ⟨𝑚, 𝑢𝜌⟩. Hence, div(𝜒𝑚)|𝑈𝜌 +
𝑎𝜌𝐷𝜌 ≥ 0 if and only if ⟨𝑚, 𝑢𝜌⟩ + 𝑎𝜌 ≥ 0. We deduce that the degree-𝑚 component
of Γ(𝑈𝜌,L) is given by

Γ(𝑈𝜌,L)𝑚 =

� {0} if ⟨𝑚, 𝑢𝜌⟩ < −𝑎𝜌
C · 𝜒𝑚 if ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌.

The result follows, as by definition

𝐿𝜌 (⟨𝑚, 𝑢𝜌⟩) ≃ Γ(𝑈𝜌,L)𝑚.

Ideal sheaves

Fix 𝜏 ∈ Σ(𝑘), and consider the 𝑇-invariant subvariety 𝑉 (𝜏) = 𝑂 (𝜏) ⊂ 𝑋 . We define

I𝜏 ⊂ O𝑋
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to be the ideal sheaf of 𝑉 (𝜏). As 𝑉 (𝜏) is 𝑇-invariant, the 𝑇-equivariant structure Φ𝑋

on O𝑋 restricts to I𝜏 and induces a 𝑇-equivariant structure on I𝜏 , cf Example 1.2.3.
We then consider I𝜏 as a 𝑇-equivariant sheaf on 𝑋 , with the 𝑇-equivariant structure
(Φ𝑋)|I𝜏 . As I𝜏 is a subsheaf of O𝑋, it is torsion-free. Hence, by Theorem 1.3.11, it is
described by a family of multifiltrations.

Proposition 2.1.5. Assume that 𝑋 is smooth. Let (𝐼𝜎𝑚 ) be the family of multifiltrations
associated to I𝜏 . Then, for any 𝜎 ∈ Σ, one has either 𝜏 ≰ 𝜎, and

𝐼𝜎𝑚 =

� {0} if 0 ≰𝜎 𝑚

C if 0 ≤𝜎 𝑚,

or 𝜏 ≤ 𝜎 and then

𝐼𝜎𝑚 =




{0} if 0 ≰𝜎 𝑚,

{0} if 0 ≤𝜎 𝑚, 𝑚 ∈ 𝜏⊥ ∩ 𝑀 ,

C if 0 ≤𝜎 𝑚, 𝑚 ∉ 𝜏⊥ ∩ 𝑀 .

Note that if 𝜏 ≤ 𝜎, then the condition that a class [𝑚] = 0 in 𝑀/(𝜏⊥ ∩ 𝑀) makes
sense. Hence, the family of multifiltrations in Proposition 2.1.5 is well defined.

Proof. Fix𝜎 ∈ Σ. If 𝜏 ≰ 𝜎, then by the orbit-cone correspondence,𝑉 (𝜏) ∩𝑈𝜎 =∅ and
(I𝜏)|𝑈𝜎 = (O𝑋)|𝑈𝜎 . In that case, the result follows from Examples 1.2.3 and 1.2.16.
Assume now that 𝜏 ≤ 𝜎. By smoothness of 𝑋 , we can find a Z-basis (𝑒𝑖)1≤𝑖≤𝑛 of 𝑁
such that

𝜏 = R+ · 𝑒1 + . . . + R+ · 𝑒𝑘 ⊂ 𝑁R

and
𝜎 = R+ · 𝑒1 + . . . + R+ · 𝑒𝑙 = 𝜏 + R+ · 𝑒𝑘+1 + . . . + R+ · 𝑒𝑙 .

Consider the dual basis (𝑒∗𝑖 )1≤𝑖≤𝑛 for 𝑀 . Then, in𝑈𝜎 , we have

𝑉 (𝜏) ∩𝑈𝜎 =
𝑘Ù
𝑖=1

{𝜒𝑒∗𝑖 = 0}.

Let𝑚 = 𝑚1𝑒
∗
1 + . . . +𝑚𝑛𝑒

∗
𝑛 ∈ 𝑀 . We deduce that 𝜒𝑚 ∈ Γ(𝑈𝜎 ,I𝜏) if and only if for all

0 ≤ 𝑖 ≤ 𝑙, 𝑚𝑖 ≥ 0 and there is 1 ≤ 𝑖 ≤ 𝑘 such that 𝑚𝑖 ≥ 1. This is equivalent to 0 ≤𝜎 𝑚

and𝑚 ∉ 𝜏⊥ ∩𝑀 . The result follows by the construction of the family of multifiltrations
associated to I𝜏 .

Example 2.1.6. We consider the singular quadric surface given by

𝑋 = Spec(C[𝑢, 𝑣, 𝑤]/⟨𝑢𝑣 − 𝑤2⟩)

as in Example 1.1.5.(2). The fan Σ of 𝑋 consists in one 2-dimensional cone 𝜎 = R+ ·
(1,0) +R+ · (1,2), two rays 𝜌1 = R+ · (1,0) and 𝜌2 = R+ · (1,2), and the 0-dimensional
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cone {0}. Let 𝜏 := 𝜌1 and 𝑉 = 𝑉 (𝜏) ⊂ 𝑋 . We describe the family of multifiltrations
(𝐼 𝜏𝑚) in Figure 2.1. For each cone 𝜐 ∈ Σ, we represent the cone 𝜐∨ by the shaded zone.
To each weight 𝑚 ∈ Z2 is attached the vector space 𝐼𝜐𝑚, and bigger dots correspond
precisely to weights 𝑚 such that 𝐼𝜐𝑚 = C.

𝐼𝜎𝑚 = C

𝐼𝜎𝑚 = {0}

(a) Family (𝐼𝜎𝑚 )

𝐼
𝜌1
𝑚 = C𝐼

𝜌1
𝑚 = {0}

(b) Family (𝐼𝜌1
𝑚 )

𝐼
𝜌2
𝑚 = C

𝐼
𝜌2
𝑚 = {0}

(c) Family (𝐼𝜌2
𝑚 )

𝐼0
𝑚 = C

(d) Family (𝐼0
𝑚 )

Figure 2.1. The 𝜐-families (𝐼𝜐𝑚).

Tangent and cotangent sheaves

Recall that the sheaf of Kähler differentials on 𝑋 (see e.g. [25, Chapter II.8]), also
called cotangent sheaf, denoted Ω1

𝑋, is defined as the sheaf of O𝑋-modules generated
on affine charts 𝑈 ⊂ 𝑋 by elements of the form 𝑑𝑓 , for 𝑓 ∈ Γ(𝑈,O𝑋), subject to the
relations :

(1) For all ( 𝑓 , 𝑔) ∈ Γ(𝑈,O𝑋)2, and (𝑎, 𝑏) ∈ C2, 𝑑 (𝑎 𝑓 + 𝑏𝑔) = 𝑎𝑑𝑓 + 𝑏𝑑𝑔,
(2) For all ( 𝑓 , 𝑔) ∈ Γ(𝑈,O𝑋)2, 𝑑 ( 𝑓 𝑔) = 𝑓 𝑑𝑔 + 𝑔𝑑𝑓 .
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The sheaf Ω1
𝑋 is a coherent sheaf that carries interesting information about the variety

𝑋 . In particular, Ω1
𝑋 is locally free if and only if 𝑋 is smooth, cf [25, Theorem II.8.15].

On each 𝑇-invariant affine chart𝑈𝜎 , 𝜎 ∈ Σ, the C-algebra homomorphism

𝛼∗ : C[𝑆𝜎] → C[𝑇] ⊗ C[𝑆𝜎]

induces a homomorphism of C[𝑇] ⊗ C[𝑆𝜎]-modules :

𝑑𝛼 : Γ(𝑇 ×𝑈𝜎 , 𝛼
∗Ω1

𝑋) → Γ(𝑇 ×𝑈𝜎 ,Ω1
𝑇×𝑋).

We then obtain an equivariant structure Φ on the sheaf of Kähler differentials by com-
posing :

Φ : 𝛼∗Ω1
𝑋

𝑑𝛼−−→ Ω1
𝑇×𝑋

≃−→ 𝜋∗1Ω
1
𝑇 ⊕ 𝜋∗2Ω

1
𝑋

pr2−−→ 𝜋∗2Ω
1
𝑋 (2.2)

where pr2 is the projection on the second factor, cf Exercise 2.1.12. With this equivari-
ant structure, we obtain the following family of filtrations.

Proposition 2.1.7. Assume that 𝑋 is smooth. Let (Λ𝜌 (•))𝜌∈Σ (1) be the family of fil-
trations associated to Ω1

𝑋. Then for any 𝜌 ∈ Σ(1),

Λ𝜌 (𝑖) =



{0} if 𝑖 ≤ −1
𝜌⊥ if 𝑖 = 0
𝑀C if 𝑖 ≥ 1.

In the above proposition, we extended the duality pairing C-linearly to 𝑀C × 𝑁C,
where 𝑁C = 𝑁 ⊗Z C and 𝑀C = 𝑀 ⊗Z C. Note that the description of Γ(𝑈𝜎 ,Ω1

𝑋) in
the following proof provides the weights (𝑚1, . . . ,𝑚𝑛) = (𝑒∗1, . . . , 𝑒∗𝑛) of Klyachko’s
compatibility condition, cf Theorem 1.3.27.

Proof. As 𝑋 is smooth, Ω1
𝑋 is locally-free. It is then characterised by a family of

multifiltrations, subject to Klyachko’s compatibility conditions. Let 𝜎 ∈ Σ(𝑛). By
smoothness, we may assume that 𝜎 is generated as a cone by a basis (𝑒1, . . . , 𝑒𝑛)
of 𝑁 . Let (𝑒∗1, . . . , 𝑒∗𝑛) denote the dual basis of 𝑀 . Then, Γ(𝑈𝜎 ,Ω1

𝑋) is the C[𝑆𝜎]-
module generated by the elements

𝑑𝑥𝑖 := 𝑑𝜒𝑒
∗
𝑖 , 1 ≤ 𝑖 ≤ 𝑛.

By definition of the 𝑇-action on sections, cf Equation (1.11), we see that for 𝑡 ∈ 𝑇 ,

𝑡 · 𝑑𝑥𝑖 = 𝜒−𝑒∗𝑖 (𝑡) 𝑑𝑥𝑖 .

Hence, we obtain an isomorphism of 𝑀-graded C[𝑆𝜎]-modules :

Γ(𝑈𝜎 ,Ω
1
𝑋) ≃

𝑛Ê
𝑖=1

C[𝑆𝜎] · 𝑑𝑥𝑖 ≃
𝑛Ê
𝑖=1

C[𝑆𝜎] [𝑒∗𝑖 ] .
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We then have for each 𝜌 ∈ 𝜎(1), and each [𝑚] ∈ 𝑀/(𝜌⊥ ∩ 𝑀) :

Γ(𝑈𝜌,Ω
1
𝑋)𝑚 ≃

Ê
𝑒∗𝑖 ≤𝜌𝑚

C · 𝜒𝑚−𝑒∗𝑖 𝑑𝑥𝑖 .

The result follows by the definition of the filtration (Λ𝜌 (𝑖))𝑖∈Z.

We next introduce the tangent sheaf :

T𝑋 := (Ω1
𝑋)∨ = HomO𝑋 (Ω1

𝑋,O𝑋).

As T𝑋 is the dual of the coherent sheaf Ω1
𝑋, it is reflexive, even when 𝑋 is not smooth.

It is also naturally 𝑇-equivariant, cf Exercise 1.3.35. Hence, it is described by a family
of filtrations as well.

Proposition 2.1.8. Let (𝑇𝑋𝜌 (•))𝜌∈Σ (1) be the family of filtrations associated to T𝑋.
Then for any 𝜌 ∈ Σ(1),

𝑇𝑋𝜌 (𝑖) =



{0} if 𝑖 ≤ −2
C · 𝑢𝜌 if 𝑖 = −1
𝑁C if 𝑖 ≥ 0.

Recall that 𝑢𝜌 is the primitive generator of the ray 𝜌.

Proof. We set 𝑒1 = 𝑢𝜌, that we complete into a Z-basis (𝑒1, . . . , 𝑒𝑛) of 𝑁 , with dual
basis (𝑒∗1, . . . , 𝑒∗𝑛). On𝑈𝜌, by the orbit-cone correspondence and by Lemma 1.3.3, Ω1

𝑋

and T𝑋 are locally-free. From the proof of Proposition 2.1.7, Γ(𝑈𝜌,Ω1
𝑋) is generated

as a C[𝑆𝜌]-module by the elements 𝑑𝑥𝑖 := 𝑑𝜒𝑒
∗
𝑖 , 1 ≤ 𝑖 ≤ 𝑛. Let

𝜕

𝜕𝑥𝑖
: Γ(𝑈𝜌,Ω

1
𝑋) → C[𝑆𝜎]

be homomorphisms of C[𝑆𝜌]-modules be defined by

𝜕

𝜕𝑥𝑖
(𝑑𝑥 𝑗) =

�
0 if 𝑖 ≠ 𝑗

1 if 𝑖 = 𝑗 .

Then, Γ(𝑈𝜌, T𝑋) is spanned as a C[𝑆𝜌]-module by the elements
𝜕

𝜕𝑥𝑖
, 1 ≤ 𝑖 ≤ 𝑛. By

definition of the dual equivariant structure, each
𝜕

𝜕𝑥𝑖
has degree −𝑒∗𝑖 in the weight

space decomposition of Γ(𝑈𝜌, T𝑋). As

𝜌⊥ ∩ 𝑀 = Z · 𝑒∗2 ⊕ . . . ⊕ Z · 𝑒∗𝑛
and

𝑀/(𝜌⊥ ∩ 𝑀) ≃ Z · 𝑒∗1,
we easily deduce the family of filtrations for T𝑋 on𝑈𝜌.
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Example 2.1.9. Let 𝑋 =𝑈𝜎 be an affine toric surface associated to a cone𝜎 = 𝜌1 + 𝜌2
with two generating rays 𝜌1 and 𝜌2, and denote by (𝑇𝑋𝜎

𝑚 ) the family of multifiltrations
for its tangent sheaf. As this family is reflexive, we have for each 𝑚 = (𝑚1,𝑚2) ∈ 𝑀 ≃
Z2:

𝑇𝑋𝜎
𝑚 =




{0} if 𝑚1 ≤ −1 , 𝑚2 ≤ −1,
C · 𝑢𝜌1 if 𝑚1 = −1 , 𝑚2 ≥ 0,
C · 𝑢𝜌2 if 𝑚2 = −1 , 𝑚1 ≥ 0,
𝑁C if 𝑚1 ≥ 0 , 𝑚2 ≥ 0.

We describe this family in Figure 2.2, where to each weight 𝑚 is associated 𝑇𝑋𝜎
𝑚 , the

small dots corresponding to the lines 𝑇𝑋𝜌𝑖
𝑚 , and the big ones to the space 𝑁C.

0

𝑁C

𝑇𝑋𝜎
𝑚 = {0}

C · 𝑢𝜌2

C · 𝑢𝜌1

Figure 2.2. Family (𝑇𝑋𝜎
𝑚 ) for the tangent sheaf.

Zariski–Lipman conjecture

We know that a variety is smooth if and only if its sheaf of Kähler differentials is
locally free. In fact, it is conjectured that smoothness should also be equivalent to
locally freeness of the tangent sheaf. This is known as the Zariski–Lipman conjecture.
In the toric case, one can use the simple description of the tangent sheaf to give a proof
of this conjecture.

Theorem 2.1.10. Let 𝑋 be a normal toric variety. Then 𝑋 is smooth if and only if its
tangent sheaf T𝑋 is locally free.

The proof that follows was given in [62], although the result was already known for
toric varieties by other arguments. We refer the interested reader to [62] and reference
therein.

Proof. If 𝑋 is smooth, then Ω1
𝑋 is locally free and so is T𝑋. For the converse, assume

that T𝑋 is locally free. Smoothness is a local condition, hence we restrict to𝑈𝜎 ⊂ 𝑋 ,
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for some 𝜎 ∈ Σ. We may without loss assume that 𝜎 is of dimension 𝑛, and that 𝑈𝜎

has no torus factor, so that {𝑢𝜌 | 𝜌 ∈ 𝜎(1)} spans 𝑁R. Then,𝑈𝜎 is smooth if and only
if 𝜎 is smooth [16, Theorem 1.3.12], which, by definition, is equivalent to the fact that
{𝑢𝜌 | 𝜌 ∈ 𝜎(1)} is a Z-basis for 𝑁 .

As {𝑢𝜌, 𝜌 ∈ 𝜎(1)} spans 𝑁R, 𝜎⊥ = {0}. Then, by locally freeness, the family of
filtrations from Proposition 2.1.8 satisfies Klyachko’s compatibility criterion, Theorem
1.3.27. Thus we can find a decomposition

𝑁C =
𝑛Ê
𝑗=1

𝐸𝑚 𝑗

with, for 𝜌 ∈ 𝜎(1), and 𝑖 ∈ {−2,−1, 0},

𝑇𝑋𝜌 (𝑖) =
Ê

⟨𝑚 𝑗 ,𝑢𝜌 ⟩≤𝑖
𝐸𝑚 𝑗 . (2.3)

First, from
𝑇𝑋𝜌 (−2) = {0},

we deduce that for all 1 ≤ 𝑗 ≤ 𝑛, and all 𝜌 ∈ 𝜎(1), ⟨𝑚 𝑗 , 𝑢𝜌⟩ ≥ −1. Secondly, taking
𝑖 = −1 in (2.3),

C · 𝑢𝜌 =
Ê

⟨𝑚 𝑗 ,𝑢𝜌 ⟩≤−1
𝐸𝑚 𝑗 .

Thus, for each 𝜌 ∈ 𝜎(1) we can find 𝑗0 and 𝑚𝜌 := 𝑚 𝑗0 with ⟨𝑚𝜌, 𝑢𝜌⟩ = −1 and such
that C · 𝑢𝜌 = 𝐸𝑚𝜌 . Note that 𝜎 contains no line by strong convexity, so if 𝜌 ≠ 𝜌′, then
𝑢𝜌 ∉ Z · 𝑢𝜌′ and C · 𝑢𝜌 ≠ C · 𝑢𝜌′ . As {𝑢𝜌 | 𝜌 ∈ 𝜎(1)} spans 𝑁C over C,

𝑁C =
∑︁

𝜌∈𝜎 (1)
C · 𝑢𝜌 =

Ê
𝜌∈𝜎 (1)

𝐸𝑚𝜌 ⊂ 𝑁C.

Then,
𝑁C =

Ê
𝜌∈𝜎 (1)

𝐸𝑚𝜌

and 𝜎(1) contains exactly 𝑛 elements. Let 𝜌, 𝜌′ ∈ 𝜎(1) be two distinct rays. Neces-
sarily,

C · 𝑢𝜌 ∩ C · 𝑢𝜌′ = {0}
and by (2.3) with 𝑖 = −, 1, 𝑚𝜌 must satisfy ⟨𝑚𝜌, 𝑢𝜌′ ⟩ ≥ 0.

Last, taking now 𝑖 = 0 in (2.3), we deduce from 𝑇𝑋𝜌 (0) = 𝑁C that ⟨𝑚𝜌, 𝑢𝜌′ ⟩ = 0.
To conclude, for all 𝜌, 𝜌′ ∈ 𝜎(1),

⟨𝑚𝜌, 𝑢𝜌′ ⟩ =
�

1 if 𝜌 = 𝜌′

0 if 𝜌 ≠ 𝜌′.
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Hence, each element 𝑢 ∈ 𝑁 can be uniquely written

𝑢 =
∑︁

𝜌∈𝜎 (1)
⟨𝑚𝜌, 𝑢⟩ 𝑢𝜌

with ⟨𝑚𝜌, 𝑢⟩ ∈ Z for each 𝜌 ∈ 𝜎(1). Thus, {𝑢𝜌 | 𝜌 ∈ 𝜎(1)} is a basis of 𝑁 , which
concludes the proof.

2.1.1 Exercises for 2.1

Exercise 2.1.11 (Structure sheaf of invariant subvarieties). Let 𝑋 be a smooth toric
variety with fan Σ and let 𝜏 ∈ Σ. Set𝑌 := 𝑉 (𝜏), and let 𝜄 : 𝑌 → 𝑋 denote the inclusion
morphism. Then there is a short exact sequence :

0 → I𝜏 → O𝑋 → 𝜄∗O𝑌 → 0, (2.4)

where recall I𝜏 denotes the ideal sheaf of 𝑌 .
(1) Show that 𝜄∗O𝑌 inherits a 𝑇-equivariant structure from (2.4).
(2) If (𝐸𝜎

𝑚 ) (resp. (𝐼𝜎𝑚 )) stands for the family of multifiltrations for O𝑋 (resp. for
I𝜏), show that for any 𝜎 ∈ Σ, the 𝜎-family (𝑉𝜎 ,𝜓𝜎) for (𝜄∗O𝑌 )|𝑈𝜎 is given,
for 𝑚 ∈ 𝑀 , by

𝑉𝜎
𝑚 ≃ 𝐸𝜎

𝑚/𝐼𝜎𝑚
and, for 𝑚 ≤𝜎 𝑚′,

𝜓𝜎
𝑚,𝑚′ =

�
1C if 𝑉𝜎

𝑚 = 𝑉𝜎
𝑚′ = C,

0 otherwise.

(3) Give a precise description of the spaces (𝑉𝜎
𝑚 )𝑚∈𝑀 when 𝜏 ≤ 𝜎.

Exercise 2.1.12 (Kähler differentials). The module of Kähler differentials of a given
C-algebra 𝑅, denoted Ω𝑅, is the 𝑅-module generated by the symbols 𝑑𝑓 , modulo the
relations

(i) For any ( 𝑓 , 𝑔) ∈ 𝑅2, and (𝑎, 𝑏) ∈ C2, 𝑑 (𝑎 𝑓 + 𝑏𝑔) = 𝑎𝑑𝑓 + 𝑏𝑑𝑔,
(ii) For any ( 𝑓 , 𝑔) ∈ 𝑅2, 𝑑 ( 𝑓 𝑔) = 𝑓 𝑑𝑔 + 𝑔𝑑𝑓 .

The following shows that the sheaf of Kähler differentials is well defined, and carries
a natural 𝑇-equivariant structure.

(1) Let 𝑅 𝑓 be the localisation of 𝑅 at a non-nilpotent element 𝑓 . Show that Ω𝑅 𝑓 ≃
Ω𝑅 ⊗ 𝑅 𝑓 .

(2) Let 𝜙 : 𝑅→ 𝑆 be aC-algebra homomorphism. Show that this naturally induces
a morphism of 𝑆-modules :

𝑑𝜙 : Ω𝑅 ⊗𝑅 𝑆 → Ω𝑆 .
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(3) Show that the morphism Φ defined in (2.2) is well defined, and an isomorph-
ism.

(4) Show that Φ satisfies the cocycle condition of an equivariant structure.

Exercise 2.1.13 (Logarithmic differentials). Let 𝑋 be a smooth toric variety with fan
Σ, and consider a subset Δ ⊂ Σ(1). Set

𝐷 :=
∑︁
𝜌∈Δ

𝐷𝜌 ⊂ 𝑋 .

We define the sheaf of logarithmic forms on 𝑋 along𝐷, denotedΩ1
𝑋 (log𝐷), as follows.

For an affine chart𝑈𝜎 ⊂ 𝑋 , we set

Γ(𝑈𝜎 ,Ω
1
𝑋 (log𝐷)) =

� Ê
𝜌∈𝜎 (1)∩Δ

C[𝑆𝜎] · 𝑑𝜒
𝑚𝜌

𝜒𝑚𝜌

�
⊕
� Ê
𝜌∈𝜎 (1)\Δ

C[𝑆𝜎] · 𝑑𝜒𝑚𝜌

�

where (𝑚𝜌)𝜌∈𝜎 (1) stands for the basis of 𝑀 dual to (𝑢𝜌)𝜌∈𝜎 (1) .
(1) Show that Ω1

𝑋 (log𝐷) is a well defined locally free sheaf.
(2) Show that Ω1

𝑋 (log𝐷) is 𝑇-equivariant.
(3) Give the family of filtrations for Ω1

𝑋 (log𝐷).
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2.2 Algebraic operations

Algebraic operations for sheaves of O𝑋-modules preserve 𝑇-equivariance, and thus
admit a transcription into the language of Σ-families. We give in this section formulae
for those operations, focusing on the simpler families of filtrations. In relation to direct
sums, we provide a splitting criterion in the locally free case that is due to Klyachko.
This leads to a proof, in the toric case, of a strong version of Hartshorne’s conjecture
on locally free sheaves over the projective space.

Subfamilies

We start this section with the description of ’subobjects’ in the various categories that
were introduced in Chapter 1.

Definition 2.2.1. Let (E , Φ) be a 𝑇-equivariant sheaf. A subsheaf F ⊂ E is a 𝑇-
equivariant subsheaf if Φ restricts to an isomorphism 𝛼∗F

≃−→ 𝜋∗2F .

If F ⊂ E is a𝑇-equivariant subsheaf of (E ,Φ), we will denote byΦ |F the restricted
isomorphism 𝛼∗F

≃−→ 𝜋∗2F . Note that the cocycle condition (1.5) forΦ |F is automatic-
ally satisfied. As we are working over Noetherian schemes, a𝑇-equivariant subsheaf of
a coherent (resp. torsion-free)𝑇-equivariant sheaf is also coherent (resp. torsion-free).
Hence, it corresponds to a subfamily, that we now define.

Definition 2.2.2. Let (𝐸𝜎 , 𝜒𝜎) be a𝜎-family. A sub-𝜎-family is the data 𝐹𝜎 of vector
subspaces 𝐹𝜎

𝑚 ⊂ 𝐸𝜎
𝑚 for each 𝑚 ∈ 𝑀 such that for 𝑚 ≤𝜎 𝑚′,

𝜒𝜎𝑚,𝑚′ (𝐹𝜎
𝑚 ) ⊂ 𝐹𝜎

𝑚′ .

We will denote by 𝜒𝜎 the restricted morphisms so that (𝐹𝜎 , 𝜒𝜎) is itself a 𝜎-family,
and denote by 𝐹𝜎 ⊂ 𝐸𝜎 the inclusion of a sub-𝜎-family.

The equivalence between the category of 𝜎-families and the category qCoh𝑇 (𝑋)
implies that sub-𝜎-families correspond to 𝑇-equivariant subsheaves over an affine
chart𝑈𝜎 .

Definition 2.2.3. Let (𝐸Σ, 𝜂Σ) be a Σ-family. A sub-Σ-family, or simply subfamily, is
the data 𝐹Σ of sub-𝜎-families 𝐹𝜎 ⊂ 𝐸𝜎 for each 𝜎 ∈ Σ such that for 𝜏 ≤ 𝜎, the iso-
morphism 𝜂𝜏𝜎 restricts to an isomorphism 𝜄∗𝜏𝜎𝐹𝜎 ≃−→ 𝐹𝜏 . We will denote by (𝐹Σ,𝜂Σ)
the Σ-family obtained by restriction of the isomorphisms (𝜂𝜏𝜎)𝜏≤𝜎 , and by 𝐹Σ ⊂ 𝐸Σ

the fact that (𝐹Σ, 𝜂Σ) is a subfamily.

As for 𝜎-families, sub-Σ-families correspond to equivariant subsheaves in the cat-
egory Coh𝑇 (𝑋).
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Definition 2.2.4. Let (𝐸𝜎
𝑚 ) be a family of multifiltrations. A subfamily of multifiltra-

tions, or simply subfamily, is the data of a vector subspace 𝐹 ⊂ 𝐸 and of a family of
multifiltrations (𝐹𝜎

𝑚 ) for 𝐹 such that for each 𝜎 ∈ Σ, and each 𝑚 ∈ 𝑀 , 𝐹𝜎
𝑚 ⊂ 𝐸𝜎

𝑚 .

One defines similarly subfamilies for families of filtrations. Subfamilies of families
of multifiltrations (resp. of filtrations) correspond to torsion-free 𝑇-subsheaves (resp.
reflexive 𝑇-subsheaves). Be careful though that in general a torsion-free subsheaf of
a reflexive sheaf is not reflexive, cf [25, Section 2]. Finally, we can define equivariant
subbundles.

Definition 2.2.5. Let (E , Φ) be a 𝑇-vector bundle. A 𝑇-subbundle is a subbundle
F ⊂ E such that the 𝑇-structure Φ restricts to a 𝑇-structure on F .

Equivariant subbundles correspond to subfamilies of filtrations (𝐹𝜌 (•))𝜌∈Σ (1) ⊂
(𝐸𝜌 (•))𝜌∈Σ (1) such that Klyachko’s compatibility criterion for 𝐸 induces the compat-
ibility criterion for 𝐹, cf Theorem 1.3.27. The simplest examples of 𝑇-subbundles, or
more generally𝑇-subsheaves, are direct summands in direct sums, that we define next.

Algebraic operations for 𝑻-sheaves

The content of the next proposition is that algebraic operations preserve equivariance.

Proposition 2.2.6. Let (E ,Φ) and (F ,Ψ) be two𝑇-equivariant sheaves. Then E ⊕ F ,
E ⊗O𝑋 F and E∨ admit natural 𝑇-equivariant structures.

Proof. For the direct sum, using the facts that

𝛼∗(E ⊕ F ) ≃ 𝛼∗E ⊕ 𝛼∗F

and
𝜋∗2(E ⊕ F ) ≃ 𝜋∗2E ⊕ 𝜋∗2F

we can define (with a little abuse of notations) an isomorphism

Φ ⊕ Ψ : 𝛼∗(E ⊕ F ) → 𝜋∗2(E ⊕ F ).

As Φ and Ψ satisfy (1.5), it is straightforward to check that the cocycle condition is
satisfied for Φ ⊕ Ψ.

Similarly, using that

𝛼∗(E ⊗O𝑋 F ) = 𝛼∗E ⊗O𝑇×𝑋 𝛼
∗F

and
𝜋∗2(E ⊗O𝑋 F ) = 𝜋∗2E ⊗O𝑇×𝑋 𝜋

∗
2F ,

we can define
Φ ⊗ Ψ : 𝛼∗(E ⊗O𝑋 F ) → 𝜋∗2(E ⊗O𝑋 F )
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by tensoring Φ and Ψ. While the tensor product doesn’t preserve injectivity in gen-
eral, it preserves isomorphisms. Indeed, there exists inverses Φ−1 and Ψ−1, and by the
functorial properties of the tensor product, Φ−1 ⊗ Ψ−1 is an inverse for Φ ⊗ Ψ. As the
tensor product commutes with pullbacks, the cocycle condition is satisfied for Φ ⊗ Ψ,
providing a 𝑇-structure on E ⊗ F .

Finally, the case of the dual sheaf was left in Exercise 1.3.35 and can be delt with
similar general arguments on algebraic operations on sheaves of O𝑋-modules.

Let E be a sheaf of O𝑋-modules and 𝑝 ∈ N∗. Recall that the 𝑝-th tensor power of
E , denoted 𝑇 𝑝E , is given by

𝑇 𝑝E := (E ⊗ . . . ⊗ E|        {z        }
𝑝−times

).

Then, we can define the 𝑝-th symmetric power Sym𝑝E (resp. 𝑝-th exterior powerΛ𝑝E)
of E to be the sheaf of O𝑋-modules obtained as the sheafification of the presheaf

𝑈 ↦→ Sym𝑝
O𝑋 (𝑈) (E (𝑈))

(resp. of the presheaf
𝑈 ↦→ Λ𝑝

O𝑋 (𝑈) (E (𝑈)).)

Proposition 2.2.7. Let E be a𝑇-equivariant sheaf. Then𝑇 𝑝E , Sym𝑝E andΛ𝑝E admit
natural 𝑇-equivariant structures.

Proof. For 𝑇 𝑝E , the result follows from Proposition 2.2.6. Recall that Sym𝑝E can
alternatively be defined as the quotient of 𝑇 𝑝E by the subsheaf S 𝑝 generated by sec-
tions of the form

𝑠1 ⊗ . . . ⊗ 𝑠𝑝 − 𝑠𝜙 (1) ⊗ . . . ⊗ 𝑠𝜙 (𝑝) ,

where 𝜙 ∈𝔖𝑝 runs over all permutations of the indices. The sheaf S 𝑝 is𝑇-equivariant
for the equivariant structure Φ ⊗ . . . ⊗Φ on𝑇𝑛E , as can be seen for example by check-
ing that Φ𝑡 ⊗ . . . ⊗ Φ𝑡 induces an isomorphism from 𝑡∗S 𝑝 to S 𝑝. As qCoh𝑇 (𝑋) is
abelian, we deduce that Sym𝑝E inherits a 𝑇-equivariant structure. A similar argument
works for Λ𝑝E .

Corollary 2.2.8. The canonical sheaf

K𝑋 := (Λ𝑛Ω1
𝑋)∨∨

of 𝑋 admits a 𝑇-equivariant structure induced by the one on Ω1
𝑋.
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Algebraic operations on families of filtrations

The simplest operation on 𝑇-sheaves is given by direct sums, and translates as follows
in terms of Σ-families.

Definition 2.2.9. The direct sum of two 𝜎-families (𝐸𝜎 , 𝜒𝜎) and (𝐹𝜎 , 𝜓𝜎) is the
𝜎-family (𝐺𝜎 ,𝜔𝜎), denoted 𝐸𝜎 ⊕ 𝐹𝜎 , defined by

∀𝑚 ∈ 𝑀 , 𝐺𝜎
𝑚 = 𝐸𝜎

𝑚 ⊕ 𝐹𝜎
𝑚

and for 𝑚 ≤𝜎 𝑚′,
𝜔𝜎
𝑚,𝑚′ := 𝜒𝜎𝑚,𝑚′ ⊕ 𝜓𝜎

𝑚,𝑚′ .

Similarly, the direct sum of two Σ-families (𝐸Σ, 𝜂Σ) and (𝐹Σ, 𝜃Σ) is the Σ-family
(𝐺Σ, 𝜅Σ), denoted 𝐸Σ ⊕ 𝐹Σ, defined by

∀𝜎 ∈ Σ , 𝐺𝜎 = 𝐸𝜎 ⊕ 𝐹𝜎

and for 𝜏 ≤ 𝜎,
𝜅𝜏𝜎 := 𝜂𝜏𝜎 ⊕ 𝜃𝜏𝜎 .

Note that in the above definition we used that for 𝜏 ≤ 𝜎, 𝜄∗𝜏𝜎 (𝐸𝜎 ⊕ 𝐹𝜎) is naturally
isomorphic to 𝜄∗𝜏𝜎 (𝐸𝜎) ⊕ 𝜄∗𝜏𝜎 (𝐹𝜎). Clearly, direct sums of Σ-families correspond to
direct sums of 𝑇-equivariant sheaves. In the same way, the definition for direct sums
of families of multifiltrations (resp. filtrations) is straightforward, and correspond to
direct sums of torsion-free (resp. reflexive)𝑇-sheaves. When two families of filtrations
satisfy Klyachko’s compatibility condition, so does their direct sum - this corresponds
to direct sums of 𝑇-vector bundles.

The tensor product operation is more subtle, as it may introduce torsion in general.
Tensor products of coherent sheaves (resp. locally free sheaves) are coherent (resp.
locally free), but torsion-freeness or reflexivity may be lost through tensorisation. In
the following, we will restrict ourselves to families of filtrations, for their simplicity. We
refer the reader to Exercise 2.2.22 for the tensor product of a family of multifiltrations
by a family of filtrations. To ease notations, we will denote by (𝐸𝜌 (•)) a family of
filtrations (𝐸𝜌 (•))𝜌∈Σ (1) , omitting the reference to the fan Σ when the situation is
clear enough.

Proposition 2.2.10. Let E and F be two reflexive𝑇-sheaves with families of filtrations
(𝐸𝜌 (•)) and (𝐹𝜌 (•)) respectively, with 𝑟 = rank(E). Then :

(i) The family of filtrations ((𝐸 ⊕ 𝐹)𝜌 (•)) for E ⊕ F is given by

∀𝜌 ∈ Σ(1) , ∀𝑘 ∈ Z , (𝐸 ⊕ 𝐹)𝜌 (𝑘) = 𝐸𝜌 (𝑘) ⊕ 𝐹𝜌 (𝑘).
(ii) The family of filtrations ((𝐸 ⊗ 𝐹)𝜌 (•)) for (E ⊗O𝑋 F )∨∨ is given by

∀𝜌 ∈ Σ(1) , ∀𝑘 ∈ Z , (𝐸 ⊗ 𝐹)𝜌 (𝑘) =
∑︁
𝑖+ 𝑗=𝑘

𝐸𝜌 (𝑖) ⊗ 𝐹𝜌 ( 𝑗).
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(iii) The family of filtrations ((𝐸∗)𝜌 (•)) for E∨ is given by

∀𝜌 ∈ Σ(1) , ∀𝑘 ∈ Z , (𝐸∗)𝜌 (𝑘) = (𝐸/𝐸𝜌 (−𝑘 − 1))∗.

(iv) The family of filtrations (det(𝐸)𝜌 (•)) for (Λ𝑟E)∨∨ is given by

∀𝜌 ∈ Σ(1) , ∀𝑘 ∈ Z , det(𝐸)𝜌 (𝑘) =
� {0} if 𝑘 < 𝑘0
Λ𝑟𝐸 if 𝑘0 ≤ 𝑘

where
𝑘0 =

∑︁
𝑖∈Z

𝑖

dim(𝐸𝜌 (𝑖)) − dim(𝐸𝜌 (𝑖 − 1))� .

The 𝑇-equivariant structures that we consider in Proposition 2.2.10 are the ones
described in the previous section.

Proof. The proof for (𝑖) is straightforward from the definition of direct sums, as for
any 𝜎 ∈ Σ and any 𝑚 ∈ 𝑀 ,

Γ(𝑈𝜎 , E ⊕ F )𝑚 = Γ(𝑈𝜎 , E)𝑚 ⊕ Γ(𝑈𝜎 ,F )𝑚.

To prove (𝑖𝑖), we may restrict ourselves to affine sets 𝑈𝜌 ⊂ 𝑋 , where 𝜌 ∈ Σ(1) is
a ray. By Lemma 1.3.3, the restrictions of E and F to𝑈𝜌 are locally free, and thus

(E ⊗O𝑋 F )∨∨|𝑈𝜌 ≃ E |𝑈𝜌 ⊗O𝑋 (𝑈𝜌 ) F |𝑈𝜌 .

Then, we have
Γ(𝑈𝜌, E ⊗ F ) = Γ(𝑈𝜌, E) ⊗C[𝑆𝜌 ] Γ(𝑈𝜌,F ).

By definition of the equivariant structure on the tensor product, sections 𝑒 ∈ Γ(𝑈𝜌,E)𝑚
and 𝑓 ∈ Γ(𝑈𝜌,F )𝑚′ give sections

𝑒 ⊗ 𝑓 ∈ Γ(𝑈𝜌, E ⊗ F )𝑚+𝑚′ .

The result then follows by definition of the associated families of filtrations.
For (𝑖𝑖𝑖), we restrict again to𝑈𝜌, where E is locally free. Then, by construction of

the dual equivariant structure, the contraction map

Γ(𝑈𝜌, E) ⊗C[𝑆𝜌 ] Γ(𝑈𝜌, E∨) → C[𝑆𝜌]
𝑒 ⊗ 𝑓 ↦→ 𝑓 (𝑒)

is a degree zero morphism of C[𝑆𝜌]-modules. By Proposition 1.3.25, Γ(𝑈𝜌, E) is a
free module with generators (𝑒𝑖)1≤𝑖≤𝑟 ∈ Γ(𝑈𝜌,E)𝑟 of weights (𝑚𝑖)1≤𝑖≤𝑟 ∈ 𝑀𝑟 . Then,
if (𝑒∗𝑖 )1≤𝑖≤𝑟 denotes the dual basis, we have for all (𝑖, 𝑗) :

𝑒∗𝑗 (𝑒𝑖) = 𝛿𝑖 𝑗
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where 𝛿𝑖 𝑗 stands for the Kronecker delta function. By equivariance of contraction, we
deduce that 𝑒∗𝑖 ∈ Γ(𝑈𝜌, E∨)−𝑚𝑖 . Hence,

Γ(𝑈𝜌, E) =
𝑟Ê
𝑖=1

C[𝑆𝜎] · 𝑒𝑖 ≃
𝑟Ê
𝑖=1

C[𝑆𝜎] [𝑚𝑖] .

while

Γ(𝑈𝜌, E∨) =
𝑟Ê
𝑖=1

C[𝑆𝜎] · 𝑒∗𝑖 ≃
𝑟Ê
𝑖=1

C[𝑆𝜎] [−𝑚𝑖] .

By construction of the associated families of filtrations, for 𝑗 ∈ Z,

𝐸𝜌 ( 𝑗) =
Ê

⟨𝑚𝑖 ,𝑢𝜌 ⟩≤ 𝑗

C · 𝑒𝑖

and
𝐸𝜌 ( 𝑗) =

Ê
−⟨𝑚𝑖 ,𝑢𝜌 ⟩≤ 𝑗

C · 𝑒∗𝑖 .

We deduce that
𝐸𝜌 (−( 𝑗 + 1)) ≃

𝐸/𝐸𝜌 ( 𝑗)�∗
and the result follows.

Finally, to prove (𝑖𝑣), we use a similar argument and restrict to𝑈𝜌. We find that

det(𝐸)𝜌 (𝑘) =
∑︁

𝑖1 ,...,𝑖𝑟 | Í 𝑗 𝑖 𝑗=𝑘

𝐸𝜌 (𝑖1) ∧ . . . ∧ 𝐸𝜌 (𝑖𝑟 ).

As Λ𝑟𝐸 is one dimensional, and 𝑘 ↦→ det(𝐸)𝜌 (𝑘) is a filtration for Λ𝑟𝐸 , we then have

det(𝐸)𝜌 (𝑘) =
�

0 if 𝑘 < 𝑘0
Λ𝑟𝐸 if 𝑘 ≥ 𝑘0

where 𝑘0 is the smallest integer such that there is a partition 𝑖1, . . . , 𝑖𝑟 of 𝑘 with 𝐸𝜌 (𝑖1) ∧
. . . ∧ 𝐸𝜌 (𝑖𝑟 ) ≠ {0}. From the fact that (𝐸𝜌 (𝑖))𝑖∈Z forms a filtration of vector spaces,
we deduce that 𝑘0 must be the sum of the integers 𝑖 such that the dimension of 𝐸𝜌 (𝑖)
changes, counted with multiplicity. Hence

𝑘0 =
∑︁
𝑖∈Z

𝑖

dim(𝐸𝜌 (𝑖)) − dim(𝐸𝜌 (𝑖 − 1))� ,

which ends the proof.

We deduce from last proposition two useful corollaries.
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Corollary 2.2.11. Let E be a reflexive 𝑇-sheaf with family of filtrations (𝐸𝜌 (•)). Let
L = O𝑋 (𝐷) be the rank one reflexive 𝑇-sheaf associated to the torus invariant divisor
𝐷 =

Í
𝜌∈Σ (1) 𝑎𝜌𝐷𝜌. Then the family of filtrations ((𝐸 ⊗ 𝐿)𝜌 (•)) for the twisted sheaf

(E ⊗ O𝑋 (𝐷))∨∨ is given by

∀𝜌 ∈ Σ(1) , ∀𝑘 ∈ Z , (𝐸 ⊗ 𝐿)𝜌 (𝑘) = 𝐸𝜌 (𝑘 + 𝑎𝜌)
Proof. The family of filtrations for L is given in Proposition 2.1.4. The result then
follows from Proposition 2.2.10(ii).

We describe here the family of filtrations for the canonical sheaf.

Corollary 2.2.12. The family of filtrations (𝐾𝜌
𝑋 (•)) for the canonical sheaf K𝑋 is

given by

𝐾
𝜌
𝑋 (𝑘) =

� {0} if 𝑘 < 1
Λ𝑛𝑀C if 1 ≤ 𝑘 .

In particular, K𝑋 ≃ O𝑋 (−
Í
𝜌∈Σ (1) 𝐷𝜌) and −Í

𝜌∈Σ (1) 𝐷𝜌 is a torus invariant canon-
ical divisor on 𝑋 .

Proof. The description of the family of filtrations for K𝑋 follows from the one for Ω1
𝑋

in Proposition 2.1.7, together with Corollary 2.2.8 and Proposition 2.2.10(iv). The last
statement is then a consequence of the description of families of filtrations for rank 1
sheaves, Proposition 2.1.4.

Splitting criterion

In this section, we consider a locally free 𝑇-equivariant sheaf E of rank 𝑟 over the
normal toric variety 𝑋 . Denote by (𝐸𝜌 (•))𝜌∈Σ (1) the associated family of filtrations of
the 𝑟-dimensional vector space 𝐸 . Recall that it is subject to Klyachko’s compatibility
criterion. For each 𝜎 ∈ Σ, we denote by (𝑚𝜎

1 , . . . ,𝑚𝜎
𝑟 ) ∈ 𝑀𝑟 the weights that satisfy,

for 𝜌 ∈ 𝜎(1),
𝐸𝜌 ( 𝑗) =

Ê
⟨𝑚𝜎

𝑖 ,𝑢𝜌 ⟩≤ 𝑗

𝐸𝑚𝜎
𝑖
, (2.5)

where

𝐸 =
𝑟Ê
𝑖=1

𝐸𝑚𝜎
𝑖

is the splitting as in Theorem 1.3.27. Recall that for a maximal dimensional cone
𝜎 ∈ Σ(𝑛), those weights are unique up to permutations, cf Remark 1.3.28.

Definition 2.2.13. A 𝑇-equivariant reflexive sheaf E is splittable if there exist rank
one reflexive 𝑇-sheaves (L𝑖)1≤𝑖≤𝑟 such that

E ≃
𝑟Ê
𝑖=1

L𝑖
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where the isomorphism is in the category of 𝑇-sheaves.

We may as well say that a splittable sheaf splits, or is split. The following discussion
on splittable locally free sheaves goes back to Klyachko’s original work [39, Section
6].

Proposition 2.2.14. Assume that 𝑋 is smooth, and let E be a locally free 𝑇-sheaf. The
following are equivalent :

(i) E is splittable,
(ii) There exists a decomposition 𝐸 =

É𝑟
𝑖=1 𝐸𝑖 such that for each 𝜎 ∈ Σ, up to

permutation, we have 𝐸𝑚𝜎
𝑖
= 𝐸𝑖 ,

(iii) There exists a decomposition 𝐸 =
É𝑟

𝑖=1 𝐸𝑖 such that for each 𝜌 ∈ Σ(1), and
each 𝑗 ∈ Z, 𝐸𝜌 ( 𝑗) is a direct sum of some of the 𝐸𝑖’s.

We can rephrase the last point in Proposition 2.2.14 by saying that there exists a
basis of 𝐸 such that for each 𝜌 ∈ Σ(1), and each 𝑗 ∈ Z, 𝐸𝜌 ( 𝑗) is a coordinate subspace
of 𝐸 in this basis. This admits a characterisation in terms of a distributive lattice, but
we won’t use it in this book. We refer the interested reader to Klyachko’s original paper
[39].

Proof. We first prove (𝑖) ⇒ (𝑖𝑖). Assume that E ≃ É
𝑖 L𝑖 . Denote by (𝐿𝜌𝑖 (•))𝜌∈Σ (1)

the family of filtrations for each L𝑖 . Set

𝐸 =
𝑟Ê
𝑖=1

𝐿𝑖

where 𝐿𝑖 is the direct limit of (𝐿𝜌𝑖 ( 𝑗)) 𝑗∈Z. By (2.5), for 𝜎 ∈ Σ(𝑛), 𝜌 ∈ 𝜎(1) and each
𝑗 ∈ Z,

𝑟Ê
𝑖=1

𝐿
𝜌
𝑖 ( 𝑗) =

Ê
⟨𝑚𝜎

𝑖 ,𝑢𝜌 ⟩≤ 𝑗

𝐸𝑚𝜎
𝑖
.

As each 𝐿
𝜌
𝑖 ( 𝑗) is either {0} or 𝐿𝑖 , this implies that the spaces (𝐸𝑚𝜎

𝑖
)1≤𝑖≤𝑟 can be

chosen to be equal to the (𝐿𝑖)’s.
The implication (𝑖𝑖) ⇒ (𝑖𝑖𝑖) follows directly from (2.5). We now prove that (𝑖𝑖𝑖) ⇒

(𝑖𝑖). It is enough to consider the case𝜎 ∈ Σ(𝑛), the general case following from similar
arguments. By Klyachko’s compatibility condition, there is a decomposition

𝐸 =
𝑟Ê
𝑖=1

𝐸𝑚𝜎
𝑖

for some weights 𝑚𝜎
𝑖 ∈ 𝑀 and spaces 𝐸𝑚𝜎

𝑖
⊂ 𝐸 such that for any 𝜌 ∈ 𝜎(1), and all

𝑗 ∈ Z,
𝐸𝜌 ( 𝑗) =

Ê
⟨𝑚𝜎

𝑖 ,𝑢𝜌 ⟩≤ 𝑗

𝐸𝑚𝜎
𝑖
=
Ê
𝑖∈𝐼𝜌𝑗

𝐸𝑖
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where 𝐼𝜌𝑗 ⊂ {1, . . . , 𝑟} and 𝑗 ↦→ 𝐼
𝜌
𝑗 is increasing. This implies that there is a partition

{1, . . . , 𝑟} =
Ø
𝑘

𝑆𝑘

such that for each 𝑘 , Ê
𝑖∈𝑆𝑘

𝐸𝑚𝜎
𝑖
=
Ê
𝑖∈𝑆𝑘

𝐸𝑖

and such that all the quotients 𝐸𝜌 ( 𝑗)/𝐸𝜌 ( 𝑗 − 1), 𝜌 ∈ 𝜎(1), 𝑗 ∈ Z, are isomorphic to
one of the spaces

É
𝑖∈𝑆𝑘 𝐸𝑖 , for some 𝑘 . Then, we may chose the spaces 𝐸𝜎

𝑚𝑖
to be

equal to the 𝐸𝑖’s, up to permutations (note that the spaces 𝐸𝑚𝜎
𝑖

may not be uniquely
determined if some weights amongst the 𝑚𝜎

𝑖 ’s are equal, cf Remark 1.3.28).
We conclude by showing (𝑖𝑖) ⇒ (𝑖). We then define for each 1 ≤ 𝑖 ≤ 𝑟 a family of

filtrations (𝐿𝜌𝑖 (•))𝜌∈Σ (1) for a one dimensional C-vector space 𝐿𝑖 as follows. We set
𝐿𝑖 = 𝐸𝑖 and for 𝜌 ∈ Σ(1), we pick 𝜎 ∈ Σ(𝑛) such that 𝜌 ∈ 𝜎(1). We then set for 𝑗 ∈ Z
:

𝐿
𝜌
𝑖 ( 𝑗) =

� {0} if 𝑗 < ⟨𝑚𝜎
𝑖 , 𝑢𝜌⟩,

𝐿𝑖 if 𝑗 ≥ ⟨𝑚𝜎
𝑖 , 𝑢𝜌⟩.

Each coordinate ⟨𝑚𝜎
𝑖 ,𝑢𝜌⟩ of each weight𝑚𝜎

𝑖 in the basis dual to (𝑢𝜌)𝜌∈𝜎 (1) is determ-
ined by being the least integer 𝑗 such that 𝐸𝑚𝜎

𝑖
= 𝐸𝑖 appears in the decomposition of

𝐸𝜌 ( 𝑗) coming from (2.5). Hence, 𝐿𝜌𝑖 ( 𝑗) is well defined and doesn’t depend on the
choice of 𝜎 containing 𝜌. By construction and from (2.5) again, we also have

∀𝜌 ∈ Σ(1) , ∀ 𝑗 ∈ Z ,
𝑟Ê
𝑖=1

𝐿
𝜌
𝑖 ( 𝑗) = 𝐸𝜌 ( 𝑗).

Setting L𝑖 to be the rank one locally free sheaf associated to (𝐿𝜌𝑖 (•))𝜌∈Σ (1) , we obtain
the splitting

E =
𝑟Ê
𝑖=1

L𝑖 .

Remark 2.2.15. In the general case, when 𝑋 is not smooth, the implications (1) ⇒
(2) ⇒ (3) in Proposition 2.2.14 are still valid, with the same proof.

Proposition 2.2.14 has many interesting applications, once it is coupled with the
following technical lemma :

Lemma 2.2.16. Let (𝐸𝑖)𝑖∈𝐼 be a countable family of vector subspaces of some 𝑟-
dimensional vector space 𝐸 . Assume that for all 𝐽 ⊂ 𝐼 with |𝐽 | = 𝑟 + 1, there is a basis
B𝐽 of 𝐸 such that any 𝐸 𝑗 , for 𝑗 ∈ 𝐽, is a coordinate subspace of 𝐸 in the basis B𝐽 .
Then there exists a basis B of 𝐸 such that for any 𝑖 ∈ 𝐼, 𝐸𝑖 is a coordinate subspace
of 𝐸 in the basis B.
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We leave the proof in Exercise 2.2.23. We then have the following :

Corollary 2.2.17. Assume that 𝑋 is smooth. Then the following conditions are equi-
valent :

(i) All locally free 𝑇-sheaves of rank 𝑟 are splittable on 𝑋 ,
(ii) Any set of (𝑟 + 1) elements in Σ(1) spans a cone in Σ.

In particular, this shows that in the smooth case, if |Σ(1) | ≥ 𝑛 + 1 (i.e. 𝑋 is not
affine), for 𝑛 ≤ 𝑟 ≤ |Σ(1) | − 1, there exists non-splittable locally free𝑇-sheaves of rank
𝑟 on 𝑋 .

Proof. Assume (𝑖𝑖), and let E be a rank 𝑟 locally free𝑇-sheaf on 𝑋 . Denote by (𝐸𝜌 (•))𝜌∈Σ (1)
its family of filtrations. For any choice (𝜌𝑖)1≤𝑖≤𝑟 ∈ Σ(1)𝑟+1,we can consider the restric-
tion of E to the affine set𝑈𝜎 , for

𝜎 = 𝜌1 + . . . + 𝜌𝑟+1 ∈ Σ.

By Proposition 1.3.25, E |𝑈𝜎 is splittable. By Proposition 2.2.14, it follows that there
exists a basis of 𝐸 such that for any 𝜌 ∈ 𝜎(1) and any 𝑗 ∈ Z, 𝐸𝜌 ( 𝑗) is a coordinate sub-
space of𝐸 in this basis. We can then apply Lemma 2.2.16 to the spaces (𝐸𝜌 ( 𝑗))𝜌∈Σ (1) , 𝑗∈Z,
and find a basis of 𝐸 such that all the spaces 𝐸𝜌 ( 𝑗), 𝜌 ∈ Σ(1), 𝑗 ∈ Z, are coordinate
subspaces in this basis. By Proposition 2.2.14 again, we conclude that E is splittable.

To prove (𝑖)⇒ (𝑖𝑖), we show the contraposition. Assume that there is a setΔ ⊂ Σ(1)
of (𝑟 + 1) rays that do not span a cone in Σ. We then define a family of filtrations by
setting, for 𝜌 ∉ Δ, and 𝑗 ∈ Z,

𝐸𝜌 ( 𝑗) =
� {0} if 𝑗 < 0,

C𝑟 if 𝑗 ≥ 0,

and for 𝜌 ∈ Δ, and 𝑗 ∈ Z,

𝐸𝜌 ( 𝑗) =



{0} if 𝑗 < −1,
𝐿𝜌 if 𝑗 = −1,
C𝑟 if 𝑗 ≥ 0,

where the (𝐿𝜌)𝜌∈Δ are lines in general position in C𝑟 . As the rays of Δ don’t span any
cone in Σ, for any 𝜎 ∈ Σ, |𝜎(1) ∩Δ| ≤ 𝑟. Hence, for any 𝜎 ∈ Σ, we may find a splitting

C𝑟 =
 Ê
𝜌∈Δ∩𝜎 (1)

𝐿𝜌
� ⊕ 𝐹𝜎

for some vector space 𝐹𝜎 ⊂ C𝑟 . Using this, together with the fact that 𝜎 is smooth,
one can easily check that Klyachko’s compatibility criterion holds for (𝐸𝜌 (•))𝜌∈Σ (1) ,
which then defines a locally free𝑇-sheaf of rank 𝑟 on 𝑋 . However, as𝐸 is 𝑟-dimensional
and the (𝑟 + 1) lines 𝐿𝜌 ⊂ 𝐸 are in general position, Proposition 2.2.14 (iii) is not
satisfied, and E is not splittable.
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Corollary 2.2.18. Let 𝑋 be a 𝑛-dimensional smooth toric variety.
(i) All rank 𝑛 locally free 𝑇-sheaves on 𝑋 split if and only if 𝑋 is affine,
(ii) All rank (𝑛 − 1) locally free 𝑇-sheaves on 𝑋 split if and only if 𝑋 is affine, or

the projective space.

Proof. As 𝑋 is smooth, 𝑋 is affine if and only if |Σ(1) | = 𝑛. By Corollary 2.2.17, (𝑖)
follows. If 𝑋 is affine or the projective space, each set of 𝑛 rays in the fan spans a
cone, which implies by Corollary 2.2.17 the splitting of locally free 𝑇-sheaves of rank
𝑛 − 1. To show the converse, note that the only smooth 𝑛-dimensional toric variety
with |Σ(1) | = 𝑛 + 1 is the projective space, up to isomorphism. When |Σ(1) | ≥ 𝑛 + 2,
one can show that there exists a set of 𝑛 rays in Σ that do not span a cone, cf Exercise
2.2.24. The result follows.

The fact that for 𝑟 < 𝑛, all rank 𝑟 locally free 𝑇-sheaves on CP𝑛 are splittable is a
result due independently to Klyachko [39] and Kaneyama [38]. We refer to the Notes
2.3.1 for more historical background on the interesting splitting problem for low rank
vector bundles on the projective space.

2.2.1 Exercises for 2.2

Exercise 2.2.19 (Symmetric and exterior powers). Let E be a reflexive 𝑇-sheaf with
family of filtrations (𝐸𝜌 (•)). Describe, for 𝑝 ∈N∗, the families of filtrations for (Sym𝑝E)∨∨
and (Λ𝑝E)∨∨ in terms of (𝐸𝜌 (•)). Hint : you may follow the proof of Proposition
2.2.10.

Exercise 2.2.20 (Gorenstein varieties). A normal variety is called Gorenstein if its
canonical divisor is Cartier or, equivalently, if its canonical sheaf is locally free. Prove
that a normal toric variety is Gorenstein if and only if for any 𝜎 ∈ Σ, there exists
𝑚𝜎 ∈ 𝑀 such that for all 𝜌 ∈ 𝜎(1), ⟨𝑚𝜎 , 𝑢𝜌⟩ = 1. Hint : use Corollary 2.2.12 together
with Klyachko’s compatibility condition.

Exercise 2.2.21 (The Krull–Schmidt property). Let ℭ be an abelian category1. A dir-
ect sum decomposition for an object 𝐴 ∈ ℭ, written

𝐴 = 𝐴1 ⊕ . . . ⊕ 𝐴𝑝,

is the data of objects (𝐴𝑖)1≤𝑖≤𝑝 ∈ ℭ𝑝 together with a monomorphism 𝜄𝑖 : 𝐴𝑖 → 𝐴 and
an epimorphism 𝜋𝑖 : 𝐴 → 𝐴𝑖 for each 1 ≤ 𝑖 ≤ 𝑝 such that :

(i) For all 1 ≤ 𝑖 ≤ 𝑝, 𝜋𝑖 ◦ 𝜄𝑖 = 1𝐴𝑖 ,

1The Krull-Schmidt property only requires having an additive category to be defined in
general.
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(ii) For all 𝑖 ≠ 𝑗 , 𝜋 𝑗 ◦ 𝜄𝑖 = 0,
(iii)

Í𝑝
𝑖=1 𝜄𝑖 ◦ 𝜋𝑖 = 1𝐴.

A direct sum decomposition as above is trivial if there exists 𝑗 such that 𝜄 𝑗 (or 𝜋 𝑗)
is an isomorphism (in that case, for 𝑘 ≠ 𝑗 , 𝜋𝑘 = 0 and 𝜄𝑘 = 0). An object 𝐴 ∈ ℭ is
indecomposable if all its direct sum decompositions are trivial.

We say that ℭ satisfies the Krull-Schmidt property if for any 𝐴 ∈ ℭ, and any two
direct sum decompositions for 𝐴 :

𝐴 = 𝐵1 ⊕ . . . ⊕ 𝐵𝑝 = 𝐶1 ⊕ . . . ⊕ 𝐶𝑞

with 𝐵𝑖 ,𝐶 𝑗 ∈ ℭ indecomposable, we have 𝑝 = 𝑞 and there exists a permutation 𝜙 ∈𝔖𝑝

such that 𝐶𝑖 = 𝐵𝜙 (𝑖) . By Atiyah’s result [3, Theorem 1 and Corollary of Lemma 3],
a C-linear abelian category2 satisfies the Krull–Schmidt property as soon as for any
couple (𝐴, 𝐵) ∈ ℭ2, the set Hom(𝐴, 𝐵) is a finite dimensional C-vector space. We will
use this to show that for a normal toric variety 𝑋 , Coh𝑇 (𝑋) and Ref𝑇 (𝑋) satisfy the
Krull-Schmidt property.

(1) Let 𝜎 ∈ Σ. Show that the category of 𝑀-graded C[𝑆𝜎]-modules with their
degree 0 morphisms is a C-linear abelian category.

(2) Show that the category of 𝑀-graded finitely generated C[𝑆𝜎]-modules with
degree 0 morphisms satisfies the Krull–Schmidt property.

(3) Deduce that Coh𝑇 (𝑈𝜎) satisfies the Krull–Schmidt property.
(4) Conclude that Coh𝑇 (𝑋) satisfies the Krull–Schmidt property.

Exercise 2.2.22 (Tensoring multifiltrations by filtrations). Let

L = O𝑋 (
∑︁

𝜌∈Σ (1)
𝑎𝜌 𝐷𝜌)

be a rank one locally free sheaf over a smooth toric variety 𝑋 , endowed with its natural
𝑇-equivariant structure, cf Proposition 2.1.3.

(1) Show that the family of multifiltrations of L is given by

𝐿𝜎𝑚 =

�
C if ∀𝜌 ∈ 𝜎(1) , ⟨𝑚, 𝑢𝜌⟩ ≥ −𝑎𝜌,
{0} otherwise

(2) Show that for each 𝜎 ∈ Σ, there exists a unique [𝑚𝜎] ∈ 𝑀/(𝜎⊥ ∩ 𝑀) such
that ⟨𝑚𝜎 , 𝑢𝜌⟩ = −𝑎𝜌 for all 𝜌 ∈ 𝜎(1).

2An abelian category is C-linear if Hom(𝐴, 𝐵) is a C-vector space for all pair (𝐴, 𝐵) of
objects, and if the composition is C-bilinear
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(3) Let (𝐸𝜎
𝑚 ) be the family of multifiltrations of a torsion-free 𝑇-sheaf E . Show

that the family of multifiltrations (𝐸 ⊗ 𝐿)𝜎𝑚 for E ⊗ L is given by

(𝐸 ⊗ 𝐿)𝜎𝑚 = 𝐸𝜎
𝑚−𝑚𝜎

.

Exercise 2.2.23 (Proof of Lemma 2.2.16). Let 𝐸 be a C-vector space of dimension
𝑟. Consider (𝐸𝑖)𝑖∈𝐼 a countable family of vector subspaces. Assume that for all 𝐽 ⊂ 𝐼

with |𝐽 | = 𝑟 + 1, there is a basis B𝐽 of 𝐸 such that for all 𝑗 ∈ 𝐽, 𝐸 𝑗 is a coordinate
subspace of 𝐸 in the basis B𝐽 . Our goal is to show the existence of a basis B of 𝐸
such that for any 𝑖 ∈ 𝐼, 𝐸𝑖 is a coordinate subspace of 𝐸 in this basis. We proceed by
induction on 𝑟.

(1) Prove the result when 𝑟 = 1 and 𝑟 = 2.
(2) Let 𝑗0 ∈ 𝐽, with 𝐸 𝑗0 ⊊ 𝐸 . Show that there exists a basis of 𝐸 𝑗0 such that for

any 𝑗 ∈ 𝐽, 𝐸 𝑗 ∩ 𝐸 𝑗0 is a coordinate subspace of 𝐸 𝑗0 in this basis.
(3) Assume that for all 𝐽 ⊂ 𝐼 with |𝐽 | ≤ 𝑟,

Í
𝑗∈𝐽 𝐸 𝑗 ⊊ 𝐸 .

(a) Show that there exists 𝐸 ′ ⊊ 𝐸 such that for all 𝑗 ∈ 𝐽, 𝐸 𝑗 ⊂ 𝐸 ′.
(b) Using the induction hypothesis, conclude in that case.

(4) Assume that there exists 𝐽0 ⊂ 𝐼, with |𝐽0 | ≤ 𝑟 such that
Í

𝑗∈𝐽0 𝐸 𝑗 = 𝐸 .
(a) Show that for any 𝑖 ∈ 𝐼, 𝐸𝑖 =

Í
𝑗∈𝐽0 𝐸𝑖 ∩ 𝐸 𝑗 .

(b) Conclude by using an induction on 𝑝 = |𝐽0 |.
Exercise 2.2.24 (Proof of Corollary 2.2.18). LetΣ be a smooth fan in𝑁R with rank(𝑁) =
𝑛. Assume that SpanR{𝑢𝜌 |𝜌 ∈ Σ(1)} = 𝑁R and |Σ(1) | ≥ 𝑛 + 2. The goal of the exer-
cise is to show that there is a set of 𝑛 rays in Σ(1) that do not span a cone in Σ. We
may assume that there is a cone 𝜎 ∈ Σ(𝑛), and by smoothness, that (𝑢𝜌)𝜌∈𝜎 (1) is the
canonical basis (𝑒1, . . . , 𝑒𝑛) of Z𝑛 ≃ 𝑁 .

(1) Denote by 𝑣1 = (𝑥1, . . . , 𝑥𝑛) and 𝑣2 = (𝑦1, . . . , 𝑦𝑛) the primitive generat-
ors of two rays 𝜌1, 𝜌2 ∈ Σ(1) \ 𝜎(1), written in the basis (𝑒𝑖)1≤𝑖≤𝑛. Show
that we can restrict to the case when 𝑥𝑛 = ±1 and 𝑦1 = ±1. Hint : use the
facts that (𝑣1, 𝑒1, . . . , 𝑒𝑛−1) should generate a cone in Σ(𝑛), and similarly for
(𝑣2, 𝑒2, . . . , 𝑒𝑛).

(2) Show then that ±1 + 𝑥1𝑦𝑛 = 0.
(3) Conclude that either (𝑣1, 𝑒2, . . . , 𝑒𝑛) or (𝑣1, 𝑒1, . . . , 𝑒𝑛−1) cannot span a smooth

𝑛-dimensional cone in Σ.

Exercise 2.2.25 (Extension of locally-free 𝑇-sheaves). Let E be a locally free 𝑇-sheaf
of rank 𝑟 over an open 𝑇-invariant subset 𝑈 ⊂ 𝑋 . Set 𝑍 = 𝑋 \ 𝑈, and assume that
codim(𝑍) > 𝑟 + 1.

(1) Using the orbit-cone correspondence, show that if 𝜎 ∈ Σ satisfies dim(𝜎) ≤
𝑟 + 1, then𝑈𝜎 ⊂ 𝑈.
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(2) Deduce that E extends as a locally free 𝑇-sheaf over 𝑋 . Hint : you may use
Proposition 2.2.14 and Lemma 2.2.16.
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2.3 Pullbacks and pushforwards

In this section, we consider pullbacks and pushforwards of 𝑇-sheaves along toric
morphisms. Restricting ourselves to the locally free or reflexive cases, in some examples,
we describe how to compute the family of filtrations of the reflexive hull of a pulled
back (resp. pushed forward) 𝑇-sheaf from the initial one. We start by recalling the
definition of a toric morphism and by providing some classical examples.

Toric morphisms

Let 𝑋 and 𝑌 be two normal toric varieties, with fans Σ𝑋 and Σ𝑌 respectively. We will
let a subscript 𝑋 or 𝑌 to stand for the ’toric package’ associated to each of these toric
varieties, e.g. denote by 𝑁𝑋 the lattice of 𝑋 , 𝑇𝑌 the torus of 𝑌 , etc.

Definition 2.3.1. A toric morphism from 𝑋 to𝑌 is a morphism of varieties 𝜙 : 𝑋 → 𝑌

whose restriction to 𝑇𝑋 induces a group homomorphism

𝜙 |𝑇𝑋 : 𝑇𝑋 → 𝑇𝑌 .

Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. One can show that 𝜙 is equivariant with
respect to the torus actions, cf Exercise 2.3.18, meaning that the following diagram is
commutative :

𝑇𝑋 × 𝑋 𝑋

𝑇𝑌 × 𝑌 𝑌 .

𝛼𝑋

𝜙×𝜙 𝜙

𝛼𝑌

(2.6)

In the above diagram, and in the sequel, we will sometimes denote by 𝜙 the restriction
𝜙 |𝑇𝑋 to the tori. The restriction of 𝜙 to the tori induces a morphism of lattices of one
parameter subgroups :

𝜙 : 𝑁𝑋 → 𝑁𝑌

and dualy a morphism between the character lattices :

𝜙∨ : 𝑀𝑌 → 𝑀𝑋 .

We denote with a subscript K the K-linear extensions of those morphisms, for K ∈
{Q,R,C}. Note that by equivariance, for any 𝜎𝑋 ∈ Σ𝑋, we have the existence of a cone
𝜎𝑌 ∈ Σ𝑌 such that

𝜙
R
(𝜎𝑋) ⊂ 𝜎𝑌 .

This property is called compatibility of 𝜙 with the fans Σ𝑋 and Σ𝑌 . Note that

𝜙 |𝑈𝜎𝑋
: 𝑈𝜎𝑋 → 𝑈𝜎𝑌
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with associated morphism of algebras denoted

𝜙∗ : C[𝑆𝜎𝑌 ] → C[𝑆𝜎𝑋 ] .

Conversely, any morphism of lattices 𝜓 : 𝑁𝑋 → 𝑁𝑌 that is compatible with the fans
Σ𝑋 and Σ𝑌 naturally induces a toric morphism 𝜓 : 𝑋 → 𝑌 , cf [16, Theorem 3.3.4].
The first examples of toric morphisms that we have met are the inclusions of affine
charts𝑈𝜏 ⊂ 𝑈𝜎 when 𝜏 ≤ 𝜎. We will describe now other classical examples.

Example 2.3.2. First, for any toric variety 𝑋 , and any 𝑝 ∈ N∗, one can define the
morphism of lattices

𝜙
𝑝

: 𝑁 → 𝑁

𝑢 ↦→ 𝑝 · 𝑢.
This corresponds to a toric morphism 𝜙𝑝 : 𝑋 → 𝑋 with restriction on𝑇 ≃ (C∗)𝑛 given
by

𝜙𝑝 (𝑡1, . . . , 𝑡𝑛) = (𝑡 𝑝1 , . . . , 𝑡
𝑝
𝑛 ).

This morphism is then a finite cover of 𝑋 onto itself. In this example,

𝑁 ′ := 𝜙𝑝 (𝑁) = 𝑝 · 𝑁 ⊂ 𝑁

and 𝑁 ′ has finite index in 𝑁 . We considered 𝜙𝑝 has a non-trivial morphism from 𝑋 to
itself. We could have considered instead the toric variety 𝑍 associated to (𝑁 ′,Σ), and
the inclusion

𝜓 : 𝑁 ′ → 𝑁 .

This is compatible with Σ and yields a toric morphism 𝜓 : 𝑍 → 𝑋 . In fact, this con-
struction works for any sublattice 𝑁 ′ ⊂ 𝑁 of finite index. If we let

𝐺 := 𝑁/𝑁 ′,

there is an induced action of 𝐺 on 𝑍 , and 𝜓 is the quotient:

𝜓 : 𝑍 → 𝑍/𝐺 ≃ 𝑋 ,

cf Exercise 2.3.20.

Example 2.3.3. Let
𝜙 : 𝑁𝑋 → 𝑁𝑌

be a surjective morphism of lattices compatible with Σ𝑋 and Σ𝑌 . We define

𝑁0 := ker 𝜙

so that we have an exact sequence

0 → 𝑁0 → 𝑁𝑋 → 𝑁𝑌 → 0.
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Set
Σ0 := {𝜎 ∈ Σ𝑋 | 𝜎 ⊂ ker 𝜙

R
}.

This is a fan of cones in (𝑁0)R and we can then consider the toric variety 𝑋0 associated
to (𝑁0,Σ0). Following [16, Definition 3.3.18], we say that Σ𝑋 is split by Σ0 and Σ𝑌 if
there exists a subfan Σ̂𝑌 ⊂ Σ𝑋 such that :

(1) The map
Σ̂𝑌 → Σ𝑌
𝜎 ↦→ 𝜙

R
(𝜎)

is well defined and bĳective, with

∀𝜎 ∈ Σ̂𝑌 , 𝜙
R
(𝜎 ∩ 𝑁𝑋) = 𝜙

R
(𝜎) ∩ 𝑁𝑌 .

(2) The map
Σ0 × Σ̂𝑌 → Σ
(𝜎0,𝜎𝑌 ) ↦→ 𝜎0 + 𝜎𝑌

is well defined and a bĳection.
From [16, Theorem 3.3.19], in this situation, the toric morphism 𝜙 : 𝑋 →𝑌 is a locally
trivial fiber bundle with fiber 𝑋0.

Example 2.3.4. We say that the fan Σ𝑋 is a refinement of Σ𝑌 if every cone of Σ𝑋 is
included in a cone of Σ𝑌 and |Σ𝑋 | = |Σ𝑌 |. In this situation, 𝑁𝑋 = 𝑁𝑌 , and the identity
𝜙 := 1 : 𝑁𝑋 → 𝑁𝑌 induces a toric morphism 𝜙 : 𝑋→𝑌 . Refinements include important
classes of toric morphisms, such as blow-ups [16, Definition 3.3.17] and resolution of
singularities [16, Theorem 11.1.9]. We describe here the special case of the blow-
up along a torus fixed point. We then assume that 𝜎 ∈ Σ is a smooth cone, so that
(𝑢𝜌)𝜌∈𝜎 (1) forms a basis of 𝑁 . We consider

𝑢𝜎 :=
∑︁

𝜌∈𝜎 (1)
𝑢𝜌.

The star subdivision of Σ along 𝜎 is defined to be the fan Σ∗(𝜎) of cones in 𝑁R given
by

Σ∗(𝜎) =
Σ \ {𝜎}� ∪ Σ′ (𝜎)

where Σ′ (𝜎) is the set of cones spanned by subsets of {𝑢𝜌 | 𝜌 ∈ 𝜎(1)} ∪ {𝑢𝜎} that
do not contain (𝑢𝜌)𝜌∈𝜎 (1) . By construction, the identity from 𝑁 to itself is compatible
with Σ∗(𝜎) and Σ, and induces a toric morphism

𝜙 : 𝑋∗ → 𝑋

where 𝑋∗ is the toric variety associated to (𝑁 , Σ∗(𝜎)). One can show that 𝑋∗ is the
blow-up of 𝑋 along the torus fixed-point 𝛾𝜎 ∈ 𝑈𝜎 , and 𝜙 is the blow-down map [16,
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Proposition 3.3.15]. In Figure 2.3, we present the fan presentation of the blow-up of
C2 at the torus fixed point 0. The fan Σ is the cone 𝜎 = R+ · 𝑒1 + R+ · 𝑒2 together with
its faces.

0 𝑒1

𝑒2 𝑢𝜎

Fan Σ∗(𝜎)

0 𝑒1

𝑒2 𝜎

Fan Σ

𝜙

Figure 2.3. The blow-up of 0 in C2.

Remark 2.3.5. Given a cone𝜎 ∈ Σ, the orbit closure𝑉 (𝜎) =𝑂 (𝜎) is a torus-invariant
subvariety of 𝑋 . One should be careful though that the inclusion 𝑉 (𝜎) ⊂ 𝑋 is not a
toric morphism. Indeed, the lattice of𝑉 (𝜎) appears to be a quotient 𝑁 (𝜎) of the lattice
of 𝑋 , and the fan of 𝑉 (𝜎) is given by projections of cones 𝜎 ≤ 𝜏 through the quotient
map 𝑁R → 𝑁 (𝜎)R, cf Exercise 1.1.16. One may always find a splitting of

1 → 𝑇𝜎 → 𝑇 → 𝑇/𝑇𝜎 → 1

where 𝑇𝜎 is the stabiliser of 𝑂 (𝜎). Given such a splitting 𝑠 : 𝑇/𝑇𝜎 → 𝑇 , denote by
𝑇 (𝜎) its image. It is isomorphic to the torus of 𝑉 (𝜎), and induces an equivariant
morphism

(𝜄, 𝑠) : (𝑉 (𝜎),𝑇 (𝜎)) → (𝑋 ,𝑇).

However, 𝜄 : 𝑉 (𝜎) → 𝑋 does not restrict to 𝑠 in general, and this pair is not a toric
morphism.

Pullbacks

Let 𝜙 : 𝑋 → 𝑌 be a toric morphism between two normal toric varieties. Recall from
[25, Chapter II.1] that for a sheaf of O𝑌 -modules E on𝑌 , the inverse image sheaf 𝜙−1E
is defined to be the sheafification of the presheaf

𝑈 ↦→ lim← Γ(𝑈̃, E)
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where the limit is taken over open charts 𝑈̃ containing 𝜙(𝑈). Then, the pulled back
sheaf 𝜙∗E is by definition

𝜙∗E := 𝜙−1E ⊗𝜙−1O𝑌
O𝑋 .

Recall the following from [25, Proposition II.5.8]:

Proposition 2.3.6. We have the following properties for pullbacks :

(i) If E ∈ qCoh(𝑌 ), then 𝜙∗E ∈ qCoh(𝑋),
(ii) If E ∈ Coh(𝑌 ), then 𝜙∗E ∈ Coh(𝑋),
(iii) If E is locally free on 𝑌 , then 𝜙∗ ∈ E is locally free on 𝑋 .

Remark 2.3.7. Be careful though that the pullback of a torsion-free (resp. reflexive)
sheaf E is not necessarily torsion-free (resp. reflexive). To remedy this, one considers
the torsion-free pullback (resp. reflexive pullback), that is the quotient of 𝜙∗E by its
torsion (resp. the reflexive hull of 𝜙∗E).

Pullbacks preserve torus equivariance :

Proposition 2.3.8. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. Then :

(i) If E ∈ qCoh𝑇𝑌 (𝑌 ), then 𝜙∗E ∈ qCoh𝑇𝑋 (𝑋),
(ii) If E ∈ Coh𝑇𝑌 (𝑌 ), then 𝜙∗E ∈ Coh𝑇𝑋 (𝑋),
(ii) If E is a locally free 𝑇𝑌 -sheaf, then 𝜙∗E is a locally free 𝑇𝑋-sheaf.

Proof. By Proposition 2.3.6, it is enough to show that pullback along 𝜙 sends 𝑇𝑌 -
equivariant sheaves of O𝑌 -modules to 𝑇𝑋-equivariant sheaves of O𝑋-modules. Let Φ
be a 𝑇𝑌 -equivariant structure on a sheaf of O𝑌 -modules E on𝑌 . Consider the pullback
of Φ along

𝜙 × 𝜙 : 𝑇𝑋 × 𝑋 → 𝑇𝑌 × 𝑌 .

By the functorial properties of pullbacks, we deduce that

(𝜙 × 𝜙)∗Φ : (𝜙 × 𝜙)∗𝛼∗
𝑌E → (𝜙 × 𝜙)∗𝜋∗2,𝑌E

is an isomorphism. By equivariance and commutativity of the square (2.6), we have

(𝜙 × 𝜙)∗𝛼∗
𝑌E ≃ 𝛼∗

𝑋𝜙
∗E

and similarly

(𝜙 × 𝜙)∗𝜋∗2,𝑌E ≃ 𝜋∗2,𝑋𝜙
∗E .
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Hence (𝜙 × 𝜙)∗Φ induces an isomorphism between 𝛼∗
𝑋𝜙

∗E and 𝜋∗2,𝑋𝜙
∗E . The cocycle

condition (1.5) for (𝜙 × 𝜙)∗Φ follows from commutativity of the squares :

𝑇𝑋 × 𝑇𝑋 × 𝑋 𝑇𝑋 × 𝑋

𝑇𝑌 × 𝑇𝑌 × 𝑌 𝑇𝑌 × 𝑌 ,

𝛽𝑋

𝜙×𝜙×𝜙 𝜙×𝜙
𝛽𝑌

where (𝛽𝑋, 𝛽𝑌 ) stands for one of the couples (𝜇𝑋 × 1𝑋, 𝜇𝑌 × 1𝑌 ), (𝜋23,𝑋, 𝜋23,𝑌 ) or
(1𝑇𝑋 × 𝛼𝑋, 1𝑇𝑌 × 𝛼𝑌 ). Indeed, by commutativity of those squares, we have :

(𝜇𝑋 × 1𝑋)∗(𝜙 × 𝜙)∗Φ = (𝜙 × 𝜙 × 𝜙)∗(𝜇𝑌 × 1𝑌 )∗Φ
= (𝜙 × 𝜙 × 𝜙)∗ 𝜋∗23,𝑌Φ ◦ (1𝑇𝑌 × 𝛼𝑌 )∗Φ

�
≃ (𝜙 × 𝜙 × 𝜙)∗ 𝜋∗23,𝑌Φ

� ◦ (𝜙 × 𝜙 × 𝜙)∗ (1𝑇𝑌 × 𝛼𝑌 )∗Φ
�

= 𝜋∗23,𝑋 (𝜙 × 𝜙)∗Φ ◦ (1𝑋 × 𝛼𝑋)∗(𝜙 × 𝜙)∗Φ,

where in the second equality we used the cocycle condition for Φ. This concludes the
proof.

In Exercise 2.3.19, you will find an alternative proof that the pullback of a𝑇-vector
bundle along a toric morphism still admits a 𝑇-structure. As it seems slightly tedious
to describe in full generality the Σ-families of pulled back 𝑇-sheaves, we will consider
the simpler locally free case. We will need the following lemma, whose proof is left
in Exercise 2.3.18.

Lemma 2.3.9. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. Then for any 𝜎′ ∈ Σ𝑋, there
exists a unique minimal cone 𝜎 ∈ Σ𝑌 containing 𝜙

R
(𝜎′). Moreover, 𝜙(𝛾𝜎′) = 𝛾𝜎 and

𝜙(𝑂 (𝜎′)) ⊂ 𝑂 (𝜎).
Recall that the distinguished point 𝛾𝜎 ∈𝑈𝜎 is defined in Exercise 1.1.15, and lives

in the torus orbit 𝑂 (𝜎). In the following proposition, the equivariant structure on the
pulled back sheaf 𝜙∗E is the one naturally induced by pulling back the equivariant
structure on E , as in the proof of Proposition 2.3.8.

Proposition 2.3.10. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. Let E be a locally free 𝑇𝑌 -
sheaf on 𝑌 with family of filtrations (𝐸𝜌 (•))𝜌∈Σ𝑌 (1) . Denote by ((𝜙∗𝐸)𝜌 (•))𝜌∈Σ𝑋 (1)
the family of filtrations of 𝜙∗E . Let 𝜌′ ∈ Σ𝑋 (1) and let 𝜎 ∈ Σ𝑌 be the minimal cone
such that 𝜙

R
(𝜌′) ⊂ 𝜎. Then we have :

(i) If 𝜎 = {0}, then

∀ 𝑗 ∈ Z , (𝜙∗𝐸)𝜌′ ( 𝑗) =
� {0} if 𝑗 < 0

𝐸 if 𝑗 ≥ 0,
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(ii) If 𝜎 = 𝜌 ∈ Σ𝑌 (1) with 𝜙(𝑢𝜌′) = 𝑎𝜌 𝑢𝜌 for some 𝑎𝜌 ∈ N∗, then

∀ 𝑗 ∈ Z , (𝜙∗𝐸)𝜌′ ( 𝑗) = 𝐸𝜌 j 𝑗

𝑎𝜌

k �
,

(iii) If 𝜎 =
Í𝑟
𝑖=1 𝜌𝑖 with (𝜌𝑖)1≤𝑖≤𝑟 ∈ (Σ(1))𝑟 and 𝜙(𝑢𝜌′) =

Í𝑟
𝑖=1 𝑎𝑖 𝑢𝜌𝑖 for some

(𝑎𝑖)1≤𝑖≤𝑟 ∈ (N∗)𝑟 , then

∀ 𝑗 ∈ Z , (𝜙∗𝐸)𝜌′ ( 𝑗) =
∑︁

𝑗1+...+ 𝑗𝑟= 𝑗

𝑟Ù
𝑖=1

𝐸𝜌𝑖
j 𝑗𝑖
𝑎𝑖

k �
.

Of course, point (𝑖𝑖) in Proposition 2.3.10 is a special case of point (𝑖𝑖𝑖). We stated
it separately as it arises in many interesting applications.

Proof. Assume that 𝜎 = 0. Then by Lemma 2.3.9, 𝜙(𝑂 (𝜌′)) ⊂ 𝑇𝑌 . Using the orbit-
cone correspondence, this implies that 𝜙(𝑈𝜌′) ⊂ 𝑇𝑌 . Hence, by definition,

Γ(𝑈𝜌′ , 𝜙
∗E) = Γ(𝑇𝑌 , E) ⊗𝜙∗ C[𝑆𝜌′] .

As Γ(𝑇𝑌 , E) ≃ 𝐸 ⊗ C[𝑀𝑌 ], this yields

Γ(𝑈𝜌′ , 𝜙
∗E) ≃ 𝐸 ⊗ C[𝑆𝜌′] .

By definition,
(𝜙∗𝐸)𝜌′ (⟨𝑚′, 𝑢𝜌′ ⟩) = Γ(𝑈𝜌′ , 𝜙

∗E)𝑚′

for any 𝑚′ ∈ 𝑀𝑋. The proof of (𝑖) follows.
Assume now that 𝜎 = 𝜌 is a ray in Σ𝑌 . As 𝜙(𝑢𝜌′) ∈ 𝑁𝑌 , there exists 𝑎𝜌 ∈ N∗

such that 𝜙(𝑢𝜌′) = 𝑎𝜌 𝑢𝜌. This time, using Lemma 2.3.9, we have 𝜙(𝑈𝜌′) ⊂ 𝑈𝜌 but
𝜙(𝑈𝜌′) ⊊ 𝑇𝑌 as 𝜙(𝛾𝜌′) = 𝛾𝜌 and 𝛾𝜌 ∉ 𝑇𝑌 . Hence

Γ(𝑈𝜌′ , 𝜙
∗E) = Γ(𝑈𝜌, E) ⊗𝜙∗ C[𝑆𝜌′] .

By definition, for 𝑚′ ∈ 𝑀𝑋, we have

(𝜙∗𝐸)𝜌′ (⟨𝑚′, 𝑢𝜌′ ⟩) = Γ(𝑈𝜌′ , 𝜙
∗E)𝑚′ .

Given a section 𝑒𝑚 ∈ Γ(𝑈𝜌, E)𝑚 and a section 𝑠𝑝 ∈ C[𝑆𝜌′] 𝑝, the torus 𝑇𝑋 acts on
𝑠𝑝 ⊗ 𝑒𝑚 with weight 𝜙∨(𝑚) + 𝑝. As for any 𝑚 ∈ 𝑀𝑌 and any 𝑝 ∈ 𝑆𝜌′ ,

⟨𝜙∨(𝑚) + 𝑝, 𝑢𝜌′ ⟩ = ⟨𝑚, 𝜙(𝑢𝜌′)⟩ + ⟨𝑝, 𝑢𝜌⟩
= 𝑎𝜌⟨𝑚, 𝑢𝜌⟩ + ⟨𝑝, 𝑢𝜌⟩,

we deduce that
(𝜙∗𝐸)𝜌′ ( 𝑗) = 𝐸𝜌 j 𝑗

𝑎𝜌

k �
.
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The last case follows with a similar argument. By Lemma 2.3.9 and the orbit-cone
correspondence, we have that 𝑈𝜎 is the minimal 𝑇𝑌 -invariant affine chart containing
𝜙(𝑈𝜌′), and thus for any 𝑚′ ∈ 𝑀𝑋 :

(𝜙∗𝐸)𝜌′ (⟨𝑚′, 𝑢𝜌′ ⟩) = Γ(𝑈𝜌′ , 𝜙
∗E)𝑚′ =


Γ(𝑈𝜎 , E) ⊗𝜙∗ C[𝑆𝜌′]

�
𝑚′ .

Again, the 𝑇𝑋-action has weight 𝜙∨(𝑚) on sections of Γ(𝑈𝜎 , E)𝑚. We then compute

⟨𝜙∨(𝑚), 𝑢𝜌′ ⟩ =⟨𝑚, 𝜙(𝑢𝜌′)⟩

=
𝑟∑︁
𝑖=1

𝑎𝑖 ⟨𝑚, 𝑢𝜌𝑖 ⟩.

As ((𝜙∗𝐸)𝜌 (•)) is reflexive, we have for any 𝑚 ∈ 𝑀𝑌 :

Γ(𝑈𝜎 , E)𝑚 =
𝑟Ù
𝑖=1

𝐸𝜌𝑖 (⟨𝑚, 𝑢𝜌𝑖 ⟩),

and the result follows.

Proposition 2.3.10 enables to compute the families of filtrations for pullbacks of
locally free 𝑇𝑌 -sheaves for all the toric morphisms 𝜙 : 𝑋 → 𝑌 from Examples 2.3.2,
2.3.3 and 2.3.4. Indeed, Proposition 2.3.10.(ii) covers all the cases of Example 2.3.2.
For the locally trivial fibrations as in Examples 2.3.3, any ray 𝜌′ ∈ Σ𝑋 is either sent
to {0} or to a ray of Σ𝑌 . Finally, the pullback along a blow-up, Example 2.3.4, can be
obtained with Proposition 2.3.10.(iii).

Example 2.3.11. Let 𝑌 = C2 and consider the blow-up along the origin :

𝜙 : 𝑋 → 𝑌

with 𝑋 = Bl0(C2). The pullback 𝜙∗𝑇𝑌 of the tangent sheaf is then a 𝑇𝑋-equivariant
locally free sheaf, with family of filtrations (𝜙∗𝑇𝑌 )𝜌 (•). The fan of 𝑋 contains three
rays, namely 𝜌1 = R+ · (1, 0) and 𝜌2 = R+ · (0, 1) coming from the cone of C2, and
the additional 𝜌 = R+ · (1, 1) obtained in the blow-up process, cf Example 2.3.4. From
Propositions 2.1.8 and 2.3.10, we obtain

(𝜙∗𝑇𝑌 )𝜌𝑖 ( 𝑗) =



{0} if 𝑗 ≤ −2
C · 𝑢𝜌𝑖 if 𝑗 = −1
𝑁C if 𝑗 ≥ 0.

for 1 ≤ 𝑖 ≤ 2, and for 𝜌 we have :

(𝜙∗𝑇𝑌 )𝜌 ( 𝑗) =
� {0} if 𝑗 ≤ −2
𝑁C if 𝑗 ≥ −1,

which follows from
𝑇𝑌𝜌1 (−1) ∩ 𝑇𝑌𝜌2 (0)� +

𝑇𝑌𝜌1 (0) ∩ 𝑇𝑌𝜌2 (−1)� = C · 𝑢𝜌1 + C · 𝑢𝜌2 = 𝑁C.
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Pushforwards

We now consider pushforwards. If E is a sheaf of O𝑋-modules on 𝑋 , its pushforward
along 𝜙 is the sheaf of O𝑌 -modules 𝜙∗E defined by

𝑈 ↦→ Γ(𝑈, 𝜙∗E) = Γ(𝜙−1(𝑈), E).
Note that its O𝑌 -module structure is naturally induced by

𝜙∗ : O𝑌 (𝑈) → O𝑋 (𝜙−1(𝑈)).
From [25, Proposition II.5.8], we have this time :

Proposition 2.3.12. We have the following properties for pushforwards :
(i) If E ∈ qCoh(𝑋), then 𝜙∗E ∈ qCoh(𝑌 ),
(ii) If 𝜙 is proper and E ∈ Coh(𝑋), then 𝜙∗E ∈ Coh(𝑌 ).
Recall that in our setting, 𝜙 : 𝑋→𝑌 is a proper morphism if it is universally closed,

meaning that for all varieties 𝑍 and morphisms 𝜓 : 𝑍 → 𝑌 , the projection 𝜋𝑍 defined
by

𝑋 ×𝑌 𝑍 𝑋

𝑍 𝑌 ,

𝜋𝑋

𝜋𝑍 𝜙

𝜓

is a closed map for the Zariski topology3. From [16, Theorem 3.4.11] we extract the
following:

Theorem 2.3.13. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. Then the following are equi-
valent :

(i) 𝜙 is a proper morphism,
(ii) 𝜙 is proper for the analytic topology,
(iii) 𝜙−1

R
( |Σ𝑌 |) = |Σ𝑋 |.

In contrast with pullbacks, pushforwards of torus equivariant sheaves may not
admit natural torus equivariant structures. To explain this, let’s consider the affine
situation. Let 𝜙 : 𝑈𝜎′ → 𝑈𝜎 be a toric morphism between affine toric varieties with
cones 𝜎′ ⊂ 𝑁 ′

R and 𝜎 ⊂ 𝑁R respectively. A sheaf E ∈ qCoh𝑇
′ (𝑈𝜎′) corresponds to

an 𝑀 ′-graded C[𝑆𝜎′]-algebra :

Γ(𝑈𝜎′ , E) =
Ê
𝑚′ ∈𝑀′

Γ(𝑈𝜎′ , E)𝑚′ ,

3We only consider morphisms between reduced irreducible varieties over C, hence do not
require ’separated’ and ’finite type’ in our definition of proper morphisms, those properties being
automatically satisfied.
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while the quasicoherent sheaf 𝜙∗E is defined by

Γ(𝑈𝜎 , 𝜙∗E) = Γ(𝑈𝜎′ , E)

with C[𝑆𝜎]-module structure induced by 𝜙∗ : C[𝑆𝜎] → C[𝑆𝜎′]. We wish to produce
an 𝑀-grading on Γ(𝑈𝜎 , 𝜙∗E) out of its 𝑀 ′-grading. The map 𝜙∨ : 𝑀 → 𝑀 ′ naturally
suggests to define for each 𝑚 ∈ 𝑀 :

Γ(𝑈𝜎 , 𝜙∗E)𝑚 := Γ(𝑈𝜎′ , E)𝜙∨ (𝑚) .

Unfortunately, this would imply that

Γ(𝑈𝜎 , 𝜙∗E) =
Ê
𝑚∈𝑀

Γ(𝑈𝜎 , 𝜙∗E)𝑚 =
Ê
𝑚∈𝑀

Γ(𝑈𝜎′ , E)𝜙∨ (𝑚)

which may be different from Γ(𝑈𝜎′ , E), unless 𝜙∨ is an isomorphism. We will then
require further properties for a toric morphism 𝜙 : 𝑋 → 𝑌 in order to define a push-
forward between qCoh𝑇𝑋 (𝑋) and qCoh𝑇𝑌 (𝑌 ). The most natural one, motivated by the
affine situation, is that 𝜙 is an isomorphism, and hence 𝑇𝑋 ≃ 𝑇𝑌 .

Proposition 2.3.14. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism such that 𝜙 : 𝑁𝑋 → 𝑁𝑌 is an
isomorphism, and let 𝑇 = 𝑇𝑋 ≃ 𝑇𝑌 . Then :

(i) If E ∈ qCoh𝑇 (𝑋) then 𝜙∗E ∈ qCoh𝑇 (𝑌 ),
(ii) If in addition 𝜙 is proper and E ∈ Coh𝑇 (𝑋), then 𝜙∗E ∈ Coh𝑇 (𝑌 ).

Proof. Without loss, we will assume that 𝑇𝑌 = 𝑇 . By Proposition 2.3.12, it is enough
to show that the pushforward of a 𝑇-equivariant quasicoherent sheaf along 𝜙 admits a
𝑇-equivariant structure. Let (E ,Φ) ∈ qCoh𝑇 (𝑋). We consider the pushforward :

(𝜙 × 𝜙)∗Φ : (𝜙 × 𝜙)∗𝛼∗
𝑋E → (𝜙 × 𝜙)∗𝜋∗2,𝑋E .

The functorial properties of pushforwards imply that (𝜙 × 𝜙)∗ is an isomorphism. Note
that 𝜋2,𝑌 : 𝑇 × 𝑌 → 𝑌 is flat. This implies flatness of the action 𝛼𝑌 : 𝑇 × 𝑌 → 𝑌 , as
𝛼𝑌 is the composition of 𝜋2,𝑌 with the isomorphism

𝑇 × 𝑌 → 𝑇 × 𝑌
(𝑡, 𝑦) ↦→ (𝑡, 𝑡 · 𝑦).

Then, we may apply flat base change to the Cartesian squares

𝑇 × 𝑋 𝑋

𝑇 × 𝑌 𝑌 ,

𝛼𝑋

𝜙×𝜙 𝜙

𝛼𝑌
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and
𝑇 × 𝑋 𝑋

𝑇 × 𝑌 𝑌 ,

𝜋2,𝑋

𝜙×𝜙 𝜙

𝜋2,𝑌

to obtain an isomorphism (that we still denote by (𝜙 × 𝜙)∗Φ) :

(𝜙 × 𝜙)∗Φ : 𝛼∗
𝑌𝜙∗E → 𝜋∗2,𝑌𝜙∗E

(see e.g. [25, Proposition III.9.3]). As the product 𝜇 :𝑇 ×𝑇 →𝑇 is flat, we can argue as
in the proof of Proposition 2.3.8, using flat base change again, to show that (𝜙 × 𝜙)∗Φ
satisfies the cocycle condition and defines an equivariant structure on 𝜙∗E .

While the hypothesis of Proposition 2.3.14 may look very restrictive, they still
cover the wide range of toric morphisms given by refinements, as in Example 2.3.4.
As an application, we have the following.

Proposition 2.3.15. Let Σ𝑋 be a refinement of a fan Σ𝑌 and consider 𝜙 : 𝑋 → 𝑌 the
associated morphism of toric varieties. Let E be a reflexive 𝑇-sheaf on 𝑋 with family
of filtrations (𝐸𝜌 (•))𝜌∈Σ𝑋 (1) . Then the associated family of filtrations for (𝜙∗E)∨∨,
denoted ((𝜙∗𝐸)𝜌 (•))𝜌∈Σ𝑌 (1) , is given, for 𝜌 ∈ Σ𝑌 (1), by

∀ 𝑗 ∈ Z , (𝜙∗𝐸)𝜌 ( 𝑗) = 𝐸𝜌 ( 𝑗).

In particular, (𝜙∗Ω1
𝑋)∨∨ = Ω1

𝑌 , (𝜙∗T𝑋)∨∨ = T𝑌 and (𝜙∗K𝑋)∨∨ = K𝑌 .

Proof. As Σ𝑋 refines Σ𝑌 , any ray 𝜌 ∈ Σ𝑌 (1) belongs to Σ𝑋 (1). Moreover, by definition
of 𝜙, we have that 𝜙 |𝑈𝜌 is the identity from 𝑈𝜌 ⊂ 𝑋 to 𝑈𝜌 ⊂ 𝑌 . On 𝑈𝜌 ⊂ 𝑌 , (𝜙∗E)∨∨
is locally free and hence is equal to 𝜙∗E , cf Lemma 1.3.3. Then, the result follows
directly by definition of pushforwards. The final statement comes from the fact that
Ω1
𝑌 , T𝑌 and K𝑌 are characterised by their families of filtrations, cf Propositions 2.1.7

and 2.1.8, and Corollary 2.2.12.

We may extend Proposition 2.3.14 in two different ways, both requiring 𝜙 : 𝑁𝑋 →
𝑁𝑌 to be surjective. First, assume that we have an exact sequence of lattices

0 → 𝑁0 → 𝑁𝑋

𝜙

−→ 𝑁𝑌 → 0.

Denote by 𝑇0 ⊂ 𝑇𝑋 the subtorus 𝑇0 = 𝑁0 ⊗Z C∗. Consider Σ𝑋 and Σ𝑌 two fans in 𝑁𝑋

and 𝑁𝑌 respectively, compatible with 𝜙, and let 𝜙 : 𝑋→𝑌 be the associated morphism.
For any E ∈ qCoh𝑇𝑋 (𝑋), we define the 𝑇0-invariant pushforward of E along 𝜙 to be
the sheaf 𝜙𝑇0∗ E on 𝑌 given on affines𝑈𝜎 ⊂ 𝑌 , 𝜎 ∈ Σ𝑌 , by

Γ(𝑈𝜎 , 𝜙
𝑇0∗ E) = Γ(𝜙−1(𝑈𝜎), E)𝑇0 ,
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where the supscript 𝑇0 stands for 𝑇0-invariant elements. This is a well defined quasico-
herent sheaf of O𝑌 -modules. Indeed, as 𝜙 is equivariant, 𝜙−1(𝑈𝜎) is an open 𝑇𝑋-
invariant subset of 𝑋 . The 𝑇𝑋-equivariant structure then provides a regular represent-
ation of 𝑇𝑋 on Γ(𝜙−1(𝑈𝜎), E) in the usual way, hence an 𝑀𝑋-grading :

Γ(𝜙−1(𝑈𝜎), E) =
Ê
𝑚∈𝑀𝑋

Γ(𝜙−1(𝑈𝜎), E)𝑚.

Note that
𝑀𝑌 = HomZ(𝑁𝑌 ,Z) ≃ 𝑁⊥

0 ⊂ 𝑀𝑋

and that
Γ(𝜙−1(𝑈𝜎), E)𝑇0 =

Ê
𝑚∈𝑁⊥

0

Γ(𝜙−1(𝑈𝜎), E)𝑚.

For each 𝜎′ ∈ Σ𝑋 such that 𝑈𝜎′ ⊂ 𝜙−1(𝑈𝜎), the morphism 𝜙∗ : C[𝑆𝜎] → C[𝑆𝜎′]
factorizes through C[𝑆𝜎′ ∩ 𝑁⊥

0 ]. We deduce that Γ(𝜙−1(𝑈𝜎), E)𝑇0 carries a C[𝑆𝜎]-
module structure. Moreover, it is 𝑀𝑌 ≃ 𝑁⊥

0 -graded, and thus 𝜙𝑇0∗ (E)|𝑈𝜎 admits a 𝑇𝑌 -
equivariant structure. We leave in Exercise 2.3.22 the proof of the following :

Proposition 2.3.16. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism such that 𝜙 : 𝑁𝑋 → 𝑁𝑌 is
surjective. Denote by 𝑇0 ⊂ 𝑇𝑋 the subtorus generated by ker 𝜙. Then :

(i) If E ∈ qCoh𝑇𝑋 (𝑋), then 𝜙𝑇0∗ E ∈ qCoh𝑇𝑌 (𝑌 ),
(ii) If in addition 𝜙 is proper and E ∈ Coh𝑇𝑋 (𝑋), then 𝜙𝑇0∗ E ∈ Coh𝑇𝑌 (𝑌 ).
In fact, surjectivity of 𝜙 is enough to ensure that pushforwards maps qCoh𝑇𝑋 (𝑋)

to qCoh𝑇𝑌 (𝑌 ), although in a non canonical way.

Proposition 2.3.17. Let 𝜙 : 𝑋 → 𝑌 be a toric morphism such that 𝜙 : 𝑁𝑋 → 𝑁𝑌 is
surjective. Then :

(i) If E ∈ qCoh𝑇𝑋 (𝑋), then 𝜙∗E ∈ qCoh𝑇𝑌 (𝑌 ),
(ii) If in addition 𝜙 is proper and E ∈ Coh𝑇𝑋 (𝑋), then 𝜙∗E ∈ Coh𝑇𝑌 (𝑌 ).

Proof. Using Proposition 2.3.12, it is enough to prove point (𝑖). Let (E ,Φ) ∈ qCoh𝑇𝑋 (𝑋).
Using surjectivity of 𝜙 : 𝑁𝑋 → 𝑁𝑌 , we may find a splitting 𝜓 : 𝑁𝑌 → 𝑁𝑋 such that
𝜙 ◦ 𝜓 = 1𝑁𝑌 . This induces an injection 𝑇𝑌 → 𝑇𝑋, and we will then consider 𝑇𝑌 as a
subtorus of 𝑇𝑋. Pulling back Φ along the injection

𝑇𝑌 × 𝑋 → 𝑇𝑋 × 𝑋 ,

we obtain a 𝑇𝑌 -equivariant structure Ψ on E , that is an isomorphism

Ψ : (𝛼𝑋)∗|𝑇𝑌×𝑋E → (𝜋2,𝑋)∗|𝑇𝑌×𝑋E
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satisfying the similar cocycle condition (1.5), restricting all maps to𝑇𝑌 ⊂ 𝑇𝑋. Then, we
can pushforward Ψ along 1𝑇𝑌 × 𝜙 : 𝑇𝑌 × 𝑋 → 𝑇𝑌 ×𝑌 to obtain an equivariant structure
on 𝜙∗E , the proof following the one of Proposition 2.3.14.

Note that the equivariant structure obtained on 𝜙∗E in Proposition 2.3.17 depends
on the choice of the splitting 𝜓, as seen in Exercise 2.3.23.

2.3.1 Exercises for 2.3

Exercise 2.3.18 (Basic properties of toric morphisms). Let 𝜙 : 𝑋 → 𝑌 be a toric
morphism.

(1) Show that 𝜙 is equivariant.
(2) Let 𝜎 ∈ Σ𝑋. Show that there is a unique minimal cone 𝜎′ ∈ Σ𝑌 such that

𝜙
R
(𝜎) ⊂ 𝜎′.

(3) Prove that 𝜙(𝛾𝜎) = 𝛾𝜎′ , where 𝛾𝜎 is the distinguished point defined in Exer-
cise 1.1.15.

(4) Prove that 𝜙(𝑂 (𝜎)) ⊂ 𝑂 (𝜎′) and 𝜙(𝑉 (𝜎)) ⊂ 𝑉 (𝜎′).
Hint for (1) : reduce to the affine case and use density of the torus.

Exercise 2.3.19 (Pullbacks of 𝑇-vector bundles). Let E → 𝑌 be a vector bundle of
rank 𝑟 over a normal toric variety 𝑌 . Denote by (𝑔𝜎𝜎′ : 𝑈𝜎∩𝜎′ → Gl𝑟 (C))𝜎,𝜎′ ∈Σ2

𝑌

the transition maps of E .

(1) Show that a 𝑇𝑌 -equivariant structure on E is equivalent to the data of repres-
entations (𝜚𝜎 : 𝑇𝑌 → Gl𝑟 (C))𝜎∈Σ𝑌 such that for all 𝑥 ∈𝑈𝜎∩𝜎′ and all 𝑡 ∈ 𝑇𝑌 :

𝑔𝜎𝜎′ (𝛼𝑌 (𝑡, 𝑥)) · 𝜚𝜎′ (𝑡) = 𝜚𝜎 (𝑡) · 𝑔𝜎𝜎′ (𝑥).

(2) Let 𝜙 : 𝑋 → 𝑌 be a toric morphism. For any 𝜎′ ∈ Σ𝑋, let 𝜎 ∈ Σ𝑌 be minimal
such that 𝜙

R
(𝜎′) ⊂ 𝜎, and define 𝜙∗𝜚𝜎′ := 𝜚𝜎 ◦ 𝜙. Show that the data (𝜙∗𝜚𝜎 :

𝑇𝑋 → Gl𝑟 (C))𝜎∈Σ𝑋 gives a 𝑇𝑋-equivariant structure on 𝜙∗E .

Exercise 2.3.20 (Finite quotients). Consider 𝑁𝑋 ⊂ 𝑁𝑌 a sublattice of finite index and
set𝐺 = 𝑁𝑌/𝑁𝑋. LetΣ be a fan in𝑁𝑌 , and consider 𝑋 and𝑌 the toric varieties associated
to (𝑁𝑋, Σ) and (𝑁𝑌 , Σ), respectively. The inclusion 𝜙 : 𝑁𝑋 → 𝑁𝑌 induces a toric
morphism 𝜙 : 𝑋 → 𝑌 .

(1) Show that 𝑁𝑋 → 𝑁𝑌 induces an exact sequence

1 → 𝐺 → 𝑇𝑋 → 𝑇𝑌 → 1,

and thus a 𝐺-action on 𝑋 .
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(2) Let 𝜎 ∈ Σ. Show that the image of

𝜙∗ : C[𝜎∨ ∩ 𝑀𝑌 ] → C[𝜎∨ ∩ 𝑀𝑋]

is given by the ring of invariants C[𝜎∨ ∩ 𝑀𝑋]𝐺 under the regular represent-
ation of 𝐺 on C[𝜎∨ ∩ 𝑀𝑋].

(3) Deduce that 𝑌 = 𝑋/𝐺 and that 𝜙 : 𝑋 → 𝑌 is the quotient morphism.
Assume that 𝑌 = 𝑈𝜎 is affine and let E ∈ qCoh𝑇𝑌 (𝑌 ) with 𝜎-family (𝐸𝜎 , 𝜒𝜎).

(4) Compute the 𝜎-family of 𝜙∗E in terms of (𝐸𝜎 , 𝜒𝜎).
Exercise 2.3.21 (Locally trivial fibrations). Let 𝜙 : 𝑋 →𝑌 be a locally trivial fibration
as in Example 2.3.3. Let E ∈ qCoh𝑇𝑌 (𝑌 ). Describe the 𝜎-families of 𝜙∗E in terms of
the 𝜎-families of E .

Exercise 2.3.22 (Invariant pushforward). Give the proof of Proposition 2.3.16. Hint :
for point (𝑖𝑖), note that 𝜙𝑇0∗ E is a subsheaf of 𝜙∗E .

Exercise 2.3.23 (Equivariant structures on pushforwards). Consider a toric morphism
between two affine normal toric varieties 𝜙 : 𝑈𝜎′ → 𝑈𝜎 . Assume that 𝜙 : 𝑁 ′ → 𝑁

is surjective. For E ∈ qCoh𝑇𝑋 (𝑈𝜎′), describe the possible 𝑀-graded structures on
Γ(𝑈𝜎 , 𝜙∗E), cf Proposition 2.3.17.

Exercise 2.3.24 (Descent of toric sheaves). Let 𝜙 : 𝑋 → 𝑌 be a toric morphism such
that 𝜙 : 𝑁𝑋 → 𝑁𝑌 is surjective. Denote by 𝑇0 ⊂ 𝑇𝑋 the subtorus generated by ker 𝜙.
Assume that 𝜙𝑇0∗ O𝑋 ≃ O𝑌 . We say that a sheaf E ∈ qCoh𝑇𝑋 (𝑋) descends to 𝑌 if there
exists F ∈ qCoh𝑇𝑌 (𝑌 ) such that E = 𝜙∗F .

(1) Show that for any F ∈ qCoh𝑇𝑌 (𝑌 ), 𝜙𝑇0∗ 𝜙∗F ≃ F .
(2) Deduce that E ∈ qCoh𝑇𝑋 (𝑋) descends to 𝑌 if and only if E ≃ 𝜙∗𝜙𝑇0∗ E .
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Notes for Chapter 2

Locally free sheaves on the projective space

The splitting problem for locally free sheaves over the projective space goes back to
the 70’s. In [26], Hartshorne conjectured that for 𝑛 ≥ 7, there is no unsplittable locally
free sheaf of rank 2 on the complex projective space. This is related to another conjec-
ture [24] on low codimensional subvarieties of P𝑛. It is well known that rank 1 vector
bundles correspond to divisors. In codimension 2, the Hartshorne–Serre correspond-
ence gives a criterion for the existence of a rank 2 vector bundle with a section whose
zero locus correspond to a given subvariety [55, Chapter 1.5]. This relates unsplittable
vector bundles to non-complete intersections. The latter being very hard to construct
(see e.g. [30]), and behaving topologically as complete intersections, this lead to the
aforementioned conjectures. We refer the interested readers to [61] for a survey on the
origin of these problems.

Then, the splitting of 𝑇-equivariant vector bundles on the projective space, Corol-
lary 2.2.18, was proved independently by Kaneyama [38] and Klyachko [39], and can
be seen as a strong version of Hartshorne’s conjecture for toric vector bundles. More
recently, Ilten and Suess improved this result to vector bundles equivariant under a
torus action of lower dimension, cf [33]. In the other direction, Cotignoli and Sterian
have shown that an extension of Hartshorne’s conjecture to toric Fano manifolds fails
in general [15]. However, the original conjecture remains open.

Pure equivariant sheaves

Recall that a coherent sheaf E ≠ 0 on 𝑋 is said to be pure if for any coherent subsheaf
0 ⊊ F ⊂ E , on has dim(Supp(F )) = dim(Supp(E)), where Supp(F ) is the support
of F , that is the closure of the set of points 𝑥 ∈ 𝑋 where F𝑥 ≠ 0. Pure sheaves gen-
eralise torsion-free sheaves, that correspond to pure sheaves with support of maximal
dimension. In [42], Kool shows that for a coherent 𝑇-sheaf E , being pure is equivalent
to the equivariant version of purity : for any 𝑇-equivariant non-zero coherent subsheaf
F ⊂ E , dim(Supp(F )) = dim(Supp(E)) [42, Proposition 2.5]. Then, he describes the
Σ-families of pure 𝑇-equivariant sheaves over smooth toric varieties, cf [42, Section
2]. Those results generalise the much simpler case of the pure sheaf 𝜄∗O𝑌 studied in
Exercise 2.1.11, where 𝜄 : 𝑌 → 𝑋 denote the inclusion of an irreducible 𝑇-invariant
subvariety.


