Chapter 2

Examples of toric sheaves

We focus now on examples and basic constructions of toric sheaves. The first section is
devoted to classical examples related to the geometry of the variety. Along the way, we
obtain a simple proof of Zariski-Lipman conjecture, Theorem 2.1.10, for toric variet-
ies. In the following section, we describe algebraic operations on 7-sheaves in terms
of Z-families, and derive Kaneyama and Klyachko’s splitting result for the projective
space in Corollary 2.2.18. In the last section, we discuss pullbacks and pushforwards
for toric sheaves.

2.1 First examples

In this section, we study the most common examples of torsion-free sheaves on nor-
mal varieties, in the T-equivariant context. We start with rank one equivariant reflexive
sheaves, corresponding to torus invariant Weil divisors, and provide their families of
filtrations. In the irreducible case, we generalise this to ideal sheaves of T-invariant sub-
varieties. Finally, in higher rank, we show that the tangent sheaf is naturally endowed
with an equivariant structure, that we describe in details. This leads to the proof of the
Zariski—Lipman conjecture in the toric case.

Rank one reflexive sheaves

We refer the reader to [16, Chapter 4, Sections 0 and 1] for the background material
on Weil divisors on normal toric varieties. Let X be a normal toric variety. Denote by
C(X) its field of rational functions. We set C1(X) to be its class group, that is the group
of Weil divisors — formal linear combinations of prime divisors — modulo principal
divisors — divisors of the form div( f) for some f € C(X)*. Set Divy(X) to be the set
of T-invariant Weil divisors on X. An important result is the following [16, Theorem
4.1.3]:

Proposition 2.1.1. There is an exact sequence
M — Divr(X) - CI(X) — 0 2.1)

where the first map is m — div(xy™) and the second sends a divisor to its class D +—
[D]. If X has no torus factor, the sequence is also exact on the left.
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A toric variety is said to have no torus factor when {u, | p € (1)} spans Ng,
where recall u,, € N is the primitive generator of the ray p such that

p=R-u,.
We will also need the following facts [16, Propositions 4.1.1 and 4.1.2]:
Proposition 2.1.2. Let p € X(1) with associated prime divisor D, = O(p). Then the

associated valuation
vp i =vp, : C(X)" > Z
is given on x™, m € M, by
Vo(x™) = (m,up).
Then, for any m € M, the principal divisor div(y™) is given by

div(y™) = Z (m,uy) Dy .
p'eX(l)

To any Weil divisor D, one can associate a rank one reflexive sheaf Ox (D) defined
on open sets U C X by

(U, Ox(D)) = {f € C(X)"| (div(f) + D), > 0} U {0}.

Conversely, any rank one reflexive sheaf on X is isomorphic to Ox (D) for some Weil
divisor D, an Ox(D) =~ Ox(D’) if and only if [D] = [D’] € CI(X) (see e.g. [16,
Chapter 8.0]). Then we have the following:

Proposition 2.1.3. Let L be a rank one reflexive sheaf on X. Then there are integers
(ap)pex (1) such that

L=0x( ). a,D,).

pEX(1)

In particular, L is isomorphic to a T-equivariant rank 1 reflexive sheaf.

Proof. The first statement follows from Proposition 2.1.1. It is then enough to show
that £ := Ox ( Z a, D) admits a T-equivariant structure. Let o € . By definition,
pEX(L)

F(Ug, L) = {feCX)"|(div(f)+ Y apDp),, =0}u{0}
P

{(f €CX)* |div(f)w, + )| apD, =0} U {0}

pea(l)

Recall then that the fraction field of X is

C(X) =C(T) =C(x™ | m € M),
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and is isomorphic to formal Laurent series in n-variables. As 3}, a, D), is T-invariant,
for each ¢ € T, one then has an isomorphism defined on generators of C(X) by

®r,: T'(Ugp,t*'L) — T'(Us, L)

X" - XM (x™.
The (@, ;)rer’s satisfy the cocycle condition (1.6) and induce a T-equivariant struc-
ture on L. [

From now on, when referring to a rank one reflexive T-sheaf, we will assume that
the T-equivariant structure is given by @, as in the proof of Proposition 2.1.3. Such
sheaves are described by families of filtrations, thanks to Theorem 1.3.20.

Proposition 2.1.4. Ler £ = Ox( Z a, D,) be a rank one T-equivariant reflexive

peX(1)
sheaf. Denote by (LF(e)),cx(1) the associated family of filtrations. Then for any p €

(1),
0} if i<-a,

P —
L(’)‘{ C if ix-a,

Of course, there is a slight abuse of terminology in the above proposition, as 'the’
family of filtrations is only defined up to an isomorphism.

Proof. Let p € Z(1). From the proof of Proposition 2.1.3,
L(Up, £) ={f € C(X)" | div(f)u, +ap,D, = 0} U {0}.

Letm € M. Then, div(x™) is T-invariant. By the orbit-cone correspondence, div(x™)|u,
is supported on D,. By Proposition 2.1.2, v, (x™) = (m, u,). Hence, div(x"™)u, +
a,D, > 0 if and only if (m,u,) + a, > 0. We deduce that the degree-m component
of I'(U,, £) is given by

_ [ {0y if (mup) < -ap
F(Up’ﬁ)m - { C-x™ if <m,up) = —dp.

The result follows, as by definition

LP((m,up)) =T(Up, L)m.

Ideal sheaves

Fix 7 € Z(k), and consider the T-invariant subvariety V() = O(t) C X. We define

ITCOX
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to be the ideal sheaf of V(7). As V(7) is T-invariant, the T-equivariant structure ®y
on Oy restricts to Z, and induces a T-equivariant structure on Z., cf Example 1.2.3.
We then consider Z, as a T-equivariant sheaf on X, with the T-equivariant structure
(Px)z,. As I is a subsheaf of Oy, it is torsion-free. Hence, by Theorem 1.3.11, it is
described by a family of multifiltrations.

Proposition 2.1.5. Assume that X is smooth. Let (13) be the family of multifiltrations
associated to L. Then, for any o € X, one has either T £ o, and

1o = {0}y if Ofsm
m=l C if 0<ym,

or T < o and then
{0} if 0 £y, m,

I7 =49 {0} if 0<,m,met NM,
C if 0<y,m, métinM.

Note that if T < ¢, then the condition that a class [m] = 0in M /(t+ N M) makes
sense. Hence, the family of multifiltrations in Proposition 2.1.5 is well defined.

Proof. Fix o € £.1f T £ o, then by the orbit-cone correspondence, V(1) N U, = @ and
(Z)u,, = (Ox)u,, - In that case, the result follows from Examples 1.2.3 and 1.2.16.
Assume now that 7 < o. By smoothness of X, we can find a Z-basis (e;)1<j<n Of N
such that

T=Ry-e1+...+R,-ex C Np

and
oc=Ry-e1+...+R,-ej=7+R;-epq+...+R; - ;.

Consider the dual basis (e)1<;<, for M. Then, in U, we have

k
V(1) NUq = )ix% =0}
i=1

Letm=mye] +...+myue, € M. We deduce that y" € I'(U,, Z;) if and only if for all
0<i<Il,m; >0andthereis 1 <i < k such thatm; > 1. This is equivalentto 0 <, m
and m ¢ 7+ N M. The result follows by the construction of the family of multifiltrations
associated to Z. n

Example 2.1.6. We consider the singular quadric surface given by
X = Spec(Clu, v, w]/{uv — w?))

as in Example 1.1.5.(2). The fan X of X consists in one 2-dimensional cone o = R, -
(1,0) +R: - (1,2), tworays p; =R, - (1,0) and pp =R, - (1,2), and the 0-dimensional
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cone {0}. Let 7 := p; and V = V(1) C X. We describe the family of multifiltrations
(1%) in Figure 2.1. For each cone v € £, we represent the cone v by the shaded zone.
To each weight m € Z? is attached the vector space I}, and bigger dots correspond
precisely to weights m such that I = C.

. + o o [ J . EY ® [ ] [ J
. ' ° ° ° . :
' Ig=C T
. 4 ° ° ° . t ° ° °
: Iy = {0} ! Iy =C
-—6: ° ° °
° + [ ] [ ] ( ]
~

(b) Family (1%))

[} [} [ J [} [ [ ] [ ] [ ] [ J [ ]
[} [ J [} [} [ [ ) [ ] [ ] [ J ([ ]
I =C
[ J [ J [ J [ J [ J
[ J [ J [ J [ J [ J
[ J [ J [ J [ J [ J
(c) Family (1£?) (d) Family (I},

Figure 2.1. The v-families (7).

Tangent and cotangent sheaves

Recall that the sheaf of Kihler differentials on X (see e.g. [25, Chapter 11.8]), also
called cotangent sheaf, denoted Q! , is defined as the sheaf of Ox-modules generated
on affine charts U c X by elements of the form df, for f € I'(U, Oyx), subject to the
relations :

(1) Forall (f,g) e (U, Ox)?, and (a, b) € C?, d(af + bg) = adf + bdg,

(2) Forall (f,g) € T(U,Ox)? d(fg) = fdg + gdf.
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The sheaf Q;( is a coherent sheaf that carries interesting information about the variety
X. In particular, Q% is locally free if and only if X is smooth, cf [25, Theorem II.8.15].
On each T-invariant affine chart U, o € Z, the C-algebra homomorphism

a* :C[Sys] = C[T] ® C[Ss]
induces a homomorphism of C[T] ® C[S]-modules :
da: T(TXUg,a*Qy) — T(TxUgs, Q).

We then obtain an equivariant structure ® on the sheaf of Kéhler differentials by com-
posing :
* d = * * pr *
@:0'Qlk S5l 5ol el = 1ok (2.2)
where pr;, is the projection on the second factor, cf Exercise 2.1.12. With this equivari-
ant structure, we obtain the following family of filtrations.

Proposition 2.1.7. Assume that X is smooth. Let (AP (e)),cx (1) be the family of fil-
trations associated to Qi{ Then for any p € (1),

0y if i<-1
APG) =4 pt if i=0
Mc if Q> 1.

In the above proposition, we extended the duality pairing C-linearly to M¢c X N¢,
where N¢c = N ®z C and Mc = M ®z C. Note that the description of I'(U,, Q;() in
the following proof provides the weights (my, ...,m,) = (e}, ..., e;) of Klyachko’s
compatibility condition, cf Theorem 1.3.27.

Proof. As X is smooth, Q; is locally-free. It is then characterised by a family of
multifiltrations, subject to Klyachko’s compatibility conditions. Let o € X(n). By
smoothness, we may assume that o is generated as a cone by a basis (e, ..., e,)
of N. Let (ej, ..., e;,) denote the dual basis of M. Then, I'(U,, Q;K) is the C[S |-
module generated by the elements

By definition of the T-action on sections, cf Equation (1.11), we see that for¢ € T,
t-dx; = x "% (1) dx;.

Hence, we obtain an isomorphism of M-graded C[S]-modules :

F(UO"Q;() = éc[s(r] cdx; > EnBC[SO'] [e;k]
=1 i1
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We then have for each p € o (1), and each [m] € M/(p™ N M) :

L(Up, Q= D C-x™ 4 dx;.
e <p,m

The result follows by the definition of the filtration (A”(7));cz. [
We next introduce the tangent sheaf :
Tx = (Q))" = Homo, (Q}, Ox).

As Tx is the dual of the coherent sheaf Q! , it is reflexive, even when X is not smooth.
It is also naturally T-equivariant, cf Exercise 1.3.35. Hence, it is described by a family
of filtrations as well.

Proposition 2.1.8. Let (TX*(e)),cx (1) be the family of filtrations associated to T.
Then for any p € (1),

0y if i<-2
TXP(i)y={ C-u, if i=-1
Ne if i>0.

Recall that u,, is the primitive generator of the ray p.

Proof. We set eq = u,, that we complete into a Z-basis (ey, ..., e,) of N, with dual
basis (e],...,e;,). On Uy, by the orbit-cone correspondence and by Lemma 1.3.3, Qi(
and Ty are locally-free. From the proof of Proposition 2.1.7, T'(U,, Qﬁ() is generated
as a C[S,]-module by the elements dx; := dy ,1<i<n. Let

0

pk I'(U,, Q) — C[Ss]

be homomorphisms of C[S,]-modules be defined by

0 0 if i
ax, (i) = { 1if i=j.
: 9 :
Then, I'(U,,, Tx) is spanned as a C[S,]-module by the elements F 1 <i<n By
Xi
0
definition of the dual equivariant structure, each E has degree —e; in the weight

X
space decomposition of I'(Up, Tx). As l

PrAM=Z-e&...0Z- e,

n

and
M[(p* A M)=Z- ],

we easily deduce the family of filtrations for 7x on U,,. [
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Example 2.1.9. Let X = U, be an affine toric surface associated to a cone o = p1 + p2
with two generating rays p; and p;, and denote by (T X9 ) the family of multifiltrations
for its tangent sheaf. As this family is reflexive, we have for each m = (m|,m;) e M =
Z*:

{0} if mp <-1,mp < -1,
TXT = C-up, %f my=-1,mp >0,

Coup, if my=-1,m 20,

Nc if mp >0, my>0.
We describe this family in Figure 2.2, where to each weight m is associated X, , the
small dots corresponding to the lines 7X%', and the big ones to the space N¢.

° ° ° °
° ° ° °
Nc
C- Up,
° ° ° °

47 [ ] [ ] [ ]
C-u
TX = {0} =

Figure 2.2. Family (7X};,) for the tangent sheaf.

Zariski-Lipman conjecture

We know that a variety is smooth if and only if its sheaf of Kihler differentials is
locally free. In fact, it is conjectured that smoothness should also be equivalent to
locally freeness of the tangent sheaf. This is known as the Zariski—Lipman conjecture.
In the toric case, one can use the simple description of the tangent sheaf to give a proof
of this conjecture.

Theorem 2.1.10. Let X be a normal toric variety. Then X is smooth if and only if its
tangent sheaf Tx is locally free.

The proof that follows was given in [62], although the result was already known for
toric varieties by other arguments. We refer the interested reader to [62] and reference
therein.

Proof. If X is smooth, then Q}( is locally free and so is Tx. For the converse, assume
that 7 is locally free. Smoothness is a local condition, hence we restrict to U, C X,
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for some o € X. We may without loss assume that o is of dimension n, and that U
has no torus factor, so that {u,, | p € o-(1)} spans Ng. Then, U, is smooth if and only
if o is smooth [16, Theorem 1.3.12], which, by definition, is equivalent to the fact that
{up | p € o(1)} is a Z-basis for N.

As {up, p € (1)} spans Ng, o = {0}. Then, by locally freeness, the family of
filtrations from Proposition 2.1.8 satisfies Klyachko’s compatibility criterion, Theorem
1.3.27. Thus we can find a decomposition

Nc = EnB Emj
=1

with, for p € o-(1), and i € {-2,-1,0},

TXF()= ) Em,. (2.3)
(mj,uy)<i
First, from
TXP(-2) = {0},

we deduce that for all 1 < j < n,and all p € o (1), (mj,u,) > —1. Secondly, taking
i=—1in(2.3),
C-u,= @ Ep;.
(mj,up)<—1

Thus, for each p € o-(1) we can find jo and m,, := m, with (m,,u,) = —1 and such
that C - u, = E,, . Note that o~ contains no line by strong convexity, so if p # p’, then
up € Z-up and C-up, # C-up. As{u, | p € o(1)} spans Nc over C,

Nc = Z C-u,= @ Em, C Nc.

pea(l) pea(l)
Then,
Nc = @ Emp
peo(l)

and o (1) contains exactly n elements. Let p, p’ € o (1) be two distinct rays. Neces-
sarily,
C-u,NC-uy ={0}

and by (2.3) with i = —, 1, m,, must satisfy (m,,u,) > 0.
Last, taking now i = 0 in (2.3), we deduce from 7X*(0) = N that (m,, u, ) = 0.
To conclude, for all p, p’ € o (1),

|1 it p=p’
<mp’up,>_{0 if p#p.
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Hence, each element # € N can be uniquely written

u= Z (my,u)u,

peo(l)

with (m,,u) € Z for each p € o-(1). Thus, {u, | p € o(1)} is a basis of N, which
concludes the proof. u

2.1.1 Exercises for 2.1

Exercise 2.1.11 (Structure sheaf of invariant subvarieties). Let X be a smooth toric
variety with fan ¥ and let 7 € X. SetY :=V(7), and let¢ : Y — X denote the inclusion
morphism. Then there is a short exact sequence :

0-7Z;, > Ox — 1.0y >0, 2.4)

where recall Z, denotes the ideal sheaf of Y.
(1) Show that ¢,Oy inherits a T-equivariant structure from (2.4).

(2) If (EZ) (resp. (1)) stands for the family of multifiltrations for Ox (resp. for
Z,), show that for any o € X, the o-family (V7 , ¢ ) for (¢.Oy)|y,, is given,
form € M, by

Ve = Eq /1y

and, form <, m’,

s [l it ve=ve=c
Vimmt = 0 otherwise.

(3) Give a precise description of the spaces (V. )ems When 7 < 0.

Exercise 2.1.12 (Kéhler differentials). The module of Kéhler differentials of a given
C-algebra R, denoted Qg, is the R-module generated by the symbols df, modulo the
relations

(i) Forany (f,g) € R?, and (a,b) € C?,d(af + bg) = adf + bdg,

(ii) Forany (f,g) € R*,d(fg) = fdg + gdf .
The following shows that the sheaf of Kéhler differentials is well defined, and carries
a natural T-equivariant structure.

(1) Let Ry be the localisation of R at a non-nilpotent element f. Show that Qg =

Qr ® Rf.

(2) Let¢ : R — S be aC-algebra homomorphism. Show that this naturally induces
a morphism of S-modules :

dg : Qr Qr S — Qg.
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(3) Show that the morphism ® defined in (2.2) is well defined, and an isomorph-
ism.

(4) Show that @ satisfies the cocycle condition of an equivariant structure.

Exercise 2.1.13 (Logarithmic differentials). Let X be a smooth toric variety with fan
¥, and consider a subset A ¢ X(1). Set

D:=> D,cX.
PEA

We define the sheaf of logarithmic forms on X along D, denoted Qé( (log D), as follows.
For an affine chart U, C X, we set

[(Uq,QklogD)) = ( € CISe]- ‘jf:) o P cisel-a™)
peo(1)nNA peo()\A
where (m,),e (1) stands for the basis of M dual to (uy)pe o (1)-
(1) Show that Q}((log D) is a well defined locally free sheaf.
(2) Show that Q/{((log D) is T-equivariant.
(3) Give the family of filtrations for Q} (log D).
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2.2 Algebraic operations

Algebraic operations for sheaves of Ox-modules preserve T-equivariance, and thus
admit a transcription into the language of X-families. We give in this section formulae
for those operations, focusing on the simpler families of filtrations. In relation to direct
sums, we provide a splitting criterion in the locally free case that is due to Klyachko.
This leads to a proof, in the toric case, of a strong version of Hartshorne’s conjecture
on locally free sheaves over the projective space.

Subfamilies

We start this section with the description of ’subobjects’ in the various categories that
were introduced in Chapter 1.

Definition 2.2.1. Let (£, ®) be a T-equivariant sheaf. A subsheaf 7 c £ is a T-
equivariant subsheaf if @ restricts to an isomorphism a*F — s F.

If F c £ is aT-equivariant subsheaf of (£, @), we will denote by ®, r the restricted
isomorphism a* F 5 3 F . Note that the cocycle condition (1.5) for @z is automatic-
ally satisfied. As we are working over Noetherian schemes, a T-equivariant subsheaf of
a coherent (resp. torsion-free) 7-equivariant sheaf is also coherent (resp. torsion-free).
Hence, it corresponds to a subfamily, that we now define.

Definition 2.2.2. Let (E“, y ) be a o-family. A sub-o -family is the data F 7 of vector
subspaces Fo c E2 for each m € M such that for m <, m’,

Xomm (Fm) € Fp.

We will denote by y ¢ the restricted morphisms so that (F“, y ) is itself a o-family,
and denote by F¢ c E“ the inclusion of a sub-o-family.

The equivalence between the category of o-families and the category qCoh” (X)
implies that sub-o-families correspond to 7T-equivariant subsheaves over an affine
chart U,

Definition 2.2.3. Let (E*, %) be a X-family. A sub-X-family, or simply subfamily, is
the data F* of sub-o-families F¢ c E for each o € X such that for T < o, the iso-
morphism 77, restricts to an isomorphism ¢} . F“ = F7. We will denote by (F*,n%)
the -family obtained by restriction of the isomorphisms (17 ¢ )<, and by F* c E*
the fact that (F*, p%) is a subfamily.

As for o-families, sub-X-families correspond to equivariant subsheaves in the cat-
egory Coh” (X).



Algebraic operations 67

Definition 2.2.4. Let (E)) be a family of multifiltrations. A subfamily of multifiltra-
tions, or simply subfamily, is the data of a vector subspace F' C E and of a family of
multifiltrations (F5 ) for F' such that for each o € ¥, and eachm e M, FS C EJ.

One defines similarly subfamilies for families of filtrations. Subfamilies of families
of multifiltrations (resp. of filtrations) correspond to torsion-free T-subsheaves (resp.
reflexive T-subsheaves). Be careful though that in general a torsion-free subsheaf of
a reflexive sheaf is not reflexive, cf [25, Section 2]. Finally, we can define equivariant
subbundles.

Definition 2.2.5. Let (£, @) be a T-vector bundle. A T-subbundle is a subbundle
JF c & such that the T-structure @ restricts to a T-structure on F.

Equivariant subbundles correspond to subfamilies of filtrations (F*(e)),ex(1) C
(EP(®))pex(1) such that Klyachko’s compatibility criterion for E induces the compat-
ibility criterion for F, cf Theorem 1.3.27. The simplest examples of 7T-subbundles, or
more generally 7T-subsheaves, are direct summands in direct sums, that we define next.

Algebraic operations for 7-sheaves
The content of the next proposition is that algebraic operations preserve equivariance.

Proposition 2.2.6. Let (£,®) and (F,¥) be two T-equivariant sheaves. Then £ & F,
E ®oy F and Y admit natural T-equivariant structures.

Proof. For the direct sum, using the facts that
adEdF)=a"E®a*F

and
m(E®F) =€ @nyF

we can define (with a little abuse of notations) an isomorphism

PoOY:a (EaF) > mi(EoF).

As @ and W satisfy (1.5), it is straightforward to check that the cocycle condition is
satisfied for ® @ V.
Similarly, using that

" (E®oy F) =a"E ®0,, @ F

and
715(E ®oy F) = 15E @0y, i T5F,

we can define
PRV :a" (€ oy F) = m15(E @0y F)
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by tensoring @ and ¥. While the tensor product doesn’t preserve injectivity in gen-
eral, it preserves isomorphisms. Indeed, there exists inverses ®~! and ¥~', and by the
functorial properties of the tensor product, ®~! ® ¥~ is an inverse for ® ® ¥. As the
tensor product commutes with pullbacks, the cocycle condition is satisfied for ® ® P,
providing a T-structure on £ ® F.

Finally, the case of the dual sheaf was left in Exercise 1.3.35 and can be delt with
similar general arguments on algebraic operations on sheaves of Ox-modules. ]

Let £ be a sheaf of Ox-modules and p € N*. Recall that the p-th tensor power of
&, denoted TPE, is given by
TPE = (£®...Q°8).
~— ——

p—times

Then, we can define the p-th symmetric power Sym” £ (resp. p-th exterior power AP )
of & to be the sheaf of Ox-modules obtained as the sheafification of the presheaf

U SymgX(U) (EW))

(resp. of the presheaf
U AgX(U) (£(U)).)

Proposition 2.2.7. Let £ be a T-equivariant sheaf. Then TP E, Sym? £ and AP € admit
natural T-equivariant structures.

Proof. For TPE, the result follows from Proposition 2.2.6. Recall that Sym” £ can
alternatively be defined as the quotient of 7”& by the subsheaf SP generated by sec-
tions of the form

S1®...®8p —S¢p(1) ®...0Sp(p)s

where ¢ € S, runs over all permutations of the indices. The sheaf S” is T-equivariant
for the equivariant structure ® ® . .. ® ® on 7", as can be seen for example by check-
ing that ®, ® ... ® ®, induces an isomorphism from r*SP to S”. As qCoh” (X) is
abelian, we deduce that Sym?” £ inherits a T-equivariant structure. A similar argument
works for APE. [

Corollary 2.2.8. The canonical sheaf
Kx = (A"Q5)"Y

of X admits a T-equivariant structure induced by the one on Q;(.
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Algebraic operations on families of filtrations

The simplest operation on 7-sheaves is given by direct sums, and translates as follows
in terms of X-families.

Definition 2.2.9. The direct sum of two o-families (E“, y“) and (F7,¥ ) is the
o-family (G7,w?), denoted E“ & F, defined by

VmeM, Gl =ES & FS

and form <, m’,

O = X O Wy -
Similarly, the direct sum of two X-families (E*, n*) and (F*, 6%) is the X-family
(G*, k%), denoted E* @ F*, defined by

VoeX, G'=E°®F°

and for 7 < o,
Kro = Nro ® 00

Note that in the above definition we used thatfor 7 < o7, (% . (E“ & F ) is naturally
isomorphic to ¢ (E7) & ¢}, (F 7). Clearly, direct sums of X-families correspond to
direct sums of T-equivariant sheaves. In the same way, the definition for direct sums
of families of multifiltrations (resp. filtrations) is straightforward, and correspond to
direct sums of torsion-free (resp. reflexive) T-sheaves. When two families of filtrations
satisfy Klyachko’s compatibility condition, so does their direct sum - this corresponds
to direct sums of 7-vector bundles.

The tensor product operation is more subtle, as it may introduce torsion in general.
Tensor products of coherent sheaves (resp. locally free sheaves) are coherent (resp.
locally free), but torsion-freeness or reflexivity may be lost through tensorisation. In
the following, we will restrict ourselves to families of filtrations, for their simplicity. We
refer the reader to Exercise 2.2.22 for the tensor product of a family of multifiltrations
by a family of filtrations. To ease notations, we will denote by (E*(e)) a family of
filtrations (E*(e)),ex(1), omitting the reference to the fan ¥ when the situation is
clear enough.

Proposition 2.2.10. Let £ and F be two reflexive T-sheaves with families of filtrations
(EP(e)) and (F*(e)) respectively, with r = rank(E). Then :

(1) The family of filtrations ((E & F)* (e)) for £ ® F is given by
Vp e 2(1), Vk € Z, (E ® F)° (k) = EP (k) ® FP (k).
(ii) The family of filtrations ((E ® F)P(e)) for (€ ®oy F)"" is given by

VpeX(1),Vk eZ, (E® F)* (k) = Z E(i) ® FP(J).
i+j=k



70 Examples of toric sheaves
(iii) The family of filtrations ((E*)P(e)) for £V is given by
Vp e (1), Yk € Z, (E*)’(k) = (E/EP(-k — 1))".
(iv) The family of filtrations (det(E)* (®)) for (A"E)YY is given by

0}y if k<ko

VpeZ(l),VkeZ,det(E)p(k):{ArE i ko < R

where

ko = Z i(dim(EP (i) — dim(E” (i - 1))).

i€Z
The T-equivariant structures that we consider in Proposition 2.2.10 are the ones
described in the previous section.

Proof. The proof for (i) is straightforward from the definition of direct sums, as for
any o € Xandany m € M,

F(Ua’g @ ~F)m = F(Uo” g)m @ Iﬂ(UO" f)m

To prove (ii), we may restrict ourselves to affine sets U, C X, where p € X(1) is
aray. By Lemma 1.3.3, the restrictions of £ and F to U, are locally free, and thus

(€ ®ox Py, = Evp ®oxw,) Fiu,-

Then, we have
L(Up, E® F) =T'(Up, E) &cys, T'(Up, F).
By definition of the equivariant structure on the tensor product, sections e € I'(Uy, £)
and f € I'(U,, F),» give sections
e® f el (Up, & F)mam -

The result then follows by definition of the associated families of filtrations.
For (iif), we restrict again to U,,, where £ is locally free. Then, by construction of
the dual equivariant structure, the contraction map

F(Up,g) ®c[sp] F(Up,gv) - C[Sp]
e® f = f(e)

is a degree zero morphism of C[S,]-modules. By Proposition 1.3.25, I'(U,, £) is a
free module with generators (¢;)1<i<, € I'(U,, £)" of weights (m;)1<i<, € M". Then,
if (¢])1<i<r denotes the dual basis, we have for all (i, j) :

e;(e;) = 0;j
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where 6;; stands for the Kronecker delta function. By equivariance of contraction, we
deduce that e} € I'(Uy, £Y)_p,. Hence,

L(Up, €) = P CLSo] - e = P IS Imil.
i=1 i=l1

while

F(Upn €)= P CLSo] - €f = D CLS 1 [-mil.
i=1 i=1

By construction of the associated families of filtrations, for j € Z,

E(= P Ce

<mis'4p>§j
and
E()= P Ce
_<mi7up>§j
We deduce that

EP(=(j+1)) = (E/EP()))"

and the result follows.
Finally, to prove (iv), we use a similar argument and restrict to U,,. We find that

det(EY (k)= > EP()A...AE°Gr).
il | 2 0=k

As A" E is one dimensional, and k — det(E)* (k) is a filtration for A" E, we then have

0 if k<ko

det(E)" (k) :{ NE if k> ko

where kg is the smallest integer such that there is a partition iy, . . ., i, of k with E° (i1) A
... N EP(i,) # {0}. From the fact that (E¥ (i));cz forms a filtration of vector spaces,
we deduce that ko must be the sum of the integers i such that the dimension of E” (i)
changes, counted with multiplicity. Hence

ko = Z i(dim(E? (i) - dim(E” (i - 1))),

i€Z
which ends the proof. |

We deduce from last proposition two useful corollaries.
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Corollary 2.2.11. Let £ be a reflexive T-sheaf with family of filtrations (E” (e)). Let
L = Ox (D) be the rank one reflexive T-sheaf associated to the torus invariant divisor
D =3 ,cx(1) apDp. Then the family of filtrations ((E ® L) (e)) for the twisted sheaf
(£ ® Ox (D))" is given by

Vpe2(1), Vk € Z, (E ® LY (k) = EP (k +a,)

Proof. The family of filtrations for £ is given in Proposition 2.1.4. The result then
follows from Proposition 2.2.10(ii). [ ]

We describe here the family of filtrations for the canonical sheaf.

Corollary 2.2.12. The family of filtrations (KQ(O)) for the canonical sheaf Kx is
given by
{0y if k<1
K% (k) =
x(k) { AN'Mc if 1<k
In particular, Kx = Ox (= X ex(1) Dp) and — ¥ ,ex (1) D is a torus invariant canon-
ical divisor on X.

Proof. The description of the family of filtrations for ICx follows from the one for Q;
in Proposition 2.1.7, together with Corollary 2.2.8 and Proposition 2.2.10(iv). The last
statement is then a consequence of the description of families of filtrations for rank 1
sheaves, Proposition 2.1.4. ]

Splitting criterion

In this section, we consider a locally free T-equivariant sheaf £ of rank r over the
normal toric variety X. Denote by (E”(e)),cx (1) the associated family of filtrations of
the r-dimensional vector space E. Recall that it is subject to Klyachko’s compatibility
criterion. For each o € Z, we denote by (mf, ...,mZ) € M" the weights that satisfy,
for p € o (1),

E()= P Eme 2.5)

(m{ up)<j

E= @ Epe
i=1

is the splitting as in Theorem 1.3.27. Recall that for a maximal dimensional cone
o € X(n), those weights are unique up to permutations, cf Remark 1.3.28.

where

Definition 2.2.13. A T-equivariant reflexive sheaf £ is splittable if there exist rank
one reflexive T-sheaves (L;)1<;<, such that

£~ @El
i=1



Algebraic operations 73

where the isomorphism is in the category of T-sheaves.

We may as well say that a splittable sheaf splits, or is split. The following discussion
on splittable locally free sheaves goes back to Klyachko’s original work [39, Section
6].

Proposition 2.2.14. Assume that X is smooth, and let € be a locally free T-sheaf. The
Jollowing are equivalent :

(i) & is splittable,

(i1) There exists a decomposition E = @L] E; such that for each o € X, up to

permutation, we have Eml{T =E;,

(iii) There exists a decomposition E = @::1 E; such that for each p € (1), and

each j € Z, EP(j) is a direct sum of some of the E;’s.

We can rephrase the last point in Proposition 2.2.14 by saying that there exists a
basis of E such that for each p € (1), and each j € Z, E () is a coordinate subspace
of E in this basis. This admits a characterisation in terms of a distributive lattice, but
we won’t use it in this book. We refer the interested reader to Klyachko’s original paper
[39].

Proof. We first prove (i) = (ii). Assume that £ ~ (P, L;. Denote by (Lf('))pez(n
the family of filtrations for each £;. Set

E= éBLi
i=1

where L; is the direct limit of (L% (j))jez. By (2.5), for o € Z(n), p € o(1) and each

Jj €Z,
,
Bro- @ b
i=1

<m10' sUp > <Jj

As each L?(j) is either {0} or L;, this implies that the spaces (Eme)i<i<r can be
chosen to be equal to the (L;)’s.

The implication (if) = (iii) follows directly from (2.5). We now prove that (iii) =
(7). It is enough to consider the case o~ € £(n), the general case following from similar
arguments. By Klyachko’s compatibility condition, there is a decomposition

E= @ Epg
i=1

for some weights m{ € M and spaces E,,c C E such that for any p € o(1), and all

jez,
E(j)= P Emr=PE
(

m¢ uy) < j ielf
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where If c{l,...,r}and j I;.) is increasing. This implies that there is a partition

{1,...,r}=USk
k

such that for each %,

P e =P E

€Sk €Sk
and such that all the quotients EX(j)/EP(j — 1), p € o (1), j € Z, are isomorphic to
one of the spaces (P, s, Ei, for some k. Then, we may chose the spaces Eg. to be
equal to the E;’s, up to permutations (note that the spaces E,,c may not be uniquely
determined if some weights amongst the m;”’s are equal, cf Remark 1.3.28).

We conclude by showing (ii) = (i). We then define for each 1 < i < r a family of

filtrations (Lf (®))pex(1) for a one dimensional C-vector space L; as follows. We set
L; = E; and for p € Z(1), we pick o € X(n) such that p € o7(1). We then set for j € Z

L2()) = {0} if j<(m{,u,),

l L if j>{(m7,u,).
Each coordinate (m{",u,) of each weightm{" in the basis dual to ()¢ (1) is determ-
ined by being the least integer j such that E},« = E; appears in the decomposition of
EP(j) coming from (2.5). Hence, Lf () is well defined and doesn’t depend on the

choice of o containing p. By construction and from (2.5) again, we also have

r

VoeX(l),VjeZ, @Lf(j) = EP(j).

i=1

Setting L; to be the rank one locally free sheaf associated to (Lf (®))pex(1), we obtain

the splitting
E=Pc.
i=1
n

Remark 2.2.15. In the general case, when X is not smooth, the implications (1) =
(2) = (3) in Proposition 2.2.14 are still valid, with the same proof.

Proposition 2.2.14 has many interesting applications, once it is coupled with the
following technical lemma :

Lemma 2.2.16. Let (E;);c; be a countable family of vector subspaces of some r-
dimensional vector space E. Assume that for all J C I with |J| =r + 1, there is a basis
By of E such that any Ej, for j € J, is a coordinate subspace of E in the basis Bj.
Then there exists a basis B of E such that for any i € I, E; is a coordinate subspace
of E in the basis B.
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We leave the proof in Exercise 2.2.23. We then have the following :

Corollary 2.2.17. Assume that X is smooth. Then the following conditions are equi-
valent :

(1) All locally free T-sheaves of rank r are splittable on X,

(ii) Any set of (r + 1) elements in X(1) spans a cone in .

In particular, this shows that in the smooth case, if |Z(1)| > n+ 1 (i.e. X is not
affine), forn < r < |X(1)| — 1, there exists non-splittable locally free 7-sheaves of rank
ron X.

Proof. Assume (ii),and let £ be arank r locally free T-sheaf on X. Denote by (E” (®)),ex (1)
its family of filtrations. For any choice (p;)1<i<, € Z(1)"*!, we can consider the restric-
tion of & to the affine set U, for

O=p1+...+pr+1 €Z.

By Proposition 1.3.25, £y, is splittable. By Proposition 2.2.14, it follows that there
exists a basis of E such that for any p € o-(1) and any j € Z, E” () is a coordinate sub-
space of E in this basis. We can then apply Lemma 2.2.16 to the spaces (E* (j))pex(1), jezs
and find a basis of E such that all the spaces EX(j), p € (1), j € Z, are coordinate
subspaces in this basis. By Proposition 2.2.14 again, we conclude that £ is splittable.

To prove (i) = (if), we show the contraposition. Assume that thereisaset A c (1)
of (r + 1) rays that do not span a cone in X. We then define a family of filtrations by
setting, for p ¢ A, and j € Z,

. {0}y if j <O,
P(j) =
EZ(/) { Cif >0,
and for p € A, and j € Z,
{0} if j<-1,
EP(j)=1{ LP if j=-1,
cr oif  j =0,

where the (L”),ca are lines in general position in C". As the rays of A don’t span any
conein X, forany o € Z, |o(1) N A| < r. Hence, for any o € £, we may find a splitting

c=( P ek,

peAno (1)

for some vector space F, C C". Using this, together with the fact that o is smooth,
one can easily check that Klyachko’s compatibility criterion holds for (E*(e)),cx (1)
which then defines a locally free T-sheaf of rank r on X. However, as E is r-dimensional
and the (r + 1) lines L, C E are in general position, Proposition 2.2.14 (iii) is not
satisfied, and £ is not splittable. ]



76 Examples of toric sheaves

Corollary 2.2.18. Let X be a n-dimensional smooth toric variety.
(1) All rank n locally free T-sheaves on X split if and only if X is affine,

(ii) All rank (n — 1) locally free T-sheaves on X split if and only if X is affine, or
the projective space.

Proof. As X is smooth, X is affine if and only if |X(1)| = n. By Corollary 2.2.17, (i)
follows. If X is affine or the projective space, each set of n rays in the fan spans a
cone, which implies by Corollary 2.2.17 the splitting of locally free T-sheaves of rank
n — 1. To show the converse, note that the only smooth n-dimensional toric variety
with |Z(1)| = n + 1 is the projective space, up to isomorphism. When |[Z(1)| > n + 2,
one can show that there exists a set of n rays in X that do not span a cone, cf Exercise
2.2.24. The result follows. ]

The fact that for r < n, all rank r locally free T-sheaves on CP”" are splittable is a
result due independently to Klyachko [39] and Kaneyama [38]. We refer to the Notes
2.3.1 for more historical background on the interesting splitting problem for low rank
vector bundles on the projective space.

2.2.1 Exercises for 2.2

Exercise 2.2.19 (Symmetric and exterior powers). Let £ be a reflexive T-sheaf with
family of filtrations (EX (e)). Describe, for p € N*, the families of filtrations for (Sym?” &)YV
and (APE)VY in terms of (EF(e)). Hint : you may follow the proof of Proposition
2.2.10.

Exercise 2.2.20 (Gorenstein varieties). A normal variety is called Gorenstein if its
canonical divisor is Cartier or, equivalently, if its canonical sheaf is locally free. Prove
that a normal toric variety is Gorenstein if and only if for any o € X, there exists
mq € M such that for all p € (1), (m,u,) = 1. Hint : use Corollary 2.2.12 together
with Klyachko’s compatibility condition.

Exercise 2.2.21 (The Krull-Schmidt property). Let € be an abelian category'. A dir-
ect sum decomposition for an object A € €, written

A:AlGB...GBAp,

is the data of objects (A;)1<i<p € €F together with a monomorphism ¢; : A; — A and
an epimorphism 7r; : A — A; foreach 1 <i < p such that :

(i) Foralll <i<p,mioy =14,

I'The Krull-Schmidt property only requires having an additive category to be defined in
general.
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(ii) Foralli # j, ;0 =0,

(i) Y7 tiom = 1a.
A direct sum decomposition as above is trivial if there exists j such that ¢; (or ;)
is an isomorphism (in that case, for k # j, mx = 0 and ¢, = 0). An object A € € is
indecomposable if all its direct sum decompositions are trivial.

We say that € satisfies the Krull-Schmidt property if for any A € €, and any two
direct sum decompositions for A :

AZB]@...EBBPZC]@...EBCq

with B;, C; € € indecomposable, we have p = g and there exists a permutation ¢ € S,
such that C; = By(;). By Atiyah’s result [3, Theorem 1 and Corollary of Lemma 3],
a C-linear abelian category” satisfies the Krull-Schmidt property as soon as for any
couple (A, B) € €2, the set Hom(A, B) is a finite dimensional C-vector space. We will
use this to show that for a normal toric variety X, Coh’ (X) and Ref” (X) satisfy the
Krull-Schmidt property.

(1) Let o € X. Show that the category of M-graded C[S ]-modules with their

degree 0 morphisms is a C-linear abelian category.

(2) Show that the category of M-graded finitely generated C[S]-modules with
degree 0 morphisms satisfies the Krull-Schmidt property.

(3) Deduce that Coh? (U,,) satisfies the Krull-Schmidt property.
(4) Conclude that Coh” (X) satisfies the Krull-Schmidt property.

Exercise 2.2.22 (Tensoring multifiltrations by filtrations). Let

L=0x( Y a,D,)

peX(1)
be arank one locally free sheaf over a smooth toric variety X, endowed with its natural
T-equivariant structure, cf Proposition 2.1.3.
(1) Show that the family of multifiltrations of £ is given by

LY =

m

C if Vpeo(l), (muy) > —ap,
{0} otherwise

(2) Show that for each o € X, there exists a unique [my] € M/(oc+ N M) such
that (mq,u,) = —a, forall p € o(1).

2An abelian category is C-linear if Hom(A, B) is a C-vector space for all pair (A, B) of
objects, and if the composition is C-bilinear
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(3) Let (EJ,) be the family of multifiltrations of a torsion-free 7-sheaf £. Show
that the family of multifiltrations (E ® L) for £ ® L is given by

(E® L)’ =EC

m-meg*

Exercise 2.2.23 (Proof of Lemma 2.2.16). Let E be a C-vector space of dimension
r. Consider (E;);c; a countable family of vector subspaces. Assume that for all J C
with |J| = r + 1, there is a basis B, of E such that for all j € J, E; is a coordinate
subspace of E in the basis ;. Our goal is to show the existence of a basis B of E
such that for any i € I, E; is a coordinate subspace of E in this basis. We proceed by
induction on r.

(1) Prove the result when r =1 and r = 2.

(2) Let jo € J, with Ej; € E. Show that there exists a basis of E; such that for

any j € J, Ej N Ej; is a coordinate subspace of £, in this basis.

(3) Assume that forall J ¢ I with [J| <7, ¥ ;c; E; C E.
(a) Show that there exists E’ ¢ E such that forall j € J, E; C E’.
(b) Using the induction hypothesis, conclude in that case.

(4) Assume that there exists Jo C I, with |Jo| < r such that 3 ;c; E; = E.
(a) Show thatforanyi € I, E; = )y Ei N Ej.

(b) Conclude by using an induction on p = |Jy|.

Exercise 2.2.24 (Proof of Corollary 2.2.18). Let X be a smooth fanin Ny withrrank(N) =
n. Assume that Spang {u,, |p € (1)} = Ng and |Z(1)| > n + 2. The goal of the exer-
cise is to show that there is a set of »n rays in (1) that do not span a cone in X. We
may assume that there is a cone o~ € X(n), and by smoothness, that (u,),e (1) i the
canonical basis (eq,...,e,) of Z" ~ N.

(1) Denote by v; = (x1,...,x,) and v = (y1, ..., y,) the primitive generat-
ors of two rays pi, p2 € Z(1) \ (1), written in the basis (¢;)1<;j<n. Show
that we can restrict to the case when x,, = +1 and y; = +1. Hint : use the
facts that (vy, eq, ..., e,—1) should generate a cone in X(n), and similarly for
(v2,e2,...,e,).

(2) Show then that +1 + x;y, = 0.

(3) Conclude thateither (vy, es,...,e,) or (v1,eq,.. .,e,—1) cannot span a smooth
n-dimensional cone in X.

Exercise 2.2.25 (Extension of locally-free T-sheaves). Let & be a locally free T-sheaf
of rank r over an open T-invariant subset U C X. Set Z = X \ U, and assume that
codim(Z) > r + 1.

(1) Using the orbit-cone correspondence, show that if o € X satisfies dim(o) <
r+1,thenU, Cc U.
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(2) Deduce that £ extends as a locally free T-sheaf over X. Hint : you may use
Proposition 2.2.14 and Lemma 2.2.16.
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2.3 Pullbacks and pushforwards

In this section, we consider pullbacks and pushforwards of T-sheaves along toric
morphisms. Restricting ourselves to the locally free or reflexive cases, in some examples,
we describe how to compute the family of filtrations of the reflexive hull of a pulled
back (resp. pushed forward) T-sheaf from the initial one. We start by recalling the
definition of a toric morphism and by providing some classical examples.

Toric morphisms

Let X and Y be two normal toric varieties, with fans Xx and Xy respectively. We will
let a subscript X or Y to stand for the ’toric package’ associated to each of these toric
varieties, e.g. denote by Ny the lattice of X, Ty the torus of Y, etc.

Definition 2.3.1. A foric morphism from X to Y is a morphism of varieties ¢ : X =Y
whose restriction to T induces a group homomorphism

¢|TX . TX — Ty.

Let ¢ : X — Y be a toric morphism. One can show that ¢ is equivariant with
respect to the torus actions, cf Exercise 2.3.18, meaning that the following diagram is
commutative :

Ty x X —X5 X

Joxo l"’ (2.6)

Ty xY —2Xs y.

In the above diagram, and in the sequel, we will sometimes denote by ¢ the restriction
&1y to the tori. The restriction of ¢ to the tori induces a morphism of lattices of one
parameter subgroups :

(f) ' N X — Ny

and dualy a morphism between the character lattices :

@' My — Myx.

We denote with a subscript K the K-linear extensions of those morphisms, for K €
{Q, R, C}. Note that by equivariance, for any ox € Xx, we have the existence of a cone
oy € Xy such that

¢, (0x) Coy.

This property is called compatibility of ¢ with the fans x and Zy. Note that

¢|U(rx ‘Uox = Ugy
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with associated morphism of algebras denoted
¢" : ClSoy] = C[Soy].

Conversely, any morphism of lattices ¢ : Nx — Ny that is compatible with the fans
Yx and Xy naturally induces a toric IrTorphism Y : X =Y, cf[16, Theorem 3.3.4].
The first examples of toric morphisms that we have met are the inclusions of affine
charts U; C U, when 7 < 0. We will describe now other classical examples.

Example 2.3.2. First, for any toric variety X, and any p € N*, one can define the
morphism of lattices
fp : N - N
u = p-u.
This corresponds to a toric morphism ¢, : X — X with restrictionon 7 =~ (C*)" given
by
Gp(ti,... tn) = (0, k).

This morphism is then a finite cover of X onto itself. In this example,
N =¢,(N)=p-NCN

and N’ has finite index in N. We considered ¢,, has a non-trivial morphism from X to
itself. We could have considered instead the toric variety Z associated to (N, X), and
the inclusion

Y :N — N.

This is compatible with ¥ and yields a toric morphism ¢ : Z — X. In fact, this con-
struction works for any sublattice N’ C N of finite index. If we let

G :=N/N’,
there is an induced action of G on Z, and y is the quotient:
V:Z—->Z|G =X,
cf Exercise 2.3.20.

Example 2.3.3. Let
¢ . NX — Ny
be a surjective morphism of lattices compatible with Xx and £y. We define
Ny :=ker ¢

so that we have an exact sequence

0— Ny — Nx > Ny — 0.
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Set
Yo:={ocelx|oC kerQR}.

This is a fan of cones in (Ny)r and we can then consider the toric variety X, associated
to (Ng, o). Following [16, Definition 3.3.18], we say that Xx is split by Xy and Zy if
there exists a subfan 3y C Ty such that :

(1) The map
iy — ZY
o - QR(O')

is well defined and bijective, with
Vo e iy , ?R(O' N Nx) = QR(O') N Ny.

(2) The map
Sox3y — )
(00,0v) +— oo+oy

is well defined and a bijection.

From [16, Theorem 3.3.19], in this situation, the toric morphism ¢ : X — Y is a locally
trivial fiber bundle with fiber Xj.

Example 2.3.4. We say that the fan Xy is a refinement of Zy if every cone of Xx is
included in a cone of Xy and |Zx| = |Zy|. In this situation, Nx = Ny, and the identity
¢ :=1: Nx — Ny induces a toric morphism ¢ : X — Y. Refinements include important
classes of toric morphisms, such as blow-ups [16, Definition 3.3.17] and resolution of
singularities [16, Theorem 11.1.9]. We describe here the special case of the blow-
up along a torus fixed point. We then assume that o € X is a smooth cone, so that
(up)peo(1) forms a basis of N. We consider

Uy = Z Up.
peo(l)

The star subdivision of ¥ along o is defined to be the fan £* (o) of cones in N given
by
(o) = (Z\{o}) V(o)

where X (o) is the set of cones spanned by subsets of {u, | p € o(1)} U {u} that
do not contain (u,),e o (1)- By construction, the identity from N to itself is compatible
with ¥*(o7) and X, and induces a toric morphism

p: X" - X

where X* is the toric variety associated to (N, X*(c°)). One can show that X* is the
blow-up of X along the torus fixed-point y, € Uy, and ¢ is the blow-down map [16,
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Proposition 3.3.15]. In Figure 2.3, we present the fan presentation of the blow-up of

C2 at the torus fixed point 0. The fan X is the cone o0 = R, - e + R, - e, together with
its faces.

S S
e Uy [0} er o

-
-

Fan X*(0) Fan X

Figure 2.3. The blow-up of 0 in C.

Remark 2.3.5. Givenacone o € Z, the orbit closure V(o) = m is a torus-invariant
subvariety of X. One should be careful though that the inclusion V(o) C X is not a
toric morphism. Indeed, the lattice of V(o) appears to be a quotient N (o) of the lattice
of X, and the fan of V(o) is given by projections of cones o < 7 through the quotient
map Ngr — N(0)g, cf Exercise 1.1.16. One may always find a splitting of

15T, >T—>T/T, > 1

where T, is the stabiliser of O (o). Given such a splitting s : T/T, — T, denote by
T (o) its image. It is isomorphic to the torus of V(o ), and induces an equivariant
morphism

(¢,8) : (V(0), T(0)) — (X,T).
However, ¢ : V(o) — X does not restrict to s in general, and this pair is not a toric

morphism.

Pullbacks

Let ¢ : X — Y be a toric morphism between two normal toric varieties. Recall from
[25, Chapter I1.1] that for a sheaf of Oy-modules £ on Y, the inverse image sheaf ¢~' €
is defined to be the sheafification of the presheaf

U 1limI[(U,€)
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where the limit is taken over open charts U containing ¢(U). Then, the pulled back
sheaf ¢*& is by definition

¢*E =¢"'E®y10, Ox.

Recall the following from [25, Proposition I1.5.8]:

Proposition 2.3.6. We have the following properties for pullbacks :

(1) If€ € qCoh(Y), then ¢*E € qCoh(X),

(ii) If € € Coh(Y), then ¢*E € Coh(X),

(iii) If € is locally free on Y, then ¢* € & is locally free on X.
Remark 2.3.7. Be careful though that the pullback of a torsion-free (resp. reflexive)
sheaf & is not necessarily torsion-free (resp. reflexive). To remedy this, one considers

the torsion-free pullback (resp. reflexive pullback), that is the quotient of ¢*& by its
torsion (resp. the reflexive hull of ¢*&).

Pullbacks preserve torus equivariance :

Proposition 2.3.8. Let ¢ : X — Y be a toric morphism. Then :
(i) If€ € qCoh™ (Y), then ¢*E € qCoh™ (X),
(ii) If € € Coh™ (Y), then ¢*£E € Coh™>(X),
(i) If € is a locally free Ty-sheaf, then ¢*E is a locally free Tx-sheaf.

Proof. By Proposition 2.3.6, it is enough to show that pullback along ¢ sends Ty-
equivariant sheaves of Oy-modules to Tx-equivariant sheaves of Ox-modules. Let ®
be a Ty-equivariant structure on a sheaf of Oy-modules £ on Y. Consider the pullback
of @ along

dXp:Tx XX —> Ty XY.
By the functorial properties of pullbacks, we deduce that
(pXP)'®:(px ) ayE — (¢ x¢)'m, €
is an isomorphism. By equivariance and commutativity of the square (2.6), we have
(px @) ay€ ~aydp* €

and similarly

(6 X $)'7; y € =~ 73 4 $°E.
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Hence (¢ x ¢)"® induces an isomorphism between ay ¢*€ and 5 , ¢*E. The cocycle
condition (1.5) for (¢ x ¢)*® follows from commutativity of the squares :

Ty xTx X X —2X5 Ty x X

l¢X¢><¢> \L¢><¢

Ty xTy xY 25 Ty x v,

where (Bx, By) stands for one of the couples (ux X lx, uy X ly), (m23,x, T23,y) Or
(11, X ax, 17, X ay). Indeed, by commutativity of those squares, we have :

(ux X 1x)*(¢ X ¢)*® (pxXpxXP) (uy x 1y) @
(px ¢ x ¢)*(n3; , @ o (17, X ay)*®@)
(¢ X ¢ x )" (n35 , @) 0 (9 X ¢ x ¢)*((I7, X ay)* @)

= ﬂ;3,x(¢x¢)*®o (Ix X ax)*(¢ x ¢)*®,

1

where in the second equality we used the cocycle condition for ®. This concludes the
proof. |

In Exercise 2.3.19, you will find an alternative proof that the pullback of a T-vector
bundle along a toric morphism still admits a 7-structure. As it seems slightly tedious
to describe in full generality the X-families of pulled back T-sheaves, we will consider
the simpler locally free case. We will need the following lemma, whose proof is left
in Exercise 2.3.18.

Lemma 2.3.9. Let ¢ : X — Y be a toric morphism. Then for any o’ € Xy, there
exists a unique minimal cone o € Ty containing ¢R(0"). Moreover, ¢(yo+) =y and

¢(0(0”)) C O(0).

Recall that the distinguished point y € U, is defined in Exercise 1.1.15, and lives
in the torus orbit O (o). In the following proposition, the equivariant structure on the
pulled back sheaf ¢*£ is the one naturally induced by pulling back the equivariant
structure on &, as in the proof of Proposition 2.3.8.

Proposition 2.3.10. Let ¢ : X — Y be a toric morphism. Let £ be a locally free Ty -
sheaf on'Y with family of filtrations (EP (e)),cs, (1). Denote by ((¢*E)P(®))pesy(1)
the family of filtrations of ¢*E. Let p’ € Zx(1) and let o € Xy be the minimal cone
such that QR(,D’) C o. Then we have :

(i) If o = {0}, then

, 0} if j<O
viez.wer(={ P L5
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(ii) If o = p € Zy(1) with ¢(uy) = a, u, for some a, € N*, then

vjeZ, (FEV () =B (| L)),
P

(i) If o = Zj_y pi with (pi<i<r € (2(1))" and ¢(upy) = X a; up, for some
(ai)i<i<r € (N¥)", then

viez @Er (= Y, (e L]).
JiHAje=j =1 !

Of course, point (if) in Proposition 2.3.10 is a special case of point (iii). We stated
it separately as it arises in many interesting applications.

Proof. Assume that o = 0. Then by Lemma 2.3.9, ¢(O(p")) C Ty. Using the orbit-
cone correspondence, this implies that ¢(U,) C Ty. Hence, by definition,

LUy, ") =T (Ty, ) ®4 C[S,].
AsT(Ty, ) = E @ C[My], this yields
F(Uy,¢"E) ~E®C[S,].

By definition,
(¢"EY” ((m" up)) =T(Upr, ¢*Emr

for any m’ € Mx. The proof of (i) follows.

Assume now that o = p is a ray in Xy. As ¢(u,) € Ny, there exists a, € N*
such that ¢(u,) = a, u,. This time, using Lemma 2.3.9, we have ¢(Uy) C U, but
¢ (Uy) C Ty as #(yp) = vp and y, ¢ Ty. Hence

LUy, ¢*E) =T (Up, E) @4 C[Sy].
By definition, for m" € Mx, we have
($"EY” ((m" up)) = T(Upr, ¢"Er-
Given a section e,, € I'(U,, £),, and a section s, € C[S,],, the torus Tx acts on
Sp ® en, with weight ¢¥ (m) + p. As for any m € My and any p € S,
<gv(m) + p’ up’) = <m’ 9(“/3/)) + <p’ up>
=ap{m,up) +{p,up),

we deduce that

@B ()= (| L))

)
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The last case follows with a similar argument. By Lemma 2.3.9 and the orbit-cone
correspondence, we have that U, is the minimal 7y-invariant affine chart containing
¢(U,), and thus for any m’ € M :

(0"E) ((m" up)) = T(Up, ¢*E)pw = (T (U, E) ®4+ C[Sp 1),

Again, the Tx-action has weight ¢V (m) on sections of I'(U, £),,. We then compute

(@ (m), ) =(m, $(u)

-
= Z a; {(m,up,).
i=1

As ((¢*E)P (e)) is reflexive, we have for any m € My :
C(Ue, E)m = [ | E* ((m,up,)),
i=1

and the result follows. ]

Proposition 2.3.10 enables to compute the families of filtrations for pullbacks of
locally free Ty-sheaves for all the toric morphisms ¢ : X — Y from Examples 2.3.2,
2.3.3 and 2.3.4. Indeed, Proposition 2.3.10.(ii) covers all the cases of Example 2.3.2.
For the locally trivial fibrations as in Examples 2.3.3, any ray p’ € Xx is either sent
to {0} or to aray of Zy. Finally, the pullback along a blow-up, Example 2.3.4, can be
obtained with Proposition 2.3.10.(iii).

Example 2.3.11. Let Y = C? and consider the blow-up along the origin :
p:X—>Y

with X = Bly(C?). The pullback ¢*TY of the tangent sheaf is then a Tx-equivariant
locally free sheaf, with family of filtrations (¢*7Y)* (). The fan of X contains three
rays, namely p; = R, - (1,0) and p> = R, - (0, 1) coming from the cone of C?, and
the additional p =R, - (1, 1) obtained in the blow-up process, cf Example 2.3.4. From
Propositions 2.1.8 and 2.3.10, we obtain

0y if j<-2
(@ TY)P (j) =4 Crup, if j=-1
Ne if j>0.

for 1 <i <2, and for p we have :

0}y if j<-2

(¢*TY)p(j)={ Ne it oo

which follows from

(TYP (-1) nTY**(0)) + (TY”' (0) N TYP*(~1)) =C - up, + C - u,, = Ne.
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Pushforwards

We now consider pushforwards. If £ is a sheaf of Ox-modules on X, its pushforward
along ¢ is the sheaf of Oy-modules ¢.£ defined by

U LU, ¢:€) =T(¢~' (V). €).
Note that its Oy-module structure is naturally induced by
¢*: Oy (U) = Ox(¢7(U)).
From [25, Proposition I1.5.8], we have this time :

Proposition 2.3.12. We have the following properties for pushforwards :

(1) If € € qCoh(X), then ¢.£ € qCoh(Y),

(i) If ¢ is proper and £ € Coh(X), then ¢.E € Coh(Y).

Recall thatin our setting, ¢ : X — Y is a proper morphism if itis universally closed,
meaning that for all varieties Z and morphisms ¢ : Z — Y, the projection 7z defined
by

XxyZ =25 X
\Lﬂz l‘l’
4
Z —Y,
is a closed map for the Zariski topology”. From [16, Theorem 3.4.11] we extract the
following:

Theorem 2.3.13. Let ¢ : X — Y be a toric morphism. Then the following are equi-
valent :

(i) ¢ is a proper morphism,

(ii) ¢ is proper for the analytic topology,

Gid) ¢ (IZv]) = [3xl.

In contrast with pullbacks, pushforwards of torus equivariant sheaves may not
admit natural torus equivariant structures. To explain this, let’s consider the affine
situation. Let ¢ : Us» — U be a toric morphism between affine toric varieties with
cones 0’ C Nj, and o C Ny respectively. A sheaf £ € qCoh” (U,) corresponds to
an M’-graded C[S,-]-algebra :

F(Ue,€) = ) TWe, O,

m’'eM’

3We only consider morphisms between reduced irreducible varieties over C, hence do not
require ‘separated’” and ’finite type’ in our definition of proper morphisms, those properties being
automatically satisfied.
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while the quasicoherent sheaf ¢..£ is defined by

with C[ S ]-module structure induced by ¢* : C[S] — C[S]. We wish to produce
an M-grading on I'(U -, ¢..£) out of its M’-grading. The map ¢* : M — M’ naturally
suggests to define for eachm € M :

F(Uo-, ¢*g)m = F(U(r” g)fv(m)'
Unfortunately, this would imply that

IFWUe, ¢.€) = @ FUg, ¢sE)m = @ F(UO'"‘S‘)QV(W!)

meM meM

which may be different from I'(U,, £), unless ¢" is an isomorphism. We will then
require further properties for a toric morphism q)_ : X — Y in order to define a push-
forward between qCoh™ (X) and qCoh”" (Y). The most natural one, motivated by the
affine situation, is that ¢ is an isomorphism, and hence Tx =~ Ty.

Proposition 2.3.14. Let ¢ : X — Y be a toric morphism such that ¢ : Nx — Ny is an
isomorphism, and let T = Tx ~ Ty. Then :

(i) If€ € qCoh! (X) then ¢.E € qCoh’ (Y),

(ii) If in addition ¢ is proper and £ € Coh” (X), then ¢.E € Coh’ (Y).

Proof. Without loss, we will assume that 7y = 7. By Proposition 2.3.12, it is enough
to show that the pushforward of a T-equivariant quasicoherent sheaf along ¢ admits a
T-equivariant structure. Let (£, ®) € qCoh” (X). We consider the pushforward :

(6 X 8).® : (6 X $).akE — (¢ X $).75 E.

The functorial properties of pushforwards imply that (¢ X ¢).. is an isomorphism. Note
that moy : T XY — Y is flat. This implies flatness of the action ay : T XY — Y, as
ay is the composition of m, y with the isomorphism

TxY — TXxY
(l’y) = (t’t‘y)'

Then, we may apply flat base change to the Cartesian squares

TxX =3 x

\L(PX ¢ \L¢

TxY sy,
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and

to obtain an isomorphism (that we still denote by (¢ X ¢).®P) :
(¢ X $)®: ayp.& — 75 y¢.E

(seee.g. [25, Proposition I11.9.3]). As the product i« : T X T — T is flat, we can argue as
in the proof of Proposition 2.3.8, using flat base change again, to show that (¢ X ¢).®
satisfies the cocycle condition and defines an equivariant structure on ¢.€. ]

While the hypothesis of Proposition 2.3.14 may look very restrictive, they still
cover the wide range of toric morphisms given by refinements, as in Example 2.3.4.
As an application, we have the following.

Proposition 2.3.15. Let Xx be a refinement of a fan Xy and consider ¢ : X — Y the
associated morphism of toric varieties. Let £ be a reflexive T-sheaf on X with family
of filtrations (EP(e))pexy(1). Then the associated family of filtrations for (¢.£)"",
denoted ((¢+E)F (®))pesy (1), is given, for p € Zy (1), by

Vi €Z, (9.EF()) = EP()).
In particular, ($.Q)"" = QL (. T)"" = Ty and (.Kx)"" = Ky.

Proof. As Xy refines Ly, any ray p € Xy (1) belongs to Xx (1). Moreover, by definition
of ¢, we have that ¢y, is the identity from U, ¢ X to U, CY.On U, C Y, (¢.6)""
is locally free and hence is equal to ¢.E£, cf Lemma 1.3.3. Then, the result follows
directly by definition of pushforwards. The final statement comes from the fact that
Q;,, Ty and Ky are characterised by their families of filtrations, cf Propositions 2.1.7
and 2.1.8, and Corollary 2.2.12. |

We may extend Proposition 2.3.14 in two different ways, both requiring ¢ : Nx —
Ny to be surjective. First, assume that we have an exact sequence of lattices

[
0— Ny » Nx —> Ny — 0.

Denote by Ty C Tx the subtorus 7y = Ng ®z C*. Consider Zx and Xy two fans in Nx
and Ny respectively, compatible with ¢, and let ¢ : X — Y be the associated morphism.

For any £ € qCoh’> (X), we define the Ty-invariant pushforward of € along ¢ to be
the sheaf ¢*T°€ onY given on affines U, C Y, o € Zy, by

T(Uq, ¢2E) =T(¢7' (Uy), E)T,
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where the supscript T stands for Ty-invariant elements. This is a well defined quasico-
herent sheaf of Oy-modules. Indeed, as ¢ is equivariant, ¢~!(U, ) is an open Tx-
invariant subset of X. The Tx-equivariant structure then provides a regular represent-
ation of Ty on I'(¢~!(U,), £) in the usual way, hence an Mx-grading :

L(¢™' (Ue), &) = @ T(¢7 WUe), E)m-

meMx

Note that
My = Homz(Ny,Z) ~ Né‘ C Mx

and that
D¢ (Ue), &) = P T Us), E)m.

i
meNy

For each o’ € Xx such that U, ¢ ¢! (U, ), the morphism ¢* : C[S,] — C[S,]
factorizes through C[S,+ N Ny ]. We deduce that C(¢p~"(Uy), )T carries a C[S]-
module structure. Moreover, it is My =~ N()L-graded, and thus gb*TO(S )ju,, admits a Ty-
equivariant structure. We leave in Exercise 2.3.22 the proof of the following :

Proposition 2.3.16. Let ¢ : X — Y be a toric morphism such that ¢ : Nx — Ny is
surjective. Denote by Ty C Tx the subtorus generated by Ker ¢. Then :

(i) IfE € qCoh™ (X), then ¢7°& € qCoh™ (Y),
(i) Ifin addition ¢ is proper and & € Coh™ (X), then ¢1°E € Coh™ (Y).

In fact, surjectivity of ¢ is enough to ensure that pushforwards maps qCoh™ (X)

to qCoh’ (), although in a non canonical way.

Proposition 2.3.17. Let ¢ : X — Y be a toric morphism such that ¢ : Nx — Ny is
surjective. Then :

(i) If€ € qCoh™ (X), then ¢.£ € qCoh™ (Y),

(ii) If in addition ¢ is proper and €& € Coh™ (X), then ¢.£ € Coh™ (Y).
Proof. Using Proposition 2.3.12, it is enough to prove point (7). Let (£, ®) € qCoh™ (X).
Using surjectivity of ¢ : Nx — Ny, we may find a splitting ¢ : Ny — Nx such that
¢ oy = 1y, . This induces an injection 7y — Tx, and we will then consider 7y as a
subtorus of Tx. Pulling back ® along the injection

Ty x X > Tx X X,

we obtain a Ty-equivariant structure ¥ on &, that is an isomorphism

v (a’X)rTyxXg - (FZ,X)TTYX)(E
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satisfying the similar cocycle condition (1.5), restricting all maps to 7Ty C Tx. Then, we
can pushforward ¥ along 17, X ¢ : Ty X X — Ty X Y to obtain an equivariant structure
on ¢,&, the proof following the one of Proposition 2.3.14. ]

Note that the equivariant structure obtained on ¢..£ in Proposition 2.3.17 depends
on the choice of the splitting ¢, as seen in Exercise 2.3.23.

2.3.1 Exercises for 2.3
Exercise 2.3.18 (Basic properties of toric morphisms). Let ¢ : X — Y be a toric
morphism.
(1) Show that ¢ is equivariant.
(2) Let o € Zx. Show that there is a unique minimal cone o’ € Xy such that
?R(O') co’.
(3) Prove that ¢(y,) = v, Where vy is the distinguished point defined in Exer-
cise 1.1.15.

(4) Prove that (O (o)) € O(o”’) and ¢p(V(0)) Cc V(o).
Hint for (1) : reduce to the affine case and use density of the torus.
Exercise 2.3.19 (Pullbacks of T-vector bundles). Let £ — Y be a vector bundle of

rank r over a normal toric variety Y. Denote by (goo : Uono — GI,-(C))
the transition maps of £.

2
o‘,o"EEY

(1) Show that a Ty-equivariant structure on £ is equivalent to the data of repres-
entations (04 : Ty — Gl (C))gex, such that forall x € Uyno and all ¢ € Ty:

oo (ay(t,x)) - 00/ (1) = 05 (1) - goo (X).

(2) Let¢ : X — Y be a toric morphism. For any ¢’ € Zx, let o € Zy be minimal
such that QR((J”) C o, and define ¢* 0 := 0 © ¢. Show that the data (¢* 0 :
Tx — Gl1,(C))sexy gives a Tx-equivariant structure on ¢*&.

Exercise 2.3.20 (Finite quotients). Consider Nx C Ny a sublattice of finite index and
setG = Ny /Nx.LetZbeafanin Ny, and consider X and Y the toric varieties associated
to (Nx, X) and (Ny, X), respectively. The inclusion ¢ : Nx — Ny induces a toric
morphism¢ : X — Y. B

(1) Show that Nx — Ny induces an exact sequence
1->G->Tx > Ty — 1,

and thus a G-action on X.
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(2) Let o € X. Show that the image of
o C[O’VﬂMy] —>C[O’V N Mx]
is given by the ring of invariants C[c¥ N Mx]© under the regular represent-
ation of G on C[o¥ N Mx].
(3) Deduce that Y = X/G and that ¢ : X — Y is the quotient morphism.
Assume that Y = U, is affine and let £ € qCoh®" (Y) with o-family (E7, y 7).
(4) Compute the o-family of ¢*& in terms of (E“, y 7).
Exercise 2.3.21 (Locally trivial fibrations). Let ¢ : X — Y be alocally trivial fibration

as in Example 2.3.3. Let £ € qCoh" (Y). Describe the o-families of ¢*£ in terms of
the o-families of £.

Exercise 2.3.22 (Invariant pushforward). Give the proof of Proposition 2.3.16. Hint :
for point (ii), note that ¢2°£ is a subsheaf of ¢,E.

Exercise 2.3.23 (Equivariant structures on pushforwards). Consider a toric morphism
between two affine normal toric varieties ¢ : Uyr — Uy. Assume that ¢ : N” — N

is surjective. For £ € qCoh™ (U,), describe the possible M-graded structures on
I'Uy, ¢+E), cf Proposition 2.3.17.

Exercise 2.3.24 (Descent of toric sheaves). Let ¢ : X — Y be a toric morphism such
that ¢ : Nx — Ny is surjective. Denote by Ty C Tx the subtorus generated by ker ¢.

Assume that ¢ Ox ~ Oy. We say that a sheaf £ € qCoh™ (X) descends to Y if there
exists F € qCoh™ (¥) such that £ = ¢* F.

(1) Show that for any F € quhTY (Y), ¢*T°¢*]-“ ~ F.
(2) Deduce that & € qCoh™ (X) descends to Y if and only if £ ~ ¢*¢1°E.
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Notes for Chapter 2
Locally free sheaves on the projective space

The splitting problem for locally free sheaves over the projective space goes back to
the 70’s. In [26], Hartshorne conjectured that for n > 7, there is no unsplittable locally
free sheaf of rank 2 on the complex projective space. This is related to another conjec-
ture [24] on low codimensional subvarieties of P”. It is well known that rank 1 vector
bundles correspond to divisors. In codimension 2, the Hartshorne—Serre correspond-
ence gives a criterion for the existence of a rank 2 vector bundle with a section whose
zero locus correspond to a given subvariety [55, Chapter 1.5]. This relates unsplittable
vector bundles to non-complete intersections. The latter being very hard to construct
(see e.g. [30]), and behaving topologically as complete intersections, this lead to the
aforementioned conjectures. We refer the interested readers to [61] for a survey on the
origin of these problems.

Then, the splitting of T-equivariant vector bundles on the projective space, Corol-
lary 2.2.18, was proved independently by Kaneyama [38] and Klyachko [39], and can
be seen as a strong version of Hartshorne’s conjecture for toric vector bundles. More
recently, Ilten and Suess improved this result to vector bundles equivariant under a
torus action of lower dimension, cf [33]. In the other direction, Cotignoli and Sterian
have shown that an extension of Hartshorne’s conjecture to toric Fano manifolds fails
in general [15]. However, the original conjecture remains open.

Pure equivariant sheaves

Recall that a coherent sheaf £ # 0 on X is said to be pure if for any coherent subsheaf
0 ¢ F c &, on has dim(Supp(F)) = dim(Supp(&)), where Supp(F) is the support
of F, that is the closure of the set of points x € X where F, # 0. Pure sheaves gen-
eralise torsion-free sheaves, that correspond to pure sheaves with support of maximal
dimension. In [42], Kool shows that for a coherent T-sheaf &, being pure is equivalent
to the equivariant version of purity : for any 7-equivariant non-zero coherent subsheaf
F c &, dim(Supp(F)) = dim(Supp(E)) [42, Proposition 2.5]. Then, he describes the
Z-families of pure T-equivariant sheaves over smooth toric varieties, cf [42, Section
2]. Those results generalise the much simpler case of the pure sheaf ¢,Oy studied in
Exercise 2.1.11, where ¢ : Y — X denote the inclusion of an irreducible 7T-invariant
subvariety.



