Chapter 1

Equivariant sheaves on toric varieties and X-families

In this chapter, after a quick review on toric varities, we introduce toric sheaves and
their Z-families, following Perling [58, 59]. We then characterise X-families of coher-
ent, torsion free, and reflexive toric sheaves. Finally, we conclude with Klyachko’s
characterisation of locally free toric sheaves in terms of families of filtrations, The-
orem 1.3.27.

1.1 Toric varieties and fans

In this section we recall the fan description of toric varieties and introduce the nota-
tions that will be used throughout the text. We assume that the reader has already met
toric varieties, but if not, the examples and exercises may help to catch up with the
basic notions. We refer to the classical textbooks, e.g. [16,21,54], for a more detailed
treatment and proofs. In particular, our notations and presentation closely follow [16].

Definition

We denote by T a (multiplicative) torus, that is an affine variety isomorphic to (C*)"
for some n € N*, such that the group multiplication and inverse maps are regular, i.e.
morphisms in the category of algebraic varieties.

Definition 1.1.1. A roric variety is an algebraic variety X endowed with a regular
torus action
a:TxX—->X

such that X contains a dense and open torus orbit isomorphic to 7.

The fact that the open and dense 7-orbit is a copy of 7 implies that the group action
is faithfull (or effective). We will also use the following notation for the action of r € T
onx € X:

t-x:=a(tx).

Examples 1.1.2. Here is a list of classical examples of toric varieties :

(1) The torus T itself, endowed with the multiplication map,

(2) The affine space C", with action

a: (CH"xcCr - cr
((t19'~-’tn)7 (x17'~-a-xn)) = (tl-xl"--vtn-xn)’
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(3) The projective space P", with action
: (CH"* x p" - cr
((t1, .- stn)s [x0sX1s . xn]) > [X0,01X1, ooy TnXp],
(4) The cuspidal curve V(x* — y?) c C?, with C*-action
t(x,y) = (Px,1y),
(5) Whitney’s umbrella V(x> — y?z) c C3, with (C*)?-action
(t1,12) - (x,¥,2) = (f112X, 11y, 137)
(6) The conifold V(xy — zw) c C*, with (C*)3-action
(t1,12,13) - (x,y,2,w) = (11X, 2y, 132, 15 ' 1ot w).
(7) The rational normal cone V(I) ¢ C"*!', where the ideal I is generated by
I=(xixjs1 —xi1%; |0 < i, j <n—1) C Clxp,x1,...,%,]

and where the (C*)?-action is given by

1

(tl’tz) : (X(), . -’xn) = (t?-x()’ t?_ltlea . "tltg_ xn—htgxn)-

One may notice in the last examples that the defining ideals are generated by binomials
of the form

where (ay,...,a,) and (by, ..., by,) are in N, This property is actually satisfied by
any affine toric variety, and the converse is true, cf [16, Proposition 1.1.11].

We let N to be the set of one-parameter subgroups of 7'. This is a lattice - an abelian
group isomorphic to Z" - and we denote by M = Homgz(N, Z) its dual, also called the
character lattice of 7. We will set (-, -) the duality pairing defined on M X N. More
explicitly, if T = (C*)", then N = Z", and each u € Z" gives rise to the one-parameter
subgroup A, defined by

Ay: C - (CH"
t o (M, 1),

An element m € M = Homgz(2",Z) ~ Z" gives in turn a character

(CTT 5 T § S s
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The duality pairing then reads
(m,u) :==miuy +...+myu,.

In general, any one parameter subgroup 1, : C* — T can be composed by any character
function y™ : T — C*, providing a regular group homomorphism

x"od,: C —» C*
t o flm
The affine case

We focus now on the affine case, and will use the notation C[Y] to denote the algebra
of regular functions of an affine variety Y. If X is an affine toric variety with embedded
torus ¢ : T — X, consider the associated morphism of algebras of regular functions :

&1 C[X] — C[T]. (1.1)

This is an injection, for ¢(T") is dense in X. Recall that, up to an isomorphism, C[T7] is
the ring of Laurent polynomials in n variables. Then, C[T] splits as a direct sum :

ciri= e,

where " : T — C* denotes the character function of m € M. Each weight m € M cor-
responds to a one-dimensional irreducible representation for the regular representation
of T on C[T] defined, for t € T and f € C[T], by

t-f=foal™, ). (1.2)
With this definition the character function ' is homogeneous of degree —m :
VieT,t-x"=x""@) - x™

Similarly, one defines a representation of 7 on C[X] induced by the regular torus
action « via Formula (1.2), and obtains a weight space decomposition - by the complete
reducibility theorem -

CIX] = D CIX]m (13)
mesS
where
ClXlm:={fe€CIX]|VteT, t-f=x"()f} (1.4)

This defines an M-grading on C[X], meaning that
C[X]m : C[X]m’ c C[X]m+m"

Note that our definition (1.4) for C[ X],,, uses the opposite grading, so that y™ € C[T ],
has degree +m, rather than —m, for our choice of M-grading.
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Examples 1.1.3. We give some examples of M-gradings.
(1) For the affine space X = C",

C[X] =C[x1,...,xu],

which splits as

cmq:@@c.ﬁhnww

meN”"

With our convention, we simply have
ClX]m=C-x"...xy".
(2) If X = V(x® — y?), the cuspidal curve, then

C[X] =C[x,y]/¢x* = y*)
~C[%, 1]

and
cl?Pl= € c-iccp.

ieN\{1}

(3) For the umbrella X = V(x* — y?z) ¢ C3, we have

C[X] =C[x,y,z]/ (x> = y*2)
~C[tit2, 11, 13],

and
Cltita, t1,23] = @C AR ccl g

meS
where
S=N-(1,1)+N-(1,0)+N-(0,2) c Z%.
(4) Finally, if we consider the conifold X = V(xy — zw) c C*, then

C[X] =C[x, y, z, w]/{xy — zw)
=Clt1, 1o, 13, 11215 ']

and
Clt1, t2, 13, 11215 '] = @C et ccll s g

meS

where

§=N-(1,0,0)+N-(0,1,0)+N-(0,0,1) +N - (1,1,-1) c Z>.
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The splitting (1.3) is the same as the one induced by the inclusion ¢* in Equation
(1.1),and S € M is an affine semigroup, that is a finitely generated sub-semigroup of
M. The algebra C[X] is then the semigroup algebra of S. Any affine toric variety can
be obtained as the spectrum of the semigroup algebra of some affine semigroup. This
is where convex geometry, with cones, steps onto the stage.

Cones

We set Nr = N ®z R and M = M ®z R on which we extend linearly the duality pairing
(still denoted (-, -)). Consider the cone o C My generated by S :

gs = {Zﬂﬂ’l’l”ﬂi e Ry, m; ES}.

iel
It turns out that this cone is a rational polyhedral cone of dimension n. This mean that
there exists a finite set of generators (my,...,my) € M such that

O'S:R+-m1+...+R+~md.

Examples 1.1.4. Here are the cones for the examples 1.1.3.

(1) The affine semigroup S for the affine plane C? with standard torus action is S =
N2. The cone o for the affine space C? is drawn in Figure 1.1. The shaded zone
corresponds to the cone, the black dots are the elements of S, the generators
are the dots labelled by the m;’s.

X2
gs
¢ ° ° ° °
¢ ° ° ° °
¢ ° ° ° °
ny
® ° ° ° °
‘ & o o
0 mi X1

Figure 1.1. The cone os = R, - (1,0) + R, - (0, 1) of C2.
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(2) For the cuspidal curve, S = N\ {1}, and the cone o5 = R, is generated by
m =2 € N. In the Figure 1.2, the white dots are the integral points in o5 not
contained in S.

. O @ ° . . gs

Figure 1.2. The cone s = R, - (2) of the cuspidal curve.

(3) For Whitney’s umbrella,
S=N-(1,1)+N-(1,0)+N-(0,2) c 7.

We deduce that the cone o is the same as for the affine plane. However, the set
of integral points in o is different, cf Figure 1.3. Again, we denote by bigger
black dots the generators (m;);<;<3 of S, and by white dots the elements of

os N M \ S.
5]
Js
® [ ) [ ) [} [ ]
(@) ° ° ° °
mi3e ° . o °
O o] e ° °
‘ Py Py o
0 ma I

Figure 1.3. The cone of Whitney’s umbrella.

(4) Finally, we consider the conifold V(xy — zw). The affine semigroup S has four
generators (m;)|<;<4, the first three being the elements of the canonical basis
of M ~ 73, and the last one m4 = (1,1, —1). The cone o is depicted in Figure
1.4. This time, we have og N M = S, and we only represent the generators of
S with black dots.
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13

mi
%)

13

Figure 1.4. The cone of the conifold.

As illustrated in Examples 1.1.4, some care must be taken here as in general the
inclusion § € M N os may be strict. The equality corresponds to the case when § is
saturated in M, that is km € § for (k,m) € N* x M implies m € S. In that situation,
we may write

X = Spec(C[S]) = Spec(C[os N M])

where we use the notation C[S] for the semigroup algebra of S. One can show that this
saturation property of the semigroup S is equivalent to X being normal, cf Exercise
1.1.13. For example, the affine space and the conifold in Examples 1.1.4 are normal,
while the cuspidal curve and Whitney’s umbrella are not. In the other direction, if
o C Mg is arational polyhedral cone, one can show that o N M is an affine semigroup
- this is Gordan’s Lemma, Exercise 1.1.12. The conclusion is that any normal toric
affine variety corresponds to a rational polyhedral cone of maximal dimension o C Mg
via the map

o C Mg — Spec(Clo N M]).

This is not yet fully satisfactory, as we would like the faces of a given cone to corres-
pond to affine subsets of the associated affine variety. To remedy this, we dualize. For
o C N arational polyhedral cone, introduce its dual cone ¥ C My :

oV ={meMg|Vueo, (mu)>0}.



12 Equivariant sheaves on toric varieties and Z-families

This is again a rational and polyhedral cone. One defines the dual of a cone in My in
a similar way and one can check that for any such cones (o¥)" = ¢. Then, maximal
dimensional cones are dual to strictly convex cones, that is cones not containing any
line. To ease terminology, from now on and until the end of the book,

the term cone will now refer to a rational polyhedral cone.
Then, to any strictly convex cone o C Ny, one can assign a normal, toric, affine variety
Uy = Spec(C[o" N M]).
We will then use the shorthand notation
So=0c'NM
so that U, = Spec(C[Ss]).

Examples 1.1.5. We introduce two more examples of normal affine toric varieties.

(1) If we consider the cone p = R, - (1,0) in Ng = R?, we obtain as dual cone

pV =R, -(1,0)+R-(0,1) ¢ Mg ~R2.

Then,
S,=p'NM=N-(1,00+N-(0,1) +N- (0,-1),
and
C[Sp] = C[Xl,xsz—l]
so that

U, = Spec(C[S,]) =Cx C".

(2) Consider the two dimensional cone o~ € N = R? generated by (1,0) and (1,2).
The dual cone is

oV =R, (0,1)+R; - (2,—1) € Mg ~R>.
This is depicted in Figures 1.5 and 1.6. We obtain
Se=N-(0,1)+N-(2,-1)+N- (1,0).

Note that while ¥ has two generators m; = (0, 1) and m; = (2, 1) as a cone,
the semigroup S, = M N o¥ requires an additional third generator m3 = (1,0)
to be spaned over N. We then obtain

C[Se] =Cly, x>y, x] = Clu, v, w] /{uv — w?).

Then, the affine toric variety U, = Spec(C[S.]) is a quadric surface with an
isolated singularity at zero.
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(1,2)

~N

°
(1,0)

Figure 1.5. The cone o.

The fan description

We proceed now to the construction of more general normal toric varieties. This can
be done by gluing together a collection of affine toric varieties with the same torus 7'
in a T-equivariant way. The resulting collection of cones will patch to form a fan of
cones in Ng. For m € Mg, denote the (-, -)-orthogonal of m by

mt = {u € Ng | (m,u> =0}.
Let o C Ny be a (strictly convex) cone. A face of o is a cone 7 C o of the form
T=mtnNno

for some m € 0¥ N M. We will denote 7 < o the fact that risa face of o, and 7 < o
if in addition 7 # . A facet is a codimension one face, and a ray is a one dimensional
face. By construction, if 7 < o, we have a T-equivariant inclusion

Uy > Ug,.
Indeed, one can show that if 7 = m* N o for some m € 0¥ N M, then
\% _ \Y
TNM=0c"NM+N-(-m),

and
Cl[tYnM]=C[c"n M] m

is the localisation of the algebra of U, by the ideal (y). As the closed set defined by
X' is T-invariant, we deduce that the regular 7T-action on U, restricts to the one on
Us.
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m;=(0,1)@ ° ° °

ms3

ny = (2’ _1)

Figure 1.6. The dual cone o¥ with integral points.

Example 1.1.6. As an example, consider the cone
o=R, (1,00 +R, - (0,1) c R%.

Its dual cone is
o' =R, (1,00 +R, - (0, 1),

and o corresponds to the affine variety

Uy = Spec(Clx1,x2]) = C*.

We have a facet p = R, - (1,0), given by p = m* N o, form =

see that
p’NM=0c"NnM+N-(0,-1)

which corresponds to the localisation
Clx1,x2,%5 '] = Clx1, 2] (xy)-
The inclusion p C o yields the inclusion
U,=CxC'cC*=U,.

This leads to the definition of a fan.

(0,1) e M ~ 7% We
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Definition 1.1.7. A fan X in N is a finite set of strictly convex cones in Np satisfying
the following :

() IfceZandt <o,thent € Z,
(2) If (o1, 0%) € X2, then fori € {1,2}, one has oy N o < 0.
Given a fan X in N, one can form a normal toric variety Xs by gluing together the

collection {U, | o € £} along the common intersections Uy ne, C Uy, I € {1,2},
and all normal toric varieties arise this way.

Example 1.1.8. Figure 1.7 represents the fan of the projective plane, with three 2-
dimensional cones, three rays, and the zero cone. We leave as an exercise to the reader
checking that this fan indeed corresponds to the 2-dimensional projective space, cf
Exercise 1.1.17.

(0,1)

*(1.0)
(_17 _1)

Figure 1.7. The fan of the projective plane.

Geometric properties of normal toric varieties can be recovered from the associ-
ated fans. Completeness and smoothness of toric varieties correspond to the following
notions for fans. We say that a fan X in N is complete if its support, denoted |Z|, that
is the union of all its cones, is equal to the whole space Ng. We will say that a fan
is smooth if all its cones are smooth. A cone o C Ng is smooth if its primitive ray
generators (up)pe (1) form a subset of a Z-basis of N (we denote by o-(1) the set
of rays of o, and u, € N the primitive generator of p). Complete fans yields com-
plete varieties (see e.g. [16, Section 3.4]), while smooth fans correspond to smooth
toric varieties [ 16, Theorem 1.3.12]. Finally, a simplicial toric variety is a toric variety
whose fan consists in simplicial cones, that are cones whose primitive ray generators
form a subset of a Q-basis of Ng := N ®z Q. For examples, the affine space is smooth,
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the projective space is smooth and complete, and the quadric surface from Example
1.1.5.(2) is simplicial.

A very nice feature in the fan description of a normal toric variety Xy is that the
torus orbits of Xy are in bijection with the cones in 2. This will be referred to as the
orbit-cone correspondence. A convenient way to define this bijection is to assign to
each o € X the unique orbit of minimal dimension O (o) in U, . The detailed construc-
tion is given in Exercise 1.1.15. What we will use in the following sections is listed in
the following proposition, cf [16, Theorem 3.2.6].

Proposition 1.1.9. Let X be a fan in N. Then
(1) Foreach o € X, dim(o) = codim(O (o)) = dim(Xs) — dim(O (o)),

(i1) For each o € X,

Uy = U o(1),
<O
(iii) Foreacht € Z,
0(7) = U 0(o).
T<O

For 0 < k < dim(X), we set 2(k) to be the set of k-dimensional cones in X. For
a given o € X(k), the closure of O(o) in Xy will be denoted V(o). It is a (n — k)-
dimensional toric variety, see Exercise 1.1.16. In particular, one sees that rays of X are
in bijection with irreducible torus invariant divisors. For a given ray p € X(1), we will
use the notation D, = V(p).

Example 1.1.10. In Figure 1.7, the three rays correspond to the three divisors of the
projective plane given by x; = 0 in homogeneous coordinates [xg, X1, x2], the cone {0}
corresponds to the torus 7' C P2, and the three 2-dimensional cones correspond to the
three fixed points under the torus action.

Morphisms of toric varieties are characterized as follows. Let N’ be another lattice,
with dual M’, and ¥’ be a fan in N’. Denote by X’ = X5/ the associated toric variety.
Then, a morphism of lattices $:N—>N ’ such that its R-linear extension ¢ N — N
maps cones of X into cones of X’ - ¢ is said to be compatible with the fans % and
¥’ - induces an equivariant morphism ¢ : X — X’. Locally, if QR((J’) C 7 for a pair
(o, 7)) €eX XY,

¢:Us = U;

is the morphism of varieties corresponding to the C-algebra morphism
¢* :C[tYNnM'] - C[o¥ nM]

induced by the dual map ¢¥ : M’ — M. Note that this equivariant morphism induces
by restriction a morphism of groups ¢ : T — T’, where T’ = N’ ®z C* is the torus of
X’. Conversely, one can show that any toric morphism ¢ : X — X’ - a morphism of
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varieties that restricts to a group homomorphism between tori - is equivariant for the
torus actions, and induces a morphism of lattices ¢ : N — N’ compatible with the fans
Y and ¥’ in the above sense. Examples will be gi;en in Chapter 2, Section 2.3, where
morphisms will be studied in more details in relation to toric sheaves.

To sum up, we have defined a functor from the category of fans with their compat-
ible morphisms to the category of normal toric varieties with toric morphisms; one can
check that this functor induces an equivalence between those two categories, Exercise
1.1.19. Later on, we will need more results about toric varieties. Rather than listing all
of them in this first section, we will move on to the main topic of this book, and come
back to background material when necessary.

1.1.1 Exercises for 1.1
In all the exercises, X denotes a fan in a lattice N with dual lattice M.

Exercise 1.1.11 (Torus action and points). Let S € M be an affine semigroup. Show
that there is a correspondence between :

(1) closed points in Spec(C[S]),

(2) C-algebra morphisms C[S] — C,

(3) semigroup morphisms S — C (with multiplicative action on C = C* U {0}).

Show that the torus action
a : T x Spec(C[S]) — Spec(C[S])
corresponds to the C-algebra morphism defined on generators by

a*: C[S] — C[M]eC[S]

Exercise 1.1.12 (Gordan’s Lemma). Let o € Ny be a (rational polyhedral) cone. Show
that ¥ N M is a finitely generated semigroup. Hint : consider a finite set of generators
{my1,...,mgy} for the polyhedral cone ¢V, and the set

d
{Z/limil\/i,OS/li <1}nm.
i=1

Exercise 1.1.13 (Normalisation). Let S € M be an affine semigroup. Set o = (os)" C
Ng, where os C My is the cone spanned by elements of S. Assume that dim(os) =
rank(M). Show that the morphism

Uy — Spec(C[S])

induced by the inclusion C[S] c o¥ N M is the normalisation map.
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Exercise 1.1.14 (Cones and faces). Let o C N be a cone. Show that the intersection
of two faces of o is again a face of 0. Show thatif 7t < o-andn < 7, thenn < 0.
Exercise 1.1.15 (Orbit-cone correspondence). Let o € £ and set S, = 0¥ N M.

(1) Show that
Yo: So¢ — C
n s { 1 ifmect
0 otherwise

defines a semigroup morphism. We will also denote by y, € U, the associated
closed point.

(2) Show thatif 7 < o, y; € U,
(3) Set O(0) =T - y. Show that

O(c)={y:Se 2> Cly(m)#0 o me o'}
:Homz(O'J'ﬂM,C*) :TN(O')

where Ty () := N(0) ® C* for N(0r) = N/Ny, and N, C N is the lattice
generated by o N N.

Exercise 1.1.16 (Orbit closures as toric varieties). Use the orbit-cone correspondence
to show that for each o € X, the orbit closure V(o) is a toric variety, with fan

Star(o) := {? eN(OR|o<T,TE Z},
where T denotes the image of 7 under the projection Np — N(0)g.

Exercise 1.1.17 (The projective space). Let (ey,...,e,) be the canonical basis of Z",

and set eg = —e| — ep — ... — e,. For each finite set I c {0, ...,n} with |I| < n, set
oy = ZR+'€i c R™.
iel
Let

Y= {0'1 |1 c{0,...,n}, |I] < n}.
(1) Show that X defines a fan in Z".
(2) Show that the associated toric variety is isomorphic to the projective space.

(3) Let o € Z. Describe the associated orbit closure V(o) C P".

Exercise 1.1.18 (Hirzebruch surfaces). Let p € N. InZ?, with canonical basis (e, e),
consider the complete fan whose rays are spanned by the primitive elements

{e1,e2,—e2,—€1 + pes}

as depicted in Figure 1.8. The associated toric variety is called the p-th Hirzebruch
surface, denoted F,. Show that there exists a toric morphism from F,, to P!.
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~N

~

Figure 1.8. The fan of F,.

Exercise 1.1.19 (The category of fans). Check that the functor (£, N) — Xs described
in Section 1.1 induces an equivalence of categories.
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1.2 Equivariant sheaves and X-families

We now introduce equivariant sheaves over toric varieties and provide their linear
algebraic description following Perling [58, 59]. In the sequel, £ will stand for a fan
with associated lattice N and toric variety X. We will then keep the notations of the
previous section, e.g. T for the torus, M for the character lattice, etc

Equivariant sheaves

Denote by 7; the projection onto the i-th factorof T X X, yu : T X T — T the multiplic-
ation and recall that @ : T X X — X stands for the regular torus action. We will also
use mp3 : T X T X X — T x X the projection on the last two factors, and for a given
variety Y, ly : Y — Y stands for the identity morphism.

Definition 1.2.1. Let £ be a sheaf of Ox-modules on X. A T-equivariant structure
on £ is an isomorphism
®:a"E - M€

satisfying the following cocycle condition :
(uX1x)"® =m0 o (17 X a) ®. (1.5)

A torus equivariant sheaf on X is a pair (€, ®) where £ is a sheaf of Ox-modules and
@ a T-equivariant structure on £.

We will also refer to torus equivariant sheaves as toric sheaves, T-equivariant
sheaves, T-sheaves, or even equivariant sheaves. In most situations, the isomorphism
@ will not be specified, and we will simply denote by £ a T-equivariant sheaf. For
each t € T, denote by a; the isomorphism «(t,-) : X — X induced by the action of ¢.
Let (£, @) be a T-equivariant sheaf. We set forall 1 € T :

'€ = a;€.
This is a sheaf of Ox-modules. Pulling back ® along the inclusion
i {t}x X ->TxX
induces an isomorphism between ¢*& and € :
O, '€ 2’ - € =E.
The cocycle condition (1.5) gives for all (s,7) € T2 :

Dy, = D, o (17Dy), (1.6)
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where 1*®; = a; @, and where we use (s¢)*E =~ t*(s*E). This is obtained by pulling
back (1.5) along the inclusion

sy A DIX X - T?x X.

Remark 1.2.2. One can show that the data of isomorphisms (®; ); <7 satisfying (1.6) is
enough to recover an equivariant structure, provided that the associated representations
on the space of sections of £ are regular, cf Definition 1.2.8 and Exercise 1.2.28 below.

Example 1.2.3. The structure sheaf Ox admis a T-equivariant structure defined as
follows. On each T-invariant set U, we have

(T xUg,a"Ox) = (C[M] ®c C[Ss]) ®a+ C[So]
while
NTxUg, ﬂ;OX) = (C[M] ®c C[S+]) ®7r2* C[So] = C[M] ®c C[S+]

where in the first equality we see C[M] ®c C[S4 ] as a C[S,]-module through the

action
at: C[SO'] - C[M]®CC[S0']

X4 e X7 @ x1
while in the second through the projection
ny: C[Sy] — C[M]ecC[Ss]
x? — 1® x9.

We can define

Ox: I(TxUys,a'Ox) — I[(TxUg,m0x)

1.7
X" ®xP) ®ar x1 > Y ® xPH, 147

where (xy™, xP, x9) e C[M] X C[S] X C[S] are generators. This is an isomorphism
of C[M] ® C[S]-modules. For each ¢ € T, one then has

DOy, : 'Us,t"0Ox) — TI'(Us,Ox)
X1 = x()x?
from which (1.6) easily follows. Hence ®@x defines an equivariant structure on Oy.

Given a sheaf of Ox-modules &, a T-equivariant structure on £ may not exist.
When it does, we may obtain other T-equivariant structures as follows. Let @ be a
T-equivariant structure on £. Given a character y” € Homz(T, C*), one can shift ®
by setting forallr € T :

™ @) = x" () D,
The isomorphisms (y™ - @), <7 obviously satisfy the cocycle condition (1.6) and define
a new T-equivariant structure on £. For simple equivariant sheaves, all T-equivariant
structures are obtained in this way.
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Definition 1.2.4. A sheaf of Ox-modules & is simple if
Hom(&,€) = C - Idg.

Simplicity is a necessary condition for stability, and stable sheaves arise as building
blocks for coherent sheaves on varieties, cf Chapter 5.

Lemma 1.2.5. Let £ be a sheaf of Ox-modules. Assume that £ is simple. If ® is a
T-equivariant structure on &, then any other T-equivariant structure on £ is of the
form ™ - ®, for some m € M.

Proof. Let ¥ be an equivariant structure on £. For each ¢ € T, we may consider the
isomorphism ®; o ¥, ! of £. As £ is simple, there is y(¢) € C* such that ®, o ¥;! =
x(t) - Idg. The cocycle condition (1.6) then implies that y is a morphism. ]

Example 1.2.6. When X is complete, Ox is a simple sheaf. Hence from Example
1.2.3, and Lemma 1.2.5, all equivariant structures on Oy are of the form y™ - ®@x, for
m € M and where @y is defined in (1.7).

We can form a category of T-equivariant sheaves.

Definition 1.2.7. A T-equivariant morphism (or simply 7-morphism) between two
T-equivariant sheaves (£, ®) and (F, ¥) is a morphism 6 : £ — F of sheaves of
Ox-modules such that

m00®=¥Yoa6. (1.8)

We will denote by Hom? (€, F) the C-vector space of T-equivariant morphisms.

Equivalently, a morphism of sheaves of Ox-modules between two T-equivariant
sheaves (€, @) and (F, W) is T-equivariant if for all # € T,

00®l‘ :Ttot*g. (19)

The class of T-equivariant sheaves together with T-equivariant morphisms form a cat-
egory, that we will denote by Mod” (X). By restricting the class of objects to quasico-
herent (resp. coherent) sheaves of Ox-modules, one obtains the abelian categories of
T-equivariant quasicoherent sheaves (resp. of T-equivariant coherent sheaves), denoted
qCoh” (X) (resp. Coh” (X)), see Exercise 1.2.26.

M -graded modules

We restrict our attention to the case when X is affine, X = U, = Spec(C[S]) for
some strictly convex cone o C Ng. Our goal in this section is to provide an algebraic
characterisation of T-equivariant sheaves on U,,. Let (£, ®) be a quasicoherent toric
sheaf on U, . Through Grothendieck’s ~-functor, the sheaf £ is characterised by the
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C[Ss]-module T'(U,, £). As for regular functions, the T-action on U, induces a T-
representation on I'(U,, £) defined, fort € T and f € I'(U,, &), by

t-f:(I)t,l(a';kilf) (1.10)

where o, f € I'Ue, @, £). The fact that this defines a representation follows from
the cocycle condition (1.6).

Definition 1.2.8. A regular representation of T on a C-vector space V is a linear action
of T on V such that for any finite dimensional vector subspace W Cc V :

(1) The vector space T - W := Spanc{t - v |t € T, v € W} is finite dimensional.
(2) The representation T — GL(T - W) is a morphism of algebraic groups.

The above representation of 7 on I'(U -, £) is regular. This can be seen as follows.
Consider the composition

T(Ug ) 55 T(T X Uy a*E) 5 T(T X Uy, 15E) > CIM] &2 T(Uo, E).
This gives a morphism
O :T(Uy,E) > CIM] T (U, E)
called the dual action. For each t, the inclusion {t"!} x U, — T x U, yields

4 CIM] &crs, ) T'(Uq, &) = T (U, E).

t

Then by construction, the representation of 7 on I'(U,, £) is also given by
t-f =1, 0®(f). (1.11)

This easily implies that it is regular, cf Exercise 1.2.27. In particular, I'(U,-, £) admits
a weight space decomposition, as for C[S] :

F(Uq. &) = P TWUe. Em

meM

where
TUe, E)m={f €T, E) VI ET, t- f = x™(1) f}.

In conclusion, I'(U, £) is an M-graded C[ S ]-module, meaning that the product of
weitghed sections respects the grading :

C[SO']m X F(UO" g)m’ - F(UO—, g)m+m’~
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Example 1.2.9. The M-graded module structure on I'(U,-, Ox) = C[ S| associated
to the equivariant structure ®x of Example 1.2.3 simply corresponds to the weight
space decomposition in Equation 1.3:

ClSe]1= P Cc-x™

meSy

For my € M, the shifted equivariant structure " - @y yields the same algebra, but
with shifted grading m — m + my, i.e. such that the regular function y™ has weight
m + mg. We will denote this shifted M-graded algebra by C[S][mg]. Explicitly,

ClSollmolm = C[SO']m—mo =C- Xm—mo
when m — mg € oV, and is trivial otherwise.

Based on Kaneyama’s original result [37, Proposition 3.4], Perling noticed that
& — I'(Uy, £) actually induces an equivalence of categories [58, Proposition 2.31]:

Proposition 1.2.10. The global section functor I'(U, -) induces an equivalence of
categories between qCoh! (U, ) and M-graded C[S - |-modules with degree zero morph-
isms.

Recall that a degree-m morphism, for m € M, between two M-graded C[S]-
modules is a morphism of C[S,]-modules ¢ : A — B that sends the weight spaces
A 10 By ym.

Proof. The discussion above shows that any € € Ob(qCoh? (U,,)) yields an M-graded
C[S]-module. In the other direction, let

E::@Em

meM

be an M-graded C[S,]-module. The ~-functor defines a quasicoherent sheaf of Oy -
modules denoted £ over U, such that

E=T(Ug,¢E).
To define the equivariant structure @ on &£, consider the spaces of sections :
ITxUg,a"€) = (C[M] & C[Ss]) ®a E

and
(T X Ugy,m5E) = (C[M] ®&c C[Ss]) ®n E.
We define an isomorphism of C[M] ®c C[S|-modules by setting

O: I'(TxUy,a*t) — I'(T x Uo—,ﬂ';f:)
X" ® f) ®@emr = (X ® fr) ® e,
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where (Y™, fi, em») € C[M], X C[So ] X Ep stand for weighted generators. To
show that @ fulfills the cocycle condition, consider the composition

E=T(Us,&) 5 T(T X Uy, a"€) S T(T x Uy, 5E) > C[M] ®c E,

that we denote
O :E > C[M]®cE.

As for e, € Epy, () = (1 ® 1) ® e,,, we obtain @*(e,,,) = ¥ ® e,,. Then, we
easily derive
(W ®1g) 0o @ = (Ic(p) ® @) 0 @

as C-linear maps from E to C[M] ®c C[M] ®c E. This is equivalent to the cocycle
condition (1.5), and (&, @) is a T-equivariant sheaf.

Let9: (£,®) — (F,¥) be a T-equivariant morphism between two quasicoherent
T-sheaves over U, and let ¢;,, € I'(U, ). Then

0 0@, (e, en) =0(1 - em)
:Q(Xm([) em)
=x"(1) 6(em)

while

W,-1 0 (a;lg)(a:qem) =¥-10 a/:—l (Q(em))
=t (0(em)).

Then, from (1.9), we deduce that 6 induces a degree zero morphism of M-graded
modules. As the global section functor induces an equivalence of categories between
quasicoherent sheaves of Oy, -modules and C[S - ]-modules, we deduce that it induces
an equivalence between qCoh? (U, ) and M-graded C[S,]-modules by restriction. m

Examples 1.2.11. Here are some examples of quasicoherent toric sheaves obtained
by Proposition 1.2.10 on the affine toric variety X = U, = C2, as in Example 1.1.2.(2).
(1) The ideal sheaf of the point 0 € CZ, denoted Zy, is a quasicoherent sheaf on C>
(it is in fact coherent, see below). Its space of global section is by definition

the C[x, y]-module of polynomials vanishing at O :

[(C*%Zo) = x-Clx,y]+y-Clx,y]
= @ C-xPyl.
(p.q)eN?\{(0,0)}

This latter decomposition shows that I'(C?, Zy) is Z>-graded, hence Zy is a
quasicoherent toric sheaf on C2.
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2)

3)

“4)

Consider now the quotient sheaf Oy = Ox/Zy. This is the structure sheaf of
the point 0 € C2. Its space of sections satisfies

Clx, ]/ (x,)
= C .x0y0

I(C?, Oy)

(we identify xP y? with its class in the quotient to ease notations). This is again
7?-graded, by setting

C-1 if m=(0,0)

2 _
I'(C%, Op)m = { 0 if m=#(0,0),

and noting that for m = (p, g) # (0, 0), the class of xPy? - 1 in the quotient
Clx,y]/(x,y) is zero.

The ideal sheaf of any of the coordinate axes is also toric. For example, take
T = (x). Then,

[C%7) = x-Clx,y]

1
D
@]
&
&

[N

(p,q) eN*XN

This is again a Z>-graded C|[x, y]-module. The quotient Ox /Z is also a quasico-
herent toric sheaf, with

['(C2,0x/T)

Clx, y]/(x)

@qu.

geN

We can generalise those examples by considering ideal sheaves corresponding
to torus invariant subschemes' in C2. Any ideal of the form

IS = (xpiyqi’ (ph Ql) € S)>
where S ¢ N? is a finite set, admits a Z>-graded C|[x, y]-module structure :

L(CZ) = ) (¥ y%) - Clx, ],
ieS

Similarly, the quotient sheaf Ox /Zs is toric.

I'The reader unfamiliar with schemes may ignore the geometric interpretation of those ideals,
or have a look at [25, Chapter II, Section 2]
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Definition of o -families

We will now translate the M-graded C[S - ]-module structure of I'(U, £) into a family
of vector spaces with morphisms. The starting point is the fact that for m € S, multi-
plication by the regular function y™ defines a degree-m endomorphism of I'(U, &)
through the C[S - ]-module structure. Hence, for each pair (m, m’) € M, the following

Xm—m’: F(U(T,g)m’ - F(Uo'ag)m
fm’ = Xm—m 'fm’

is well defined provided that m — m’ € S, = ¥ N M. This motivates the following
definition:

Definition 1.2.12. For (m, m’) € M?, we define the relation
m<y,m = m' -mec’.
We will write m <, m’ if m <, m’ but not m’ <, m. We will also use the notation
mis,m whenm’ —m ¢ oV.
We leave the proof of the following as an Exercise 1.2.29.
Lemma 1.2.13. The following are satisfied, for (m,m’) € M? :
(i)  The relation < is reflexive and transitive,
(i) m<om andm’ <5 mifandonly ifm —m’ € o,
In particular, <, descends to a partial order on M /(c+ N M).

We can then define Perling’s o-families.

Definition 1.2.14. A o-family (E“, y“) is the data of a family of vector spaces E“ =
(Es)mem together with a family of morphisms x” = (x,, . : Ey = EJ ) m<,m,
satisfying :

(1) Foreachm € M, x ., = 1gg,

(2) Foreachtriplem <o m' <o m”, x7, o Xy v =X -

When the situation is clear enough, we will simply drop y“ from the notations
and refer to the o-family as £ . Note that definition 1.2.14 implies the following :

Lemma 1.2.15. Let (EY, x9) be a o-family. If m —m’ € o, then X a0 X100
are inverses of each other.

We obtain a o-family out of I'(U,, £) by setting
Ey =T(Ug,E)m,

’
and, form <, m’,
m

’
o =
Xmm = X :
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Example 1.2.16. The shifted module C[S ] [mg] defines the o--family
Ey =T'(Ug, Ox)[mo]m

that can be conveniently described as follows :

EZ =

m

{ C if myg<gym (1.12)

{0} if mo £o m,

while for m <, m’, the morphism )(g,m/ is the obvious inclusion. Note in that case
that all the y,  , are injective maps to C. If we assume that X is the quadric surface
of Example l.’1.5.(2), and mg = (1,1) € M ~ Z?, we can represent (EZ) in Figure
1.9. The shaded zone corresponds to mg + oV, and to each dot is attached the vector
space E;7, with bigger dots corresponding to E); = C. The arrows in the upper right

quadrant represent the maps y,7 . from EJ to E7,, with initial m = (2, 3).

Figure 1.9. A o-family.

Examples 1.2.17. We describe here the o-families of the toric ideals in Examples
1.2.11. Let S ¢ N? be a finite set, and

Is = (x"y?, (p.q) € S).
We define the subset of weights of Z:

N2.S§:= Z (p,q) +N? c 7%
(p.q)eS
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The o-family
19 = T(C* Is)m

satisfies
C if meN?.§

Ly = : 2
{0} if m¢N--§
and the morphisms ( )(r"fl,m,) are again given by the obvious inclusions.
We wish to upgrade this to be functorial.

Definition 1.2.18. A morphism of o-families
¢7 (E7. x7) = (F7.y7)

is a family of vector spaces morphisms (¢35, : ES — F )mem such that forany m <,

m’,

lr//r(:l—,m’ o ¢Z = ¢}’(:l_' o Xr(:l—,m"

Together with their morphisms, o-families form a category, as introduced by Per-
ling. He also proved the following [59].
Proposition 1.2.19. The following categories are equivalent :

(1) The category of quasicoherent T-sheaves over U,

(ii) The category of M-graded C[S s ]|-modules with degree-0 morphisms,

(iii) The category of o -families.
Proof. By Proposition 1.2.10 we only have to prove the equivalence between the last
two categories. The previous discussion shows that any M-graded C[S,]-module nat-
urally defines a o-family, with degree-0 morphisms corresponding to morphisms of

o -families. In the other direction, given a o-family (E 7, y ), we define an M -graded
C[S]-module by forming the direct sum

E:=Eg

meM
and by setting, for (m,m’) € S X M, and e,y € E,,
X" em = X mame (€m).
A morphism of o-families
¢7 (E7 . x7) = (F7.¢7)

defines a degree-0 morphism

¢: PET > PFy
meM meM

Xem P X dm(em),
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clearly compatible with the C[S - ]-module structures. The fact that this functor is fully
faithfull and essentially surjective is straightforward. |

Gluing data and X-families

Consider now o € X and 7 < ¢-. Recall that this induces an injection
lro U > Uy
with associated morphism of C-algebras given by localisation
(g i C[Se] = C[S:] = C[Se ]y,

where m € oV is chosen so that S; = S, + N - (=m), cf Section 1.1. Let (£, ®) be a
T-sheaf on U As the torus action commutes with the inclusion ¢, ¢} € naturally
inherits an equivariant structure ¢ @ = (17 X ¢, )*®. When £ is quasicoherent, if
E 7 stands for the o-family associated to (£, @), we will denote % E the T-family
associated to % (&€, ®) (we drop here the morphisms y“ to ease notations). A more
explicit description is given in Exercise 1.2.30. In a similar way, any morphism & — F
between two quasicoherent sheaves on U, yields a morphism ¢ : EY — F'“ between
the associated o-families that can be pulled back to a morphism ¢ ¢ : (5 E7 —
Uy - F7 . We can now introduce X-families.

Definition 1.2.20. A X-family for a fan X is a pair (E>,n*) consisting of a collection
E% = (E)yes of o-families and a collection 7* = (174 )7< of isomorphisms 77 :
o E9 — E7 such that

(1) foreach o € 2, 5o = lgo,
(2) foreach p <7 < 0, po =Mpr © Ly N0

A morphism of X-families ¢* : (E*,n*) — (F*,v¥) is a collection of morphisms
(97 : E9 = F7) ey of o-families such that for all 7 < o,

Vro © Liﬁra—(ﬁo =¢" 0Nrq.

The following was the goal of this section, and is due to Perling [59].

Theorem 1.2.21. For a given fan X, the X-families together with their morphisms form
a category that is equivalent to qCoh” (Xx).

Proof. By proposition 1.2.19, any T-equivariant quasicoherent sheaf on Xy defines o-
families (E“)seyx. It is then clear by definition that %  E“ ~ E™ for any pair 7 < o
and that those isomorphisms satisfy (1) and (2) of Definition 1.2.20. In the other
direction, given a X-family (EZ,n¥), we obtain via Proposition 1.2.19 quasicoherent
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T-sheaves (£7),cx. Moreover, we can use the isomorphisms (77+ )7 <o to define for
each 7 := o0 N ¢’ an isomorphism of 7-families :

_ -1 - o’ * o
doo =MNzo °N1o 'LT(J"E _>LTO'E
and thus an isomorphism of 7-sheaves
~ ’
boor €7 = 1 E7.

The collection (&) satisfy the cocycle conditions ¢y = 1 and ¢ © o =
$ oo~ up to natural equivalence on overlaps o N o’ N o/, thanks to (1) and (2) in
Definition 1.2.20. Hence, the sheaves (£7) scy glue to define a quasicoherent T-sheaf
over Xs.

The facts that X-families form a category, and that the previously described cor-
respondence is functorial, and an equivalence, are left as an exercise. ]

Coherence

Recall that a quasicoherent sheaf of Ox-modules £ is coherent if and only if for any
x € X, there exists an affine chart x € U = Spec(A) such that I'(U, &) is a finitely
generated A-module. As this property is local, it is enough in our case to check it
on the T-invariant affines U, for o € X. The prototype example of a coherent 7-
sheaf is then given by O%", with a shifted equivariant structure. Consider r weights
(my,...,m;) € M", and the equivariant sheaf (’);‘2’ with equivariant structure

XM - Oxd...0 " Dx.
Fix acone o € Z. Then the associated o--family is given by the direct sum of the families
defined in Example 1.2.16. In particular, it is a finite o-family, in the following sense.

Definition 1.2.22. A o-family (E7, y¢) is finite if it satisfies the following :
(1) Foreachm € M, EJ is finite dimensional,

(2) For each strictly increasing sequence (m;);cz € M, i.e. such that
<o M- <g Mj <g Miz] <g ...,

there exists ig € Z such that £ = {0} for i < iy,
(3) For each m € M, denote by C,; the cokernel of the map

> xgw: P EL - ES.

m<gsm m'<gom

Then the set of classes [m] € M /(o N M) such CS; # {0} is finite.
A X-family (E%, %) is finite if for each o € £, E7 is finite.
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Note that by Lemma 1.2.15, condition (3) in the previous definition makes sense
as form —m’ € o+, one has Cy; =~ C9, (cf the proof of next proposition). It is clear that
the o--families associated to the T-sheaves (Ox, y™ - ®x) as in Example 1.2.16 are
finite. We easily deduce from this finiteness of the o--families associated to (O;‘?r ™
Ox ... y"r - Dy), cf Exercise 1.2.32.

Proposition 1.2.23. A quasicoherent T-equivariant sheaf is coherent if and only if its
associated X-family is finite.

We will use the following lemma, whose proof is left as an exercise.

Lemma1.2.24. Let¢? : (E, x7) — (F7,4¢7) be amorphism of o-families. Assume
that ¢ is surjective, i.e. forallm e M, ¢o : ES — FY is surjective. If (EY, x7) is
finite, then (F 7 ,y7) is finite.

Proof of Proposition 1.2.23. Let £ be a quasicoherent T-sheaf, with associated o-
families (E7, x7), 0 € Z.

If £ is coherent, for any o € X, T'(U,, £) is a finitely generated C[S,-]-module.
If (s7)1<i<r stands for a set of generators, we can decompose each s; according to the
M-grading of T' (U, £) as

5i=Smy ®...0Sm,,

with s,,,,; € [(Ucr, E)m,; - Then, the sections (s, ;) generate I'(U, €) as an M-graded
module. That is, there is a surjective morphism of M-graded C[S, ]-modules

@D ClSollmi;1 —  TUgs,E)
(fl]) = Zijfij'smij.

By the previous discussion, the module @i : C[So][m;;] corresponds to a finite -
family. From Lemma 1.2.24, we deduce finiteness of E7.

In the other direction, assume that £ is a finite o-family. We will show that
['(Uy, &) is a finitely generated C[S,,]-module. For any m € M, denote by y,,” the
map

and by
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the projection to the cokernel of " . For any pair m; <. m», the following diagram
is commutative

<o
Xm Tt
o [N o [N o
@ Em’1 4 Eml 4 le

mi<gmj
o o
\LXV(:’ ! /\/m|,m2 [/\/ml,mzj
1’2
<o
T,
EO_ sz R Ea_ my R Ca_
m) 7 Emy 7 my
my<gmy

where the last vertical arrow is the map induced by x,; ,,, on the quotient C;7 . If
mj —my € o+, by Lemma 1.2.15, the first two vertical arrows are isomorphisms, and
so is the last one. Hence the set of classes in M /(o N M) :

Wo = {[m] € M/(c* N M) | C; + {0}

is well defined. By (3) of Definition 1.2.22, the set W, is finite. By Definition 1.2.22
(1), for any [m] € W, CZ is finite dimensional. Consider, for each [m] € W, a
splitting

ES =Im(y;7) ® CZ (1.13)

with CA'n(fL' ~ CS through 7,,. We may assume that for m; — m, € o+,

o . Ao o
Xmy,my * le - sz

is an isomorphism. Recall then that

Uy, E) = @ ES

meM
and that the C[S - |-module structure is defined by setting, form € S, and e,y € E,,,

X" em = X e (€m)-

Then, from the facts that W is finite, dim(é,g ) is finite for [m] € W, and C e CA‘,‘Z
for m’ € [m], it is enough to conclude to show that for any m’ € M, any element
en € E, admits a finite decomposition

em’ = Z X;?;,m'(cm)

[m]eW,
where ¢,,, € C,,. Let then em, € Ep . Consider the decomposition

emo = Xm& (€-1) + Cmy € Im(xe) & C
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where
XS (e-1) = Z){,Zi,mo(em,-)
i

for a finite number of weights m; <, mg and non-zero vectors e,,, € E; . If ey = ¢y
we end here. Otherwise, we decompose each e, according to (1.13) again, and iterate
this process. We claim that this terminates after a finite number of steps. If not, we could
pick some m_y := m; with y ., (€,) # 0 in the decomposition of e,,,. Then, we
could produce inductively sequences of weights

mj <gmjy <g ...<g Mo

and non zero vectors ey, € E ,gj, in contradiction with Definition 1.2.22 (2). This pro-
cess hence produces the desired decomposition for e,,,, which concludes the proof. m

Example 1.2.25. We will see in the next chapter, Section 2.1, that for any torus invari-
ant subvariety V(7) C X, the ideal sheaf Zy ;) is naturally endowed with a torus
equivariant structure. If ¢ : V(1) — X stands for the inclusion map, the structure sheaf
1Oy (1) inherits a T-equivariant structure as well. The sheaves Zy ;) and ¢,Oy (1) are
examples of coherent toric sheaves.

1.2.1 Exercises for 1.2
Exercise 1.2.26 (The abelian categories of T-sheaves). Let (£, ®) and (F, ¥) be two
(quasi-)coherent T-sheaves.
(1) Show that Hom” (£, F) inherits an abelian group structure from Hom(&, F).
(2) Show that £ & F admits a T-equivariant structure.

(3) If @ € Hom’ (&, F), show that ker(#) and coker(#) admit T-equivariant struc-
tures.

Together with the facts that qCoh(X) and Coh(X) are abelian categories, this shows
that qCoh? (X) and Coh’ (X) are abelian.

Exercise 1.2.27 (Dual action and weight space decomposition). Let (£, ®) be aquasico-
herent T-equivariant sheaf over some normal affine toric variety U, = Spec(C[S4]).
Set E =T'(Ug, £) and consider the composition

Q" :=®oa":E—>C[M]|®cE,

where we used that I'(T x U, 15€) ~ C[M] ®c E. This is called the dual action.
(1) Show that ®* satisfies the following :

(i) The C-linear maps (u* ® 1g) o @* and (lc[p)] ® ®*) o ®* from E to
C[M] ®c C[M] ®c E are equal,
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(i) 1* o ®@* = 1g, where 1* : C[M] — C is dual to the inclusion 1 — T.
(2) Show that the representation of 7" given by ¢ — L;ll o @ is regular.
(3) Show that this implies a weight space decomposition for I'(U,, £).
Exercise 1.2.28 (Equivariant structures). Let & be a quasicoherent sheaf of Ox-modules
on X. Assume we are given for each ¢ € T an isomorphism ®; : t*€ — &£ such that

the cocycle condition (1.6) is satisfied, and for each o € Z, the representation of 7 on
['(Uq,€) givenby t > @1 o @}, is regular.

(1) Show that there exists a T-equivariant structure on £ such that for all ¢ € T,
@, = (;P. Hint : you may restrict to affines U, and define @ as in the proof of
Proposition 1.2.10.

(2) Consider two equivariant structures @ and ¥ on £. Assume that for all ¢, ®; =
¥, . Show that ® = V.

Exercise 1.2.29 (The partial orders <. ). Prove Lemma 1.2.13.

Exercise 1.2.30 (Restriction of ¢ families to affine subsets). Let £ € quhT(U o)
with associated o--family (E7, ). Consider a face 7 < o, with T = a* N M for some
a € oV N M, that we may assume to be primitive’. Denote the injection t - : Uy — U
Set (F7,y7) =15, (E7, x7) to be the T-family associated to the pulled back T-sheaf
;€. We introduce a relation ~ on

D Enipa

PEZ
defined on generators (€4 pa» fin+ga) € E,j'Hpa X Er?1—+qa’ by emipa ~ fmrqa iff

o _ Lo
dreN, Xm+pa,m+(p+q+r)u(em+l7“) - Xm+qa,m+(p+q+r)a(fm+‘1“)’

and then extending linearly.
(1) Show that ~ defines an equivalence relation.
(2) Show that for eachm € M,
Fi= (D Espa) I~ -
pez
(3) Check that form —m’ € T+ N M, F;, ~ F],.

(4) Show that for m <, m’, the morphism

o
@ Xm+pa,m/+pa

PEZ

descends modulo ~ and gives ¥ . : F,; — F,,.

2meMisprimitiveifZ~m:R-mﬂMinMR.
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(5) Describe all morphisms ¢ form <. m’.

m’ml )
Exercise 1.2.31 (The category of X-families). (1) Show that -families with their
morphisms form a category.

(2) Conclude the proof of Theorem 1.2.21.

(3) Deduce that the category of Z-families is abelian.
Exercise 1.2.32 (Direct sums of structure sheaves). We show in this exercise finiteness
of the o-families associated to £ = (O, x™ - ®x & ... & x™ - Ox).

(1) Show that y™ - ®x & ... & y™ - Oy defines a T-equivariant structure on

(Ox)®".

(2) Leto € X. Show that the o--family (E“, y ) associated to £ can be described
as follows. Set (ey, ..., e,) to be the canonical basis for C". Then for each
meM,

E, = Spanc{e; | m; <, m},
with morphisms y,”  given by the obvious inclusions.

(3) Conclude that it is a finite o--family.

Exercise 1.2.33 (Surjective morphisms and finiteness). Give aproof of Lemma 1.2.24.
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1.3 Torsion-free sheaves and Multifiltrations

We will specify our study to torsion-free sheaves, and characterize reflexivity and
locally freeness. Recall that a coherent sheaf & is torsion-free if for any local sections
(s,e) eT(U,Ox) xT'(U, &) over some affine set U = Spec(A), s - e = 0 implies s =0
or e = 0. This is equivalent to saying that the A-module T'(U, £) is torsion-free. For
any coherent-sheaf &, the evaluation map yields a canonical morphism to its double
dual (€)Y, where the dual sheaf is by definition

£ = Homo, (€, Ox).

In the torsion-free case,

ev:E— (EY)Y
is an injection, and (V)" is called the reflexive hull of £. When ev is an isomorphism,
we call £ a reflexive sheaf. Finally, we recall that a locally free sheaf is a sheaf £ such
that at any point x € X there exists an affine chart x € U such that £y is isomorphic

to (O;‘?’)W. Locally free sheaves are reflexive, and reflexive ones are torsion-free, cf
Exercise 1.3.30.

Torsion-free sheaves on the torus

A useful first result for this section is that a locally free T-sheaf over a torus is free,
i.e. globally isomorphic to a direct sum of copies of the structure sheaf, with a shifted
equivariant structure.

Proposition 1.3.1. Let £ be a locally-free T-sheaf over T = Spec(C[M]). Then there
are weights (my,...,m,) € M" such that

g’—“(@?”,)(ml'(I)TGB...@er'(I)T)

as a T-equivariant sheaf.

Recall that the equivariant structure @7, and its shifted versions, are defined in
Examples 1.2.6 and 1.2.9. Later on we will extend this result to any affine toric varieties,
following Klyachko [39, Proposition 2.1.1], or Kaneyama [37, Theorem 3.5]. We will
use the following lemma in the proof :

Lemma 1.3.2. Let € be a T-equivariant sheaf over the torus T. Consider two sections
(s1,82) € (T, &), of given degree m € M and assume that there is a point tg € T
such that s1(ty) = s2(ty). Then s1 = s».

Proof. Forallt € T, we have

tesi=x""(t)si,
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hence, considering t~! - 5; gives
D, (1"51)(t0) = D; (1" 52) (10).

As @, is an isomorphism, we deduce that for all r € T, sy (ttg) = s2(ttp). The result
follows. =

Proof of Proposition 1.3.1. Consider the distinguished point yg € T = Uy, (that is
(1,...,1) € (C*)™), cf Exercise 1.1.15. The idea is to produce the equivariant trivi-
alisation at yp, and then to extend it on 7. By locally freeness, the stalk of & at yq
is

&y, = 07"

T,y0"

Let my ,, be the maximal ideal of Or ,,. Using the isomorphism
(OT,)/() /mT,)/())@r = Crv
we define the following morphism of C-vector spaces by evaluating sections at yy :

¢o: I(T,E) — cr
s = [s(yo)].

Note that if a section s € I'(7', £) decomposes as § = sy, + . . . + S, according to the
M-module structure of I'(7, £), we have forallt € T

d
(t-5)= > X" (1) $lsm,)- (1.14)
i=1

We then look at a T-invariant subspace E C I'(T, £) such that ¢|g is an isomorph-
ism. Then (1.14) will define a representation of the torus, that we may upgrade to an
equivariant structure on (O7"). Let then E be maximal for the inclusion amongst all
T-invariant subspaces of I'(T, £) on which ¢ is injective. Then ¢ is an isomorph-
ism. Indeed, as ¢ is surjective, if ¢(E) ¢ C", we may find e,, € ['(T, £),, such that
¢(em) € (E). Butthen E & C - ¢, is a T-invariant subspace on which ¢ is injective,
which contradicts maximality of E.

We then consider a basis (e;)1<;<, of E which consists of T-eigenvectors, with
e; €(T,E)p, for 1 <i <r. We claim that

v: Pemim) - I8
i=1
(si)1<izr = sjer+...+5r€p

induces an isomorphism of coherent T-sheaves between ((O7)®", y™ - ®r & ... ®
x™ - @) and €. For this choice of shifted equivariant structure,  is a degree-0
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morphism of C[M]-modules. Hence it is enough to show that ¢ is an isomorphism
on each degree-m components. Consider then sections s; € C[M][m;],, that we can
write explicitly as s; = ¢; ¥~ for some ¢; € C, satisfying

sie1+...+s.¢-=0.

We then have

r r r

0=¢() siei)= Z ci X" "M (yo) d(ei) = Z ci p(e;).

i=1 i=1 i=1

As ¢\ is injective, we deduce that ¢; =0 forall 1 <i < r, and then ¥ is injective. To
prove surjectivity, let e,,, € I'(T, £),,,, and evaluate at . Surjectivity of ¢ shows that
there are constants (c;)|<;<» € C" such that:

r

Blem) = ) cidler).

i=1

Then, the sections e,,, and }}7_, ¢; ™~ ¢; are of degree m, and agree at yp. By Lemma
1.3.2, we conclude that they agree on 7T'. This concludes surjectivity of ¢, and the proof
of the proposition. [

In the previous proof, we could choose a different space E’ c I'(T, £) such that
¢ is an isomorphism. This would result in an isomorphism between £ and another
shifted free sheaf. In fact, it is easy to prove that alocally free sheaf £ on T is isomorphic
to ((O7)®", y™ - Odr & ...d y™ - Or) for any choice of weights (m1,...,m,). See
Exercise 1.3.32 for a generalisation of this fact on any affine toric variety.

For a given coherent sheaf &, the singular locus of £ is the closed set of points
x € X such that £ is not locally free at x. If £ is T-equivariant, and £ is locally free
on some affine set U C X, then it is locally free on t~V.Uforallt € T. Indeed, if ®
denotes the T-equivariant structure, ®; defines an isomorphism from ¢*& to £. Hence,
€ is locally free on an open T-invariant set. Its singular locus is then a (finite) union
of orbit closures (denoted V(7) in the orbit-cone correspondence). In conclusion, we
have:

Lemma 1.3.3. Let £ be a coherent T-equivariant sheaf on X. Then its singular locus
is a finite union of orbit closures

Sing(€) = U V(t)

TEY

for some subset Xy C X such that dimt > 1 for any T € Z;. If € is torsion-free (resp.
reflexive), the same conclusion holds with dimt > 2 (resp. dimt > 3) for all T € X;.

Note that by definition, X \ X is a fan, hence X cannot be any subset of X.



40 Equivariant sheaves on toric varieties and X-families

Proof. From the previous discussion, Sing(€) is closed and T-invariant. It is then a
union of orbit closures. The statements about the dimension follows from the facts
that dim(7) = n — dim (V(T)) for each 7 € Z, and that for a torsion-free sheaf (resp.
a reflexive sheaf), the singular locus is of codimension at least 2 (resp. at least 3), cf
[55, Chapter 2, Section 1]. [ ]

Combining Proposition 1.3.1 with Lemma 1.3.3, we obtain the following.

Corollary 1.3.4. Let £ be a coherent T-sheaf over the torus T. Then & is free, and
isomorphic to (O3, x™ - @7 & ... ® x" - @) for some weights (my, ..., m,).

Torsion-free equivariant sheaves

We will now study in more details the X-families associated to torsion-free 7-sheaves.
We will need the following lemma, which together with Lemma 1.2.13, shows that
(M, <) is a directed set.

Lemma 1.3.5. Any finite set of weights S C M admits an upper bound for <. Hence,
(M, <y) is a directed set.

The proof is left as an Exercise 1.3.33. Let £ be a coherent T-equivariant sheaf
on X with associated Z-family (E*,n¥). For each o € £, by Lemma 1.3.5, (E“, x“)
admits a direct limit, that we denote by

E = lim .

Recall that an element [e,,] € E“ is a class in

| Eqi~

meM
where for e, € Ej and f}, € EJ, one has e, ~ fp if there is ¢ € M with m <, ¢
and p <. g such that x,7 . (em) = xp ,(fp). Then, for any pair m <, m’, we have a
commutative diagram

o
Xm,m’

Eg ™ Eo,
\ l (1.15)
EO'

Proposition 1.3.6. The following are equivalent:
() &, is torsion-free,

(ii) For each (m,m’) € S X M, and each ¢ € T'(Uy, E)yyr, x™ - € = 0 implies
e =0,

(iii) All the maps in the diagram (1.15) are injective.
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Proof. The fact that &, is torsion-free is equivalent to I'(U,, £) being a torsion-free
C[Ss]-module. Then (i) implies (i7). Point (iif) is the transcription of (i) in terms of
o-families, as the map y,, . is the multiplication by the character function ymom,
This shows the equivalencé between (ii) and (iii). We now show that (if) implies (i).
Let

s = Zci)(m" € C[S+]

and

e= Z em; €T (Uq, E)
J

be sections such that s - e = 0, that we decompose according to the M-grading. Fix the
lexicographic order on M ~ Z". Let then m;, (resp. m j,) be minimal for this order such
that ¢; # 0 (resp. e,; # 0). Then, the minimal degree in the developed expression of s - e
is m;, + m j, with corresponding term c;, y"" - e mj, (here we use translation invariance
of the lexicographic order). As s - e =0, ¢;, """ - em;, =0, and by assumption (i),
either ¢;, =0or emy, = 0, which yields a contradiction. We conclude that s =0 or e =0,
and &)y, is torsion-free. ]

We now consider a face v < 0. We will use the following lemma, whose proof is
straightforward :

Lemma 1.3.7. If t < o, then for any (m,m’) € M?, m <, m’ implies m <, m’.
Assume that we have a family of linear maps ¢,, : E2 — E} such that for any
m <, m’, the following diagram is commutative :
EZ i} E"

\LXVZ,m’ \LX;,m'

Pm’!
o 3 T
Em' Em’

Then the collection (¢;;)men induces a linear map ¢, : EZ — E7. Assume from
now on that £ is torsion-free. Then the restrictions

o : TWe,E)m = T(Ur, E)m

are injective. Composing with the isomorphisms 77, -, we obtain injective maps :

Lo Nro
om:Eg — G Eg — E;.
Using the facts that 7 = 0¥ + N - (—my) for some mg € ¥ N 7+, and that for weights
m,m’) withm —m’ € v+, ¥7 _, is an isomorphism, we deduce that the induced ma

¢ro : E9 — E7 is injective. Consider now the directed set (X, <). With the reverse
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order on faces, we obtain a direct system (E“, ¢ ), with direct limit E°, as can be
seen from the diagrams

E!

&rl

where T = o N o, for a pair (o, 0») € X2, and where 0 stands for the minimal cone
in X. We will actually show that all the ¢, are isomorphisms.

Proposition 1.3.8. Forany v < 0, ¢1o : E7 — E7 is an isomorphism.

Before showing this, note that from Corollary 1.3.4, T'(Uy, £) is a free C[M]-
module of rank r. Then, all maps ng,m/ are isomorphisms, and for all m € M, E,On ~
E° ~ C" . Together with Proposition 1.3.6 and Proposition 1.3.8, this shows that all
the spaces EC admit injections to E°, in a compatible way with the morphisms )(r‘,’;m,
and the restriction maps (7 .. Proposition 1.3.8 is a corollary of the following lemma.
Recall that my € o is such that S, = S, + N - (—my).

Lemma 1.3.9. Forany m € M, there is i,, € Z such that E], ~ E7

m+l.m0f0ralll > i

Proof. For each m € M, consider the strictly increasing sequence
o <gm+img<gsm+ i+ 1)my<, ...

AsE? injects into E® which is finite dimensional, and by Proposition 1.3.6, the sequence
o o o .

of vector spaces (E; +im0)i€Z (with injections Xm+im0,m+(i+l)mo) must be statlonarly

. : o ; . .

after some i,,, € Z. Using the fact that Xptimo.me(i+1)mg 15 30 isomorphism as mg € 7,

we deduce that

(Lj-o-E(r)m ~E

m+img

fori > i,, (compare with Exercise 1.2.30), hence the result. [ ]

All these properties motivate the following definition introduced by Perling [58].

Definition 1.3.10. Let E be a finite dimensional vector space. A family of multifiltra-
tions for E (indexed by X) is the data of vector subspaces (E 5, ) ez, mem Of E satisfying
the following, for each o € X :

(1) For any pairm <, m’, E;] C EJ,,
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(2) E is the direct limit of the direct system (EZ) over (M, <.):
— T o
E= 11_r>n E,.
(3) For each strictly increasing sequence (m;);ez € M* with respect to <,
e <M <My <gMiy] <g «ovoy

there exists iy € Z such that £, = {0} for i < iy,

(4) There are finitely many classes [m] € M /(o N M) such that
Spanc{E;, |m' <o m} C EJ,

(5) For any face r < o, and any m € M, E;; C E},. Moreover, if T = mé N o for

mg € o, there is iy, € Z such that for all i > i,,, E], = E imo

Let (ES) oex.mem (resp. (F\9)oes,mem) be a family of multifiltrations for E (resp.
for F). A morphism between these two families is a vector space homomorphism ¢ :

E — Fsuchthatforallo € X,and allm € M, ¢(E}) C F.

To ease notations, we will simply denote by (E;) a family of multifiltrations for
a vector space E. The previous discussions leads to the following equivalence :

Theorem 1.3.11. The category of torsion-free, coherent, T-equivariant sheaves on X
is equivalent to the category of multifiltrations indexed by X.

The previous propositions have shown that any torsion-free 7-sheaf defines a fam-
ily of multifiltrations. We leave to the reader the proof that this correspondence induces
an equivalence of categories, cf Exercise 1.3.34.

Example 1.3.12. The structure sheaf Ox and the ideal sheaves Zy of torus invariant
subvarieties are examples of torsion-free toric sheaves. For the latter, the families of
multifiltrations will be given in Section 2.1.

Reflexivity

We now specify to reflexive sheaves. We recall an important characterisation of such
sheaves.

Definition 1.3.13. A coherent sheaf £ over X is normal if for any affine chart U ¢ X
and any closed subset Z ¢ U with codim(Z) > 2, the restriction map :

ru,8) -TWWU\z¢E)
is an isomorphism.

By [27, Proposition 1.6], as X is a normal variety, we have :
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Proposition 1.3.14. The following are equivalent for a torsion-free sheaf £ over X:
(1) €& is reflexive,
(i) & is normal,
(iii) For any affine chart U C X and any closed subset Z C U with codim(Z) > 2,
Fiu = j«Flu\z, where j : U\ Z — U is the inclusion.

Consider now a torsion-free T-equivariant sheaf £ over X. The normal variety X is
covered by the affine chars U, o € Z. By the orbit-cone correspondence - Proposition
1.1.9 -forany o € Z,

Us =[] 0@)

T<O
with dim(7) = codim(O(7)). Moreover, for each 7 < o,

o =[Jow).

71’

Hence, the set

Zy = U o(7)

7<0o,dim(7)>2

is closed in U, with codim(Z5) > 2. Denote by j, : Uy \ Z5 — U, the inclusion.

Proposition 1.3.15. Ler £ be a T-equivariant torsion-free sheaf over X. Then & is
reflexive if and only if for any o € X, the restriction map

is an isomorphism.

Proof. If € is reflexive, by Proposition 1.3.14, we obtain that the restriction maps
Ji. are isomorphisms. Conversely, assume that £ is torsion-free, and that j. is an
isomorphism for all o € 2. By general theory, the dual of a coherent sheaf is reflexive,
hence normal, cf [27, Corollary 1.2]. By Exercise 1.3.35, the dual of a T-equivariant
sheaf is also T-equivariant. Hence (£V)V is T-equivariant, torsion-free and normal. To
prove that £ =~ (€)Y, it is then enough by equivariance to show that for any o € X,
the evaluation map induces an isomorphism

FUg, &) =T (Uqy, (EV)Y).
Consider then the following diagram

Uy, &) —=— T'(Us, (EY)Y)

lj; lf:;

TUs\Zo, &) —— T(Us \ Zer, (€Y)Y)
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By assumption, and by normality of (£")", the vertical arrows are isomorphisms. From
Corollary 1.3.3, the singular loci of £y, and (€ V)|VU(T are contained in Z-. Hence, they
are locally free away from Z, and the bottom horizontal arrow is an isomorphism.
Then, the top horizontal arrow is an isomorphism as well, which concludes the proof. m

Using Uy =T, we can write

Us\Ze=TU( | 0)= ] U,

peo(l) peo(l)

where o (k) stands for the set of k-dimensional faces of . Hence, by Proposition
1.3.15, & is reflexive if and only if for any cone o € X, and any weight m € M, the
restriction j7, induces an isomorphism

TWUe,Em= [ TWUpElm.

peo(l)
This yields the following characterisation of reflexivity in terms of multifiltrations.

Proposition 1.3.16. Let (E) be a family of multifiltrations with associated torsion-
free T-sheaf E. Then the family of multifiltrations (ES) for (V)" is given, for o € £
and m € M by
ES = ﬂ EF. (1.16)
peo(l)

In the above proposition, the T-equivariant structure on the reflexive hull (£Y)" is
the one naturally induced by the T-equivariant structure on £ that makes the injective
map ev : £ — (EY)Y equivariant, cf Exercise 1.3.35. At the level of multifiltrations,
this injection corresponds to the inclusions
Eqc () En

m
peo(l)

Proof. From the proof of Proposition 1.3.15, we know that £ agrees with its reflexive
hull away from the sets Z,-, and hence on all the affine charts U,,, for p € X(1). Then,
EP = Ef for each ray p € %(1) and each m € M. As (EV)V is reflexive,

Eg= () En
pea(l)

The result follows. u
Definition 1.3.17. A family of multifiltrations (E,) is reflexive if for any o € ¥ and

anym € M,
Eq= () En
peo(l)

The family of multifiltrations defined by (1.16) is called the reflexive hull of (Ef).
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Corollary 1.3.18. A T-equivariant torsion-free sheaf is reflexive if and only if its asso-
ciated family of multifiltrations is.

For a reflexive family of multifiltrations (E), the data of the vector spaces E%, for
p € (1) and m € M is enough to recover the whole family. Moreover, for p € X(1)
and m € M, if m" € p*, then E? = E},. Hence, the vector space Efm] = EP is
well defined, for any class [m] € M /(p* N M). Fixing the unique primitive generator
u, € N of p such that
p=R;- Up
induces a canonical isomorphism

M/(pt N M) — Z
[m] = (m,up)

This suggests to set for any i € Z :

P(7) — P
EP(i) = E[m]

for any choice of m such that (m,u,) = i.

Definition 1.3.19. A family of filtrations (indexed by (1)) for a finite dimensional
vector space E is the data of vector subspaces (E”(7))pex(1),iez of E satisfying the
following, for each p € X(1) :

(1) The sequence i — E*(i) is increasing,
(2) There is i, € Z such that for any i > i}, E°(i) = E,

(3) There exists i, € Z such that for any i <i,, EX(i) = {0}.

A morphism of families of filtrations between (EF (e)),ex(1) and (FP(e)),ex(1) is a
morphism of vector spaces ¢ : E — F such that forany p € (1) andi € Z, $(EX (i)) C
FP(i).

We then obtained a new equivalence :
Theorem 1.3.20. The category of T-equivariant reflexive sheaves, with T-equivariant

morphisms of coherent sheaves, is equivalent to the category of families of filtrations
with their morphisms.

Once again, the details of the equivalence are left as an Exercise 1.3.36.

Example 1.3.21. We will study in the next chapter the tangent sheaf Tx of X, which
is an example of reflexive toric sheaf. Its family of filtrations will be given in the next
chapter, see Section 2.1.

Remark 1.3.22. The category of families of filtrations defined in 1.3.19 is not abelian.
To obtain an abelian category, one needs to restrict to saturated morphisms. A morph-
ism ¢ : (EX(®))pex(1) — (FP(®))pex(1) between two families of filtrations is called
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saturated if for any p € (1) and any i € Z, ¢(E*(i)) = Im(¢) N FP(i), see Exer-
cise 1.3.37. One should be careful though that the quotient of a reflexive sheaf by a
saturated subsheaf is not reflexive in general.

We finish this section with the following beautiful formula that follows from Kly-
achko and Perling’s work [39,59], which recovers a T-equivariant reflexive sheaf £ on
X from its family of filtrations (EX(e)),cx(1). It is given by setting for each o € X :

FUs€) =D [ E-(mup)) & x™. (1.17)

meM peo(1)

Locally freeness

Recall that a locally free sheaf £ on X corresponds to a vector bundle, denoted p : £ —
X, such that sections of £ coincide with sections of £, where the latter are defined on
U c X asregularmaps s : U — £ suchthat po s = 1.

Definition 1.3.23. Let p : £ — X be a vector bundle on X. A T-equivariant structure,
or simply T-structure, on X, is a regular action

D:TxE—-E

such that the following diagram is commutative:

TxE—23 €

L |

TxX —2%3 X

where recall « stands for the T-action on X. A pair (£, @) of a vector bundle together
with a T-structure will be called a T-vector bundle.

A T-equivariant structure is also called a linearisation of T on €. Let £ be alocally
free sheaf on X with associated vector bundle p : £ — X. Assume that @ is a T-
equivariant structure on £. It induces a T-equivariant structure @ on £ as follows. For
each r € T, the isomorphism

D :1'E-E

induces an isomorphism on the fibers

§tx = gtx/(mX,tx gtx) i 5x/(mX’x Ex) = §

X

still denoted by ®;. Hence, ®, := ®@,-1 sends the fiber of £ over x to the fiber over tx
and produces a morphism £ — £. Then, ®(¢, e) +— @, (e) is regular, and from (1.6),
this defines a T-structure on £. This construction works both ways, and one can recover
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the T-equivariant structure on £ out of the one on £. The details are left in Exercise
1.3.38.

Example 1.3.24. We will study in Chapter 2 many constructions of locally free 7-
equivariant sheaves. On a smooth toric variety, the cotangent sheaf, the tangent sheaf,
invertible sheaves, their sums, duals, tensor products, are locally free T-sheaves.

An important result, due to Kaneyama [37] and Klyachko [39], is that a locally
free T-sheaf over an affine toric variety is free. This generalizes previous Proposition
1.3.1.

Proposition 1.3.25. Let € be a locally-free, T-equivariant sheaf over a normal affine
toric variety X = U. Then there are weights (my,...,m,) € M" such that

E=(OF XM -Ox&...0 ™" - x)

as a T-equivariant sheaf.

We will follow here the proof of Klyachko [39, Proposition 2.1.1], using the vector
bundle formalism rather than the sheaf point of view. See also [37, Theorem 3.5] or
[58, Proposition 5.20] for different proofs.

Proof. Let £ be the associated T-vector bundle. Consider the point y, € U, such
that the orbit of minimal dimension in U, is O(o) =T - vy, cf Exercise 1.1.15. We
first follow the proof of Proposition 1.3.1, and produce the equivariant trivialisation
that we are looking for on O (o). We will then extend it on the whole U, by using the
orbit-cone correspondence.
The fiber of £ at y is a C-vector space :
g, = Cc.
Precomposing with the evaluation map on sections, we define a morphism of C-vector
spaces:
¢: T(WUsE) - C

s = 5(Yo).

Let E be maximal amongst T-invariant subspaces of I'(U, £) on which ¢ is inject-
ive. Exactly as in the proof of Proposition 1.3.1, ¢|£ is an isomorphism. Fix a basis
(€;)1<i<r of E consisting of T-eigenvectors. The sections (e;);<;<, are actually inde-
pendent at any point x € U,. Indeed, if the rank of (e;(x))|<;<, is strictly less than r
at some point x € U, then so it is on the whole orbit T - x. But by Proposition 1.1.9,
all the torus orbits contain the orbit of y, in their closure. Semi-continuity of the
rank then contradicts the fact that (e; (v ))1<i<r is free. We deduce that the sections
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(ei)1<i<r provide a global trivialisation

V/ U, xCr - I

r

(x, (cizizr) o Y ciei(x).

i=1

If m; denotes the weight of e;, we can define a representation o of T on C" with weights
(m;)1<i<r. Consider the action of 7 on U, X C” induced by a and . By construction,
Y is T-equivariant for this action, which concludes the proof, cf Exercise 1.3.38. =

Remark 1.3.26. The weights (m;)1<;<, in the previous proof have a geometric inter-
pretation. Let T, C T be the stabiliser of the point . Its character lattice is given
by M /(o N M). The T-equivariant structure on £ induces a representation of 7, on
& yor? the fiber over y . The equivariance of the global trivialisation ¢ precisely means
that the weight space decomposition of £ e for the T -action is

£, =P ety = Dk
i=1 i=1

where E,,, is aone dimensional irreducible representation with weight [m;] € M /(o N
M). Hence, only the classes of the weights (m;)1<;<, are uniquely determined, which
reflects the fact that y™ acts as an isomorphism on I'(U,, £) for m € o*. The classes
([mi])1<i<r are simply the weights of the induced representation

T, - GL(E,,).

We can actually say more. For each p € o7(1), define a filtration of the space £ ~ C" ~
E, the fiber over 1 € T C U, in the following way. Consider ¢ = Ay, (s), for s € C*,
where 4,,, : C* — T is the one-parameter subgroup associated to u,, € N. Then define
foreachm e M

EP(m) ={e € £ |3lim x"(1)- @, - ¢}

where @ : T x £ — £ is the equivariant structure given by . By construction of ¢,
we see that EF (m) only depends on (m, u,), and that e; (1) € E*({m,u,)) if and only
if m; <, m. Hence, this filtration of £, ~ E satisfies

EP((m,up)) = ) Em,.

m;<p,m

Applying the proof of Proposition 1.3.25 to U, C U, shows that this filtration (E¥ (e))
corresponds to the filtration of the reflexive toric sheaf & \u,- Finally, a direct con-
sequence of Exercise 1.1.15 is that

ll_r}g) /lup(s) =7p-
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Hence, the classes of the weights (m;)1<;<, in M /(p* N M) correspond to the weights
of the induced reprensentation of 7, on £ o

We end this chapter with the characterisation of families of filtrations that cor-
respond to locally free sheaves, following Klyachko [39, Theorem 2.2.1]. Let £ be a
reflexive T-sheaf with family of filtrations (E(e)),ex(1). If £ is locally free on some
affine chart U, C X, then by Proposition 1.3.25, there are some weights (my,...,m,)
such that

LUy, &) =C[Se][mi] ®...C[Ss][m,].

Those weights come from a representation of 7 on E that splits as

E= @ Enm,
i=1

where each E,,, is a one dimensional representation with weight m;. By Example
1.2.16, or Remark 1.3.26, we deduce that for each p € o (1),

EP((moup) = € Em,.

m;<p,m
This condition on the family of filtrations actually characterizes locally freeness.

Theorem 1.3.27. Let £ be a reflexive T-equivariant sheaf with family of filtrations
(EP(®))pex (1) Then & is locally free if and only if for each o € X, there are weights
(my,...,m,;) € M" and subspaces E,,, C E such that

E = é} Ep,
i=1

and for each p € o (1),
EP((m.up) = D) Em.

m;<p,m

We will refer to Theorem 1.3.27 as Klyachko’s compatibility condition.

Proof. We only have to show that this condition is sufficient. Let o € £ and assume
that there exists (mj,...,m,) € M" and subspaces E,,, C E such that

E = é} Ep,
i=1

and for each p € o (1),

EP((m.up)) = €D Em,.

m;<p,m
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Then, the family of multifiltrations for £ is given by
b () E*(m.up))

peo(l)
D en

/)E(T(l) m; Spm
&%

m;<om

o)
]
Il

where the first equality follows by reflexivity, the second one by assumption, and the
last one from the fact that the rays p € o-(1) span ¢ as a cone. From Example 1.2.16,
this shows that

I'Us,E) =C[So][mi]®...9C[Ss][m,].
Hence £ is locally free on U-. The result follows. |

Remark 1.3.28. Note that the weights (m;)1<;<, in the statement of Theorem 1.3.27
depend on the cone o. From Exercise 1.3.32, even for a fixed o, those weights are
not uniquely determined. However, there classes in M /(o N M) are unique up to
permutations. The one dimensional spaces E,,, may not be uniquely determined either,
if for example several weights amongst the m;’s are equal. When o is n-dimensional
and smooth, the primitive generators (u,),e (1) Of its rays form a basis of N. Then,
Klyachko’s compatibility condition determines the coordinate (m;, u,) in the dual
basis of M as the least integer j such that the summand E,,, appears in EX(j). We
then see in that case that the spaces E,,, are uniquely determined as soon as m; # m;
foralli # j.

Remark 1.3.29. Denote by (m{") the weights associated to o in Theorem 1.3.27, fora
given locally free toric sheaf £. By the proof of Proposition 1.3.25 and Remark 1.3.26,
they satisfy compatibility conditions. Indeed, if 7 < o, then y» € T - y,, and then the
projection of the classes [m]”] through

M/(c*NM)— M/(tF N M)

must agree with the classes [m]. This also shows that if X is complete, it is enough to
know the (m;”) for all maximal dimensional cones o € Z(n) to recover all the (classes
of) weights (m[ ), T € X. The collection of the classes ([m{]) sz is called a collection
of multisets of linear functions of size r in Payne’s work [56]. Seen as Z-linear maps,
they satisfy the compatibilities

m(o)| = m(7)

for T < o, and form an important combinatorial object attached to &.
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1.3.1 Exercises for 1.3

Exercise 1.3.30 (Locally free, reflexive, torsion free). Let £ be a coherent sheaf.
(1) Show that £V is torsion-free.
(2) Deduce that a reflexive sheaf is torsion-free.
(3) Show that a locally-free sheaf is reflexive.
Exercise 1.3.31 (Torsion filtration). Let £ be a coherent sheaf on X. The support of

£ is the closure of the set of points x € X with £, # 0. Define the dimension of £ to
be the dimension of its support:

d =dim(&) := dim(Supp(&)).
The torsion filtration of & is the unique filtration
0cTyE)c(E)c...cTyu€&)=¢

where foreach 0 < i < d, T;(£) c £ is the maximal coherent subsheaf of dimension
less or equal to i. Recall that a coherent sheaf of dimension d is pure if all its non-trivial
coherent subsheaves have dimension d.

(1) Show existence and uniqueness of the torsion filtration of £. Hint : dim(F; &
F>) < max dim(F;) for two coherent sheaves F; and F.

(2) Show that & is torsion-free if and only if dim(£) = n and T,,—1(€) = 0.
(3) Show that for each i, T; () /T;-1 () is either zero, or pure of dimension i.
(4) Assume that £ is toric, with equivariant structure ®.

(a) Show that for any ¢t € T, dim(+*T;(€)) < i and thus t*T;(E) C T; (E).

(b) Conclude that @ induces an equivariant structure on 7; (&) for each 0 <

i < d. Hint : use Exercise 1.2.28.

Exercise 1.3.32 (Shifted equivariant structures on affine sets). Let (€, ®@) be a torsion-
free T-sheaf over a normal affine toric variety U,,. Let m € o+ N M. Show that (&, ®)
and (&, y™ - @) are isomorphic as T-sheaves.

Exercise 1.3.33 (M, <) is a directed set). Give the proofs of Lemmas 1.3.5 and
1.3.7.

Exercise 1.3.34 (The category of families of multifiltrations). Conclude the proof of
Theorem 1.3.11.
Exercise 1.3.35 (Duality and equivariance). Let (£, @) be a T-equivariant sheaf.

(1) Let (F,¥) be another T-equivariant sheaf. Show that Homp, (&, F) inherits
a T-equivariant structure from ® and V.
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(2) Show that the dual sheaf
&Y = Homp, (€, Ox)

naturally admits a T-equivariant structure.
(3) Show that the T-equivariant structure on (£Y)" can be chosen so that ev : £ —
(Y)Y is T-equivariant.
Exercise 1.3.36 (The category of families of filtrations). Prove Theorem 1.3.20.
Exercise 1.3.37 (Saturated subsheaves). Let & be a T-equivariant reflexive sheaf. Con-

sider a T-equivariant reflexive subsheaf F c &, cf Section 2.2. We say that F is a
saturated subsheaf if the quotient £/ F is torsion-free.

(1) Show that the quotient sheaf £/ F naturally inherits the structure of a coherent
T-equivariant sheaf.

(2) Show that F is saturated in £ if and only if for all p € X(1) and all i € Z,
FP(i) = F N EP(i).
Exercise 1.3.38 (Equivariant vector bundles and sheaves). Let £ be alocally free sheaf
on X and let p : £ — X be the associated vector bundle.

(1) Let @ be a T-equivariant structure on £. Show that it induces a T-equivariant
structure on £.

(2) Assume that @ is an equivariant structure on £. Consider a toric affine chart
Uy C X. Define a representation of 7' on sections of £ v, as follows. For each
teT,and s e '(Uy, E),

(t-5)(x) = D, (s(tx)).

Show that this induces a T-equivariant structure on &.

(3) Show that (Ox, y™ - ®x) corresponds to the trivial vector bundle C x X — X
with T-structure given, for (¢, (c,x)) € T x Cx X, by

D(1,(c,x)) = (x™(1) ¢, a(t,x)) € Cx X.

(4) Conclude the proof of Proposition 1.3.25.
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Notes for Chapter 1
Monomial ideals

The first wide class of examples of coherent toric sheaves is given by toric ideal sheaves
on affine spaces, as in Examples 1.2.11.(4). Such sheaves correspond to monomial
ideals in C[xy,...,x,]. A monomial ideal is an ideal I ¢ C[xy,...,x,] generated by
monomials of the form xf !'...xP". Equivalently, / is invariant under the torus action
of T = (C*)" on C[xy,...,x,] induced by the standard action of 7' on C" (cf Example
1.1.2). The study of monomial ideals is a branch of commutative algebra on its own,
with connections to combinatorics, algorithmics, and geometry. We refer the interested

reader to the textbook [49].

Cox ring and toric sheaves

Let X be a normal toric variety with fan X. The Cox ring of X, also called its fotal
coordinate ring, is defined by

S:=Clx, | p € Z(1)],

where for each p € X(1), x,, stands for a degree one variable. The Cox ring is a C1(X)-
graded polynomial ring, where CI(X) denotes the class group of X. The group G =
Homz (CI(X), C*) naturally acts on C/*()I  and it was shown by Cox that the toric
variety X could be recovered as a categorical quotient

X = (cFWI zy/G,

where Z is the zero set of a monomial ideal B c S encoded by the combinatorial
structure of X, see [17] or [16, Chapter 5].

It was also shown in [17] that there is a correspondence between CI(X)-graded
S-modules and quasicoherent sheaves on X. This correspondence sends finitely gen-
erated modules to coherent sheaves, and is surjective, when X has no torus factor, cf
[16, Chapter 6, Appendix]. This very useful point of view on quasicoherent sheaves
over toric varieties has seen many applications in algebraic geometry and commutative
algebra, for instance to compute Hilbert series, cohomology groups, Euler character-
istics, among others.

Later on, Batyrev and Cox identified the graded S-modules corresponding to toric
sheaves on X. They proved that a graded S-module gives rise to a toric sheaf if it is
endowed with an additional Z!*()!-grading [6, Proposition 4.17]. The relation between
the 2-family description of toric sheaves and Batyrev—Cox point of view has interest-
ing applications in the study of graded algebras. As an example, we refer to [50] for
results on the multigraded Mumford—Castelnuovo regularity. As [16, Chapters 5 and
6] already offers an excellent introduction to Cox’s construction, we will focus in the
rest of the text on Klyachko’s approach to toric sheaves.



