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ABSTRACT. We study for the first time linear response for random com-
positions of maps, chosen independently according to a distribution P.
We are interested in the following question: how does an absolutely
continuous stationary measure (acsm) of a random system change when
P changes smoothly to P.? For a wide class of one dimensional ran-
dom maps, we prove differentiability of acsm with respect to &; more-
over, we obtain a linear response formula. We apply our results to iid
compositions, with respect to various distributions P., of uniformly ex-
panding circle maps, Gauss-Rényi maps (random continued fractions)
and Pomeau-Manneville maps. Our results yield an ezact formula for
the invariant density of random continued fractions; while for Pomeau-
Manneville maps our results provide a precise relation between their
linear response under certain random perturbations and their linear re-
sponse under deterministic perturbations.
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1. INTRODUCTION

Existence and stability of absolutely continuous invariant measured| are
main ingredients to study statistical properties of chaotic dynamical sys-
tems. In particular, a question that is interesting from both theoretical and
applied point of views is how does an absolutely continuous invariant mea-
sure change, and consequently the statistical properties of the system, if the
original system changes slightly?

It is known that for certain perturbations of deterministic dynamical sys-
tems one can prove that the measure changes smoothly and obtain a formula
for the derivative, called the linear response formula. Linear response for
deterministic dynamical systems has been pioneerecﬂ by Ruelle [32] followed
by Dolgopyat [16] and Baladi [5] among others [4, [7], [0} 10} 1T} 12} [16], 20, 25].
For numerical results on linear response see [3| [30]. Negative results, where
linear response does not hold are also known [5l [0, 9]. For progress in this
direction of research see the survey article [6] and the recent articles [8], 22].

However, to the best of our knowledge there are no results in the litera-
ture on linear response for random compositions of maps. Our goal in this
paper is to pioneer this direction and to provide a new point of view for
perturbations in the random setting. Indeed, in this work we study linear
response for random compositions of maps, chosen independently according
to a distribution P. We are interested in the following question: how does
an absolutely continuous stationary measure (acsm) of a random system

n this paper we focus on absolutely continuous invariant measures since they naturally
fit with the systems we consider. In particular, for the systems we consider, absolutely
continuous invariant measures are the so-called physical measures, the ones that provide
information for a large set of initial conditions.

2See [24] for earlier related work.
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change when P changes smoothly to P.? For a wide class of one dimen-
sional random maps, we prove differentiability of acsm with respect to &;
moreover, we obtain a linear response formula. We apply our results to
iid compositions of uniformly expanding circle maps, to iid compositions of
the Gauss-Rényi maps and to iid compositions of Pomeau-Manneville maps.
The latter family models intermittent transition to turbulence and is of cen-
tral interest for both mathematicians [15, 17, [19] 21, 26, 27, 28] 33), B5] and
physicists [31], while the former family provides fundamental links between
ergodic theory and number theoretic questions [13| [14], 23]. Indeed, for the
Gauss-Rényi maps we use our results to approximate the invariant density
governing the statistics of random continued fractions by the well known
invariant density of the Gauss map, @1%}, and its linear response with
respect to a Bernoulli distribution (see subsection for more details; in
particular ) In the case of Pomeau-Manneville maps we show that the
linear response with respect to a family of uniform distributions converg-
ing to a Dirac d4,-distribution, oy € (0,1), amounts to half of the linear
response with respect to deterministic perturbations (see subsection .

The paper is organised as follows. In Section [2| we study iid compositions
of piecewise uniformly expanding, piecewise C® and onto interval maps.
Under suitable assumptions on P. we prove differentiability of the stationary
density as an element of C''. Our main result in this section is Theorem
In Section [3| we study random dynamical systems whose constituent maps
are non-uniformly expanding. For this purpose we introduce an inducing
scheme and obtain an induced random dynamical system which satisfies
the assumptions of Section 2] We relate the stationary densities of the
induced random system to the original one and prove differentiability of the
stationary density of the original random system as an element of a weighted
CY%norm. Our main result in this section is Theorem 3.4l In Section 4l
we obtain linear response formulae for the systems studied in Sections
and [3| when the map ¢ — P, is a distribution of order one. Moreover, we
provide several examples of natural families where € — P, is a distribution
of order one. Section [p| contains several examples of families of maps and
distributions that satisfy the conditions of Sections [2 and [3] respectively. In
particular, it contains examples that studies iid compositions of the Gauss-
Rényi maps, an approximation of the invariant density of random Gauss-
Rényi maps (see equation ), random compositions of Pomeau-Manneville
maps chosen in an iid fashion according to a family of smooth distributions
P., and random compositions of Pomeau-Manneville maps chosen in an iid
fashion according to a family of uniform distributions P. converging to a
Dirac d-distribution. Section [f] is an appendix which contains facts about
distributions of order one, a proof of linear response for Markov operators
with a uniform spectral gap, and a proof of a uniform spectral gap on C?,
i = 1,2, for the transfer operators associated with the systems studied in
Section 21
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2. PIECEWISE UNIFORMLY EXPANDING RANDOM DYNAMICAL SYSTEMS

In this section we introduce a class of (family of) random dynamical
systems whose constituent maps are uniformly expanding, with a finite or
countable number of branches, for which we will be able to prove a linear
response formula.

2.1. A class of uniformly expanding maps. Let X be a compact in-
terval, and m be the normalized Lebesgue measure on X. Let (£2,P) be a
probability space. Let T,,: X — X, w € Q be a family of maps such that for
each w € Q, there exists a finite or countable set Z,, and a partition (mod 0)
of X into open intervals X, ,,, 2 € Z,, such that the restriction of 7}, to X,
is C? and onto. We denote by gz w the inverse branches of T, on X, .. For
convenience we take the same labelling set Z for all the w’s. Since all the
maps have finite or countable number of branches this is always possible by
introducing empty branches g. ., whenever z and w are not compatible. In
all the sums over z that will appear we will not count these empty branches.

2.2. Stationary measure of the Markov process. We study the random
dynamical system defined by the i.i.d. composition of maps T,,, with w
distributed according to IP. The random dynamical system induces a Markov
process with transition kernel

zmxrA>-/glA< () dP(w).

We say that a measure p on X is stationary if for any measurable A C X

/p@AMMMZMM%
X

or equivalently, for any ¢: X — R measurable and bounded,

//¢OT )dP(w)dp(z /qs Ydp(z

For ¢ € L>®(X) and ® € L'(X) we have

//%T OdP(w)dm = //¢OT ddmdP(w)
= /Q /X ¢ Ly, dmdP(w)
_ /X ¢ /Q L, ®dP(w)dm

where L7, is the transfer operator associated with the map 7, defined by

Lp,®=Y ®og..-|g .l
z€Z

We set
Lp® ::/LTwCDd]P’(w).
Q

In particular, any stationary measure p absolutely continuous with respect
to m, with density h, satisfies

Lph = h.
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Lp is called the transfer operator of this random dynamical system.

2.3. The perturbed random system. Let P, be a family of probability
measures on ). We are interested in studying the change in the statistical
behaviour of the random systenﬁ (Q,{T.,},P.) as € changes in a neighbor-
hood V of 0. The transfer operator of the perturbed system is denoted by
Lp_. We assume:

(A1) there exists D > 0 such that
9z(2)
92(y)

for any z,y € X, z € Z and w € ). Moreover, there exists M > 0
independent of ¢ such that for ¢ = 2,3 we have

sup 5up/ |gz) |dP.(w) < M. (2)
e€V c reX JQ

—1' < Dla—y W

(A2) There exists 3 € (0,1) such that sup sup sup |g_ ,(z)| < 3.
weN ze€Z xeX
Proposition 2.1. Under assumptions (A1)-(A2), for each ¢ € V the op-
erators Lp, has a uniform spectral gap on C' and C2. In particular, the

random dynamical system (Q,{T,,},P.) admits a unique stationary density
h. € C2.

We postpone the proof of Proposition [2.1] to the appendix.

Remark 2.2. Assumptions (A1) and (A2) are only needed to insure a uni-
form spectral gap of L. on C' and the uniqueness of the stationary density
he € C%. It may be possible to prove such properties under a different set
of conditions. Thus, to keep the exposition about linear response as gen-
eral as possible, we do not assume conditions (A1)- (A2) below. Instead, in
condition B, we assume that Lp_ has a uniform spectral gap on C' and the
existence of a unique of the stationary density h. € C2.

Assumption B Assume that Lp. admits a uniform spectral gap on C*.
Moreover, assume that the random dynamical system (€2, {7}, },P.) admits
a unique stationary density h. € C2.

For each z € Z, and ® € L'(X), let

bulera) = /Q [ 0 gl || (1) P (w). (3)

e For ® = hy € C? we assume that the partial derivatives 9.1, (e, ),
05 (e,2), 0,0:, (e, ), 0:0,1, (g, x) exist and jointly continuous in

3 A common way to have a parameter dependent random system is also when the
system consists of a fixed probability space (2,P) and a parametrized family of maps
Tw,s, w e Q, eeV.

This situation can be represented in our framework, with the new probability space
Q) x V and the probability measure P, = P ® J..
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(e,2) on X x V. Hence, 0:0;9.(¢,x) = 0,0:1. (e, z). Moreover we
assume that for ¢ = 0,1 we have

> " sup sup |0-9{) (e, 7)| < oo, (4)
oy eeVzeX

where ¥* = ¢, and ¥V = 8,4..

e In addition, we assume that for any ® € C!, 1, (e, z) and 9,1, (e, )
exists and are jointly continuous. Moreover, for ¢ = 0,1 we assume
that

S sup sup [0l(e, 2)| < oo. 5)
oy eeVzeX

Theorem 2.3. Let (Q,{T,},P.) be a family of random dynamical systems
as described above. Under assumption B, the density h. of the stationary
measure is differentiable as a C' element at € = 0, that is there exists

h* € C! such that

In addition, the following linear response formula hold:ﬂ'

h* := (I — Lp,) " 0-Lp_ho|-=o, (7)

—h*||c1 — 0. (6)

where

0.Ls.halio = 0.3 [ (100 gl 0P,

z€Z

Proof. Under assumption B, we verify in a series of lemmas below that the
operators Lp_ satisfy the assumption&ﬂ of Proposition O

Lemma 2.4. The map € — Lp_hy is differentiable at e = 0 as a C' element.

Proof. We consider the maps 1), defined in Assumption B with ® = hy € C?
(by Lemma [2.1)). Since Lp.ho = Y, 1. (¢) it suffices to show that

(i) for each z € Z, the map ¢ € V + 1,(¢) € C1(X) is differentiable;

(ii) the series ) ., sup.cy [|0=9:lc1(x) < o0.

We only prove (i) since (ii) follows from ().

By the commutation relations given by the first item of assumption B we
have

551/&(5)(2) = (aawz(g))(1)7 1=0,1 (8)

and these are continuous functions on X x V.

Let v € V and € be small. We have
[1h=(e +v) = ¥2(v) = €(0c=(Olc=v)lcr(x) =

1
S 19 + ) — 600) — @D Olec)loe.
1=0

4Explicit linear response formulae will be derived in Section
5Proposi‘cionprovides general conditions to obtain linear response for systems whose
Markov operators admit a uniform spectral gap on some Banach space.
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For each x, by the mean value theorem, there exists t;ye such that 1/19) (e4v,x)—

1/1?) (v,2) = 5841/19) (C737)’C=t?;,57 with [t _ —v| < e. Therefore, by the joint
continuity,

@ < el Z sup 0 (G @)=, . — Ot (€, @)=l = 0(e)-

ZO‘T

O

Lemma 2.5. For any ¢ € C!, the map ¢ — Lp_¢ is continuous at € = 0 as
a Ct element.

Proof. We consider the maps 1, defined by with a general ® € C!. Since
Lp,® =", 1.(¢) it suffices to show that

(i) for each z € Z, the map ¢ € V + 1), () € C}(X) is continuous;

(ii) the series ) _c sup.cy [[¥:c1(x) < oo

We only prove (i) since (ii) follows from ().

Let v € V and € be small. We have

[9=(e +v) = Yz (v)llerx) = an( e+0v) =0 (0)]loo = 0(c)  (10)

by joint continuity. O

3. RANDOM DYNAMICAL SYSTEMS WITH AN INDUCING SCHEME

3.1. Family of maps. Let X = [0,1] and A a closed subinterval of X.
We consider a finite number ¢ > 1 of one-parameter families of maps. The
parameter of the kth family is defined on a compact interval I, C R (we
allow the possibility of I to be reduced to a single point) k = 1,...,¢. For
each k and u € I}, the map Tj,: X — X is piecewise C! with a finite or
countable number of monotonic full branches. Let Py, be the partition of
monotonicity intervals of T}, ,. We assume that A is a union of elements of
Pr, for all k, and u € Ij. Let N™ and N°* be two disjoint copies of N.
We enumerate the branches of T}, ,, starting from A with N " and the others
with N°¥,

Let Lr, , denote the transfer operator associated with T ,, which is de-
fined by

Ly, (@)@) = > ¢y
T u(y)=2
For convenience and the purpose of inducing, to keep track of the family
k we add it into the label of the branch. Let S™ = {1,...,/} x N
Seut = £1,...,4} x N and let S = S U S be the new labelling set.
When s and k are compatible, that is the first coordinate of s is k, we
denote by gs k. the inverse of the sth branch of Ty ,. Then Ly , reads

LTkyu (¢) = Z ¢o 9s,ku |gg,k,u|> (11)

sES

! ku(y)!

where we ignore, here and in the rest of the paper, terms that correspond
to non compatible s and k.
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3.2. Stationary measure of the Markov process. Let Q = {1,...,¢} x
R. Let P be a probability measure on €2, supported on Uf;zl{k} x I. Let
7 be the marginal measure of P on {1,...,¢} and 7 be the conditional
measure of P on {k} x ;. We study the random dynamical systems defined
by the i.i.d. composition of maps T, with w distributed according to IP. The
random dynamical system induces a Markov process with transition kernel

M%le;a () dP(w).

We say that a measure p on X is stationary if for any measurable A C X

/p@AMM@=uM%
X

or equivalently, for any ¢: X — R measurable and bounded,

//¢OT )dP(w)dp(x /<z> Vdp(z

For ¢ € L>®(X) and ¢ € L*(X) we have

/ / 6 0 T bdP(w)dm = / / ¢ o T bdmdP(w)
- /Q /X S L7 pdmdP(w)
_ /X é /Q Lo bdP(w)dm

Lyt := /Q Ly, pdP(w).

In particular, any stationary measure p absolutely continuous with respect
to m, with density h, satisfies

We set

Lph = h.
Lp is called the transfer operator of this random dynamical system.

3.3. Examples of random systems. To illustrate the construction in
Subsection we provide the following two examplesﬂ:

Example 3.1 (Gauss-Rényi). Let G and R be respectively the Gauss and
Rényi transformations on the unit interval. Recall that G(z) = 1/x mod 1
and R(x) = 1/(1 — x) mod 1. The random system consists of choosing
randomly the Gauss and the Rényi map, with respective probabilities p and
1 —p, with p € [0,1]. We model this example with { = 2, I; = I = {0},
Tvo=6,Teo =R, m =p, 72 =1 —p which determines P. This random
dynamical system is used to study random continued fractions [23].

Example 3.2 (Pommeau-Manneville). Let [ag, a1] C (0,1). For a € [ag, a1]
a map To is defined by:

_Ja(r+202%) 2 €0, 3]
7;"(5”)_{295—1 ve (1] i

6Later in Section |5 we will show that the random systems in both examples admit
linear response for suitable perturbations of P.
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The random system consists of choosing randomly the parameter o with
probability n, supported on [c,a1]. We model this example with ¢ = 1,
I = oo, 1], Tho = Ta, m1 = 1, m1 = n which determines P.

3.4. An inducing scheme and assumptions. Given @ € OV, we write
T8 =T, ,0---0T, 0T, : X — X. For & € QY we define T}, as the first
return map under the orbit of T to A;ie., for x € A

where
Ry(x) =inf{n >1: T} (z) € A}.

Let Z be the set of finite sequences of the form z = 221 . .. z,, where 2y € S
and z; € S° for i = 1,...,n and n € N. We denote by |z| = n + 1
the length of the word z € Z. We set g, = 20,00 © G211 © " © Gz om-
Then for x € X we have TSH ©g.u(x) = x. For each @, the cylinder
sets g.(A), form a partition of A (mod 0). Note that on g.(A) we
have R;(-) = n + 1. We assume that the maps (A, {7} },cqn) satisfy the
assumptions in Subsection piecewise C3 and piecewise onto.

3.5. An induced random dynamical system. Let Q=N and P = PN,
We study the random dynamical system defined by the i.i.d. composition
of maps T}, with & distributed according to P. Following the framework of
Subsection for ® € L'(A), the transfer operator of this induced random
system is given by

L0 = [ Lawdb(@) =3 [ ®og.aldolab@) (12)

z2€Z

where ﬁT@ is the transfer operator associated with Tw Notice that j;P

reduces to
EDY / D0 g 0|g% u|dP(w).
2€Z Q

The density h of any absolutely continuous stationary measure fi of the
induced random system satisfies

A A

Lsh = h.

3.6. Unfolding the density of the induced random dynamical sys-
tem. For ® € L(A), let Fp(®): X — R be defined by

Fp(®) :=1a® + (1 - 1a) Y /Q D0 g. 0|9l o dP(@). (13)
z2€Z

Note that Fp is a linear operator. In the next lemma we show that if his a
stationary density for the induced random system then Fph is a stationary
density (up to normalizationﬂ) for the original one discussed in Subsection
3.2

Proposition 3.3. Let h € LY(A) be such that IA/I@jL = h. Then Lp(Fph) =
Fyh.

7VVO]rking with un-normalized densities keeps the operator Fp linear.
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Proof. Using the expression ([L1]) for Lp we get

LPF]}D;L = / LTwFiLdP(w)
Q

-y /Q (Fh) 0 gos - gl dP@) + 3 /Q (Fh) o gu - g, |dP(w)

sesin seSout
DD
Q
The expression (II) can be rewritten,

= Z / ho 9sw * |g;,w‘d]P)(w)
segin Q
(/ ho 9z ’9;,@
se Sout 27 Q
=(I)+ (I1).
Z Z / (h 0 9zwo..w)z -1 ‘92,w0~~~w\z\—1 |)Ogs’w\2| '|gé’w\zl |dP|Z‘+1(wO o -W\z|)
z€Z seSout Q=i+t

dfw) 0 gouw - |9 P ()

Therefore, by using the fact that for any n € N, (wy, .. .,wp,w) (under Px P)

has the same distribution as wy - - - wy4+1 under P,

(II) = Z /Qilogz,w : fglz,w

2€Z,|z|>2

dP(%).

Finally,
dP(%).

O+ D= [ hogo-lds

z2€Z Q
Therefore, on A, LpFph is equal, by (12]), to IA/H;)B =h= Fpﬁ, and outside
A it is equal to Fph by definition. O

3.7. The perturbed random system. Let P. be a family of probability
measures on 2, supported on Uf;zl{k} x I. Let V be a neighbourhood of 0.
Let 7. be the marginal measure of P, on {1, ..., ¢} and 7, . be the conditional
measure of P on I x {k}. As in Subsection[2.3] we are interested in studying
the change in the statistical behaviour of the random system (Q, {7}, },P;)
as € changes. We assume that [A/I@,E admits a uniform spectral gap on C?.

Moreover, assume that the random dynamical system (Q, Tw},]f”a) admits
a unique stationary density h. € C2. By Proposition the stationary
densities of the original random system (€, {7}, P.) and the induced one
(Q, {13}, P.) are related b

he = Fp_(he). (14)
Let H denote the set of continuous functions on (0, 1] with the norm
I f [l=sup [z7f(x)],

z€(0,1

8Note that he is un-normalized. When h. is integrable; i.e., when the random system
preserves a probabilistic acsm, once the derivative of h. is obtained, the derivative of
the normalized density can be easily computed. Indeed, if he = h + eh™ + o(e), then
Jhe=[h+¢e[h*+o(c). Thus, ag(ﬁ)gzo =h"—h[h"
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for a fixed v > 0. When equipped with the norm || - ||3, #H is a Banach
space. For each z € Z, and ® € L'(X), let

Julez) = /Q [ 0 g 519 o) (2) AP (@), (15)

In Theorem [3.4] below we prove the differentiability, at € = 0, of & + h. as
an element of H under the following set of conditions:
e For ® = hy € C? we assume that the partial derivatives 85@@2(&:0),
89577@,2(5,50)7 896351/2(5,30), 8585,;1@(5,95) exist and are jointly continu-
ous on A x V, whence, satisfy the commutation relation 9.8, (e, x)
= 836851&2(6,30). For any ® € C1, @;Z(e,$) and OEQ,ZA)Z(&,x) exist and
are jointly continuous on (0,1] x V. Moreover we assume that for
1= 0,1 we have

sup sup 0.9 (=, )| < oc, (16)
e Z e€V zeA

where 1&&0) = @Z and 1&&1) = 8551[12.
e For ® € C!, 9, (e, x) and 9,1, (¢, x) exists and are jointly continuous.
Moreover, for i = 0,1 we assume that

sup sup |9 (e, z)| < oo, (17)
=y eeV zeA

e For any ® € C?, we assume that

> sup [z (e, )l < oo (18)

ez eeV
e For & = lAzo € C? we assume that

Zsup Has:?zz(a)”')-l < 0. (19)

=y eeV

Theorem 3.4. Let (2, {T,},P;) be a family of random dynamical systems
defined as in Subsection|3.7. Then

(1) there exists h* € H such that

hs - hO
€

lim | — Bl = 0;

e—0

i.e., he is differentiable as an element of H with respect to € ate = 0.

(2) In particular, if the conditions and hold for v < 1 in the
definition of H, then

. ha - hO
lim ||
e—0 €

— ¥y = 0.

Remark 3.5. An explicit formula of the derivative h* is given in Section [{}

Proof. (of Theorem Assumptions and state that the induced
system satisfies the assumptions of Section Let h* = aEiL,;’E:O be given
by Theorem applied to the induced system (with hat). The argument
starts from the first order expansion of h. in C!

he = h +eh* + o(e).
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Using this, we then obtain, by the second statement of Lemma below
and relation the following expansion in H

he = Fp_(he) = Fp_(h) 4+ eFp_(h*) + o(e).

Finally, we obtain by Lemma [3.7|below and the first statement of Lemma
below the first order expansion of A, in ‘H

he = h + £(Qh + Fp(h™*)) + o(e),
which finishes the proof of the theorem. O

Lemma 3.6. Fp_(h*) — Fp(h*) in H and Fp. is uniformly bounded in
L(COH).

Proof. To prove uniform boundedness we use assumption to get, for
®ecCO,

1. (®)[3 = [[1a® + (1 = 1a) > (e, )|
z€Z

< [[®llco + ZSUP 9= (e, )l < oo
zEZE

Next, to show Fp_(h*) — Fp(h*) in H, it is sufficient to prove
(i) for each z € Z, the map € € V > 1),(e,-) € H, defined with & = h*,
is continuous;

(ii) the series ZzEZ SUp.cy ||1ﬂz( M < oo.
Notice that (ii) is implied by condltlon . Moreover, condition im-

plies that v, (¢, ) € H. Finally, For ® = h* € C, the map v, (e, -) is JOlntly
continuous on (0, 1] x V' by assumption. This 1mphes (i). O

Lemma 3.7. The map € ijl is differentiable as an element in ‘H and
O-Fp_h|:=0 = Qh, where Q is defined by

Q(I) 1 - 1A Z 55% |€ 0- (20)

z€Z

for any differentiable function ®.

Proof. 1t suffices to show that

(i) for each z € Z, the map € € V — 1. (e,-) € H, defined with & = h* is
differentiable; R

(i) the series > ., sup.cy [|0-42 (e, -)||% < oo.
We only prove (i) since (ii) holds under assumption (19)). For (i) let v € V
and € be small. For each x, by the mean value theorem, there exists ¢, .
such that 9. (e +v,x) — . (v,x) = €0¢p. (¢, ¥)l¢=t,.., With [tz —v] < €.
Therefore,

sup |27 (32 (e 4 v) — = (v) — e(9¢ 1= (C)l¢=v)]]

z€(0,1]
=k c01) |27 [0c=(C ) le=t,. . — Oct=(C, @)= = 0(e),
xe(0,

(21)

where we have used joint continuity of ¢t on (0,1] x V. O
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4. EXPLICIT COMPUTATION OF THE LINEAR RESPONSE FORMULA

To obtain an explicit linear response formula we assume that for all &,

(i) the maps ¢ — m-(k) are C*.

(ii) the map € > ny. is C'! as distribution of order one. That is, for any
C! function ¢: I, =+ R

d
0. / odny.o(u) = didyk,g(u), (22)
I 1, au

where v, ., € € V, is a continuous family of signed measures with bounded
total variation.

4.1. Natural families of distributions. Before obtaining an explicit for-
mula of the linear response under assumption , we first present families
of distributions on an interval I satisfying assumption .
(1) The first and easiest class is the translations of Dirac measures. Let
a € I be an interior point and let V' be such that a 4+ ¢ € I for any
€ € V. Then 1z = 6.1, is a smooth family of measures. Indeed, for
any ¢,e0 € V and ¢ € C1(I) we have

d
(0, 0e+a) = pla+e) = pla+ o) + (£ = £0) - luzas=) + (I = 20l)

= (s )+ (£ = 0) e 520 + (e <o)

(2) The second class of examples is the convex combinations of Dirac
measures: 7. = Zf\il pi(€)0q,+e, where p;, i =1,..., N is a family of
non-negative, smooth functions with Zfil pi=1,and a;,a; +e €1
for every i = 1,..., N and ¢ € V. By linearity and Example for
every ,e0 € V and ¢ € C'(I) we have

z—:+a Z pzSO a; + 5

piplaite) +(e e Zpl = lu=a-te + (I = o)

\\Mz

= (s ) + (¢ f50><nso,f%j> +olle — eol).

(3) Let u be a finite Borel measure on I and p. : I — R be a family of
densities which is C! in €. The family dn. = p.dy is a smooth family
of measures. As above for any ¢ € C!(I) we have

<7787 90> = /@Pedﬂ = /30(/760 + (5 - 50)8#)8’8:60 + 0(|5 - 50‘))d,“«
= (Neo> ) + (€ — €0) (@, Pey) + 0(le — 0l),

where dve, = 0-pe|e=e,dp. This shows differentiability of 7. and the
derivative is .. However, to show that 7. satisfies , letting a
be the left endpoint of I, we assume without lost of generality that
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p(a) =
<7767 >

(7o) = (ne0, @) + (€ — £0 // $)dsdi., (u) + of|e — zo|)

= (s @) + (2 — <0) / /1 s + ol — o)

= <77€07§0> + (5 - 50)<30/7 VEO> + 0(‘5 - E0|)7

where v, is the measure with density o, (IN]s,+o00[) with respect
to Lebesgue on I.

(4) The final class of examples we consider is a family of uniformly dis-
tributed measures which converges to a dirac measure. Let a € I be
an interior point. For € > 0, let . = p-du be a family of probability
measures on I with

1 .

= if we (a,a+¢),
Pe(u) =9q° . ( )

0 otherwise,

0 (Indeed, one can define ¢(x) = p(z) —¢(a) and notice that
= (Ne, ) + ¢(a)). Then we have

and let g = J,. By direct computation we have, at € # 0, for any
peCt

1 a+te -1 a+te 1
865/ o(u)du = = / o(u)du + ggo(a +e).

We suppose without loss of generality that ¢(a) = 0 and proceed as
in the previous example to get

-1 a+te 1 a+te
[ dare-wder D [ Gwdn= ),
a a

O:(ne, p) = 22

where v; is the measure with density “5*1(4 q4¢). This shows dif-
ferentiability at € # 0. Furthermore, since v, converges weakly to
%5a as € — 0, this implies the differentiability at € = 0 as well, with
Vo = %5,1.

4.2. Explicit formulae. Throughout this subsection we use the following
notation:

|z|—1

H Tkj.e

e /
Bk75<(I)) T / @ © gzyu0:~'~7u\z|—l ‘gz,uo,...7u|z|,1 ’dnkoyﬁ e dnk‘z‘,l,ﬁ'
IkOX kal -1

We have
QZJZ(Ea ) = /Q(I) ©Gzw - |g;,®|dﬁbs(d}) = ke By (@) ().

Remark 4.1. Note that when the random dynamical system is in the setting
of Section @ i.e., when inducing is not required, |z| = 1 in the definitions of
are and By .. Consequently, the linear response formulae derived below can
be also adapted to the case of Section |9 with the appropriate simplification.
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Lemma 4.2. Let z € Z and set n+1 = |z|. Fork = (ko, ..., ky,) compatible
with z, let P, j o = Ngye X -+ X Mij_1,e X Vhje X Mhjpqe X 00 X Mk, e where
Vk; 0 = Oehi, e in the sense of . The functions ap. and Bk’g(fz) are
differentiable in € and

n
85‘%,5 = Z 857Tkj,s H Tk; e
Jj=0

i#£]
n
8€Bk,€ = Z/ [h/ © gz,UO,m,unaujgzwo,m,un|9;,u0,...,un|+ (23)
]70 IkOX"'XIkn

+iL o gz,uo,.‘.,unauj ’g;,u07...,un |] dPZ,j,a(UOa ceey un)
8672)2 (Ea ) = asak,a : Bk,a(h)() + ke - asBk:,a(iL)()

Proof. The fact that day . is differentiable is obvious from the definition.

The differentiability in e of By (h) follows from Lemma and the rest is
a direct calculation. U

Corollary 4.3. Let (Q, {Tw},lﬁ’a) be a family of random dynamical systems
defined on the interval A that satisfies the conditions of Section[2.3. Then
the density h. of the stationary measure is differentiable as a C' element.
Moreover, under condition we have the following explicit linear response
formula

= (I = Lg) ™10 Ly B, (24)
where

8€j_11@)6i7/‘8:0 = Z [&akﬁ . Bkﬁ(il) + Qe - agBk,E(}A‘L)] ’5:0. (25)

z

Proof. The differentiability of h. and formula follow from Theorem
The formula follows from Lemma (]

Remark 4.4. Notice that when { =1 and ne := dy+e, the explicit represen-
tation of formula s given by
h* = (I — L) 'Ly[ALR, + A%R,],

where ﬁ; is the spatial derivative of iLu, the invariant density of T, and
dm - ()| e (M B i)
" a =
T1/Hrs

9y U ~ ~
T112+5 T{Hrs
which is the classical linear response formula for deterministic piecewise C3,
piecewise onto and uniformly expanding interval maps (See for instance [0, 4]
for the deterministic case).

Corollary 4.5. If (Q,{T,},P.) satisfies the assumptions of Section
then the density h. of the stationary measure is differentiable as an H ele-
ment. Moreover, under condition we have the following explicit linear
response formula

)

e=0 =0

h* = Fp(h*) + Q. (26)
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where h* is the response of the induced random system (Q, {Tw},ﬁ”g) and

Qh = Z [&sakﬁ . Bk,s(?z) +age - 8531@,5(13)} |e=0, (27)

where O-ay . and 8EBk7€(iL) are given by the formulae in Lemma .
Proof. The proof follows from Theorems and Lemma O

5. APPLICATIONS

5.1. Random uniformly expanding circle maps.

Example 5.1. (expanding circle maps) Let

Ti(x) =2z + Asin(2rz) mod 1 and Tr(z) =2z mod 1,

where \ € (—i i) is a fired number. The random system consists of

27 27
choosing randomly Ty with probability € and Ty with probability 1 — e, which

determine the P, on Q = {1,2}.

Notice that T, T5 are smooth and uniformly expanding circle maps. Thus,
inducing is not required and we can directly apply the results of Section
to see that the random system admits a stationary density h. and that this
density is differentiable as a C'! element at ¢ = 0. To obtain such a conclu-
sion we check that assumptions (A1), (A2) and (B) are satisfied.

Verifying (A1) and (A2)
For i = 2,3 we have

> [ 101apw) = e (31 + 16§11) + (1 =) (10l + o)) @9
2€Z

Notice that |g£l)2| + |g§l)2\ < 1 for ¢ = 1,2,3. Moreover, T{(z) = 2 +

2r A cos(2nx), Ty (x) = —4r?Asin(2nz), T{"(x) = —8m73\cos(2nz). In par-

ticular, T7(z) > 2 — 27X > 1. Thus, sup, (‘T, 3;' < D < oo. Consequently,

(A1) is satisfied. Condition (A2) is satisfied with 8 = (2 — 27\)~! < 1.

Verifying assumption B
We have

(e, 2) = £(® 0 galg 1)) + (1 — £)(@ 0 galgl o)), for j =12
Now, existence and continuity of partial derivatives of (e, z) is obvious.
Since sums in and reduces to a finite sum and the elements w](-l) (e,x)

are |8€w](-i) (e,x)| are uniformly bounded in ¢ and z, conditions and
are satisfied.

Remark 5.2. Using the above family, one can also verify that the follow-
ing random dynamical system satisfies our conditions and admits linear
response: (Q,{T,},Pe), where Q := (=5, ), T,(z) := 2z + wsin(2rz)
mod 1 and P, := 7 + ew?. We leave this for the reader to verify.
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5.2. Random continued fractions: Gauss-Rényi maps.

Example 5.3. Let G and R be respectively the Gauss and Rényi transfor-
mations on the unit interval. Recall that G(x) = 1/x mod 1 and R(x) =
1/(1 —x) mod 1. The random system consists of choosing randomly the
Gauss and the Rényi map, with respective probabilities p. and 1 — p., with
limpope = p € (0,1). We assume € + p. is C*. Moreover, we assume

38 € (0,1) such that max{pe,1 — p:} < B.

Notice that G, R are smooth and piecewise onto. It is worth noting that
the individual maps are not uniformly expanding. However, the random sys-
tem is expanding on average: sup, (% + 71277(’;5)) < max{pe, 1 —p-}. Thus,
induciqg is not required. Indeed, one can use the assumption max{p., 1 —
pe} < B together with differentiating, in z, the transfer operator

) e

o0
De 1 1 —pe 1
L.®(x) = i) d11-
-2 (z) ;(n—l—x)2 <n+x>+(n+m)2 ( n+x
to obtain a uniform Lasota-Yorke inequality on C?, i = 1,2. The uniform
spectral gap on both spaces will then follow from the fact that the system
is random covering [23]. Consequently, for each € € V, the random system
admits a unique stationary density h. € C?. We now show that this density

is differentiable as a C' element at € = 0. To obtain such a conclusion we
check that assumption (B) is satisfied.

Verifying assumption (B)
Notice that

_ De 1 1—pe 1
vale2) = (n—l—x)Qq)(n—i-x) * (n—i—x)?@ (1_ n—i—x)'

Note that € — p. is C'. Thus, assumption B is satisfied since, for i = 1,2,

Z/Q |99 |dP. (w) = i <n_1m)(i)

z2€Z n=1
5.3. Approximating the invariant density of random continued frac-
tions.

< 0. (30)

Example 5.4. In this example, we revisit the Gauss and Rényi maps G(x) =
1/ mod 1 and R(x) =1/(1 —z) mod 1. The random system consists of
choosing randomly the Gauss and the Rényi map with probabilities 1 —e and
€, respectively.

Notice in this example 1—¢ is the weight on the Gauss map. The invariant
density of this random map is not known explicitly [23]. Using Theorem
we obtain that the invariant density, h., of this random map is approximated
by the invariant density of the Gauss map and its linear response; i.e.,

he = hg + (I — Lg) '0.L.hg|.—o + o(e), (31)

where
85L€hg‘5:0 = —hg + LRhg,
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hg = @14%1 is the invariant density of the Gauss map, Lg, Lg, L. are the
transfer operators associated with G, R and the random map respectively.
Moreover, the error term, o, is in the C'-topology.

To verify the assumptions of Theorem 2.3|for this example, we show below
that the second iterate of the random map is (uniformly in €) expanding on
average and consequently have a uniform spectral gap on C?, i = 1,2 and
there is no need to induce in this case (see subsection in the appendix
for a proof). Moreover, the verification of assumption (B) follows verbatim
as in the previous example.

5.4. Random Pomeau-Manneville maps and a family of smooth
measures.

Example 5.5. Let [ag, 1] C (0,1). For u € [ag, 1] a map T, is defined
by:

) x(1+ 2% z € 0,3,
T“(x){za;—1 ze (1,1, i

The above family of maps was popularized by the work of Liverani-
Saussol-Vaineti [27] which is a version of the famous Pomeau-Manneville
family [3I]. Throughout this section we assume a3 < 2ap < v < 1 + ay,
where v is the constant in the definition of the H norm. Note that this is
only a constraint on the distance between a; and ag but not on their range;
i.e., ap can still be any value in (0,1). We now verify assumptions (A1),
(A2), (16), (17), and for the family of maps in Example with
the family of probability measures 7. on [ag, 1] defined by dn. = p.du,
where

2 (&%)
= - = 32
Pe= (a1 — ao)(ar + 2¢) (u=75 +e) (32)
with N
el < = (33)

The family of densities p. has the following property:
- pe

Pe

Lemma 5.6. < C for some C independent of €.

Proof. Direct computation shows that %= = (ali(gsl;(;o;o:j:)rzs)' Since |e] <

ap/4 and u € [ap, aq] we have (o + 25)(2514 —ap+2¢e) > (a1 —ap/2)ap/2 >
ai/4 and |2(a; +ap —2u)| < 2(a1 —ap). Letting C = 8(ag — )/ finishes
the proof. O

Define the random system (€2, {T,,},P.). Set Q = [ap, a1]" and P. = nL".
In this example ¢ 4 = Gzupur,..;un = 90 © Guy © * ** O Gu,,, With go(x) := ’%rl
and g,, = Tu;ll, where T, 1 := Tu,l(0,1/2], and n = |z| — 1. For each w we
define a sequence of pre-images of % as follows. Let z{(w) = 1, 2} (w) = 2,
and

1
r (W) = gzw(g) for n > 2. (34)

The sequences {z},(w)} will allow us to define the inducing procedure for
each T,,. Notice that the sequence {z),(w)},>0 generates a partition P,, =
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yUn—1

under the orbit of T} to A; i.e., for x € A

{(2},(w), 2}, _1(w)] | n > 0} on (3,1]. We define T,, as the first return map

To(x) = TR (x),
where

Rl )., () = M- (35)
The random dynamical system (Q, {7}, P.) is then defined with T}, := T,
where [@)o = w. Note that in this example 7/ (z) > 2. Thus, (A2) is
satisfied. To verify the (Al) we first introduce some notation. Related to
the random sequence {z, (w)}, we define another random sequence {z, (w)}
which takes values in [0,1/2]. Let z1 = % and z,(w) = §.w(3), where
Jzw = Guy © 0 Gu,- Let ag,a; € €2 be two constant sequences whose
entries are ag and «; respectively. For all n > 1 and w € ) the following
inequality holds

zn(ag) < n(W) < Tn(ay). (36)

The proof of the inequality is analogous to that of Lemma 4.4 in [I]. More-
over, it is well known that =, (ag) ~ %aal/aon*1/0‘0 so if we define ¢, (qy) :=
Zn(ag)n'/? then lim, ¢, (ay) = lozo_l/ao = c(ag). We define ¢,(a;) and
¢n(aq) analogously. Therefore, implies that

cnlag)n ™V < ay(w) < ealag)n™ /L (37)
Note that M = ], (w), where o : Q —  is the one sided shift map.
Verifying (A1)
A key step to verify (Al) is the estimation of E,_[z],_;(w) — z;,(w)]. This

will be achieved by using the other random sequence {z,(w)}. We first start
with an auxiliary lemma and a corollary.

Lemma 5.7. Let ¢ > 1 and &(n.) = % Then, as t — oo
1
Ev?75 [e—(cu—ao)t} ~ 5(7’]5) . & . 6—(c—l)a0t' (38)
Proof. We have
t
(a1 — ag) (a1 +2¢) Ja, 2
2¢~(c=1)aot 1 ( ap 1 . a 1
R il ) _ e—clar—ao)t _2 il
(1 — ) (g +2¢) ct (( 2 +€+ct) ¢ (o 2 +€+ct)>

L ao + 2¢ —(e=1)aot
ct (g — ag)(ag + 2¢)
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Lemmashows that assumption (5.11) of [2] is satisﬁedﬂ Consequently,
we obtain an upper bound on the z,(w).

Corollary 5.8. There exists ¢ > 0 independent of € such that x,(w) <
1

1 1
2¢1/20n " a0 (logn)@0 . In addition one can find constants C > 0, u > 0,
ve(0,1) z'ndependemm of € such that P.{ny > n} < Ce™""",

Lemma 5.9. There ezists a C > 0, independent of €, such that

g ]2
2B, [t () — ()] = By a1 (0w) — ma(ow)] < ¢LBH 2
neo
Proof. By definition E,_[2], ;(w) — 2}, (w)] = 1B, [zp_1(ow) — zy(ow)].

Thus, it is enough to deal with E,_[z,,_1(ow) — z,(ow)]. We have
Ey[tn-1(ow) = zn(ow)] = By [2n-1(0w) — zn(w)] (10)
= By, [2°° (2 (w))** ],

where we have used stationarity to write E,_[z,(w)] = E,_[z,(ow)] and that
Ty (20 (w)) = 2p_1(ow) and T, (2n(w)) = zp(w) + 290 (2, (w))“0 L. Using
(40), Corollary and the fact that 0 < 2z, (w) < 1, we obtain

By [tn-1(ow) — zn(ow)] < By [27 (xn(w))aoJrl]

< 2% (B [X{ny @) <n} * Tn (@) + By X )50} - Tn (@) H])
et agtl (41)
— 22a0+lc—1—%w 4 Ce_unv S C’M
nao ! ot
O

The following lemma is proved in [I] (see Lemma 4.8 in [I]) using the
Koebe principle [29].
Lemma 5.10. There exists D > 0 such that
9z(2)
9zw(y)

for any z,y € X and z € Z and any w € Q. In particular, there exists a
D > 0 independent of w (hence independent, of €), such that

~1| < Dla —y (42)

9% ()
9% w(y)

<D forany z € Z and x,y € A. (43)

9Indeed, we have

n

logn o (logn) 2ck () ] “nkT 0
o gl 5 et

R () 2| -
1+ ao [2ck(a1) Zwn—p a0 __logn i
e B SR

Lemma shows that 10% Yorei En. (Xik(w)) = a@02%°¢(n.). Corollary [5.8 will then
follow using large deviation estimates for independent random variables, see [2] for details.
10By both ¢ and C' can be chosen independent of e.
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For y € A let yo = y, and

Yn(W) = Guy 0+ 0 gy, (y) for n > 1. (44)

Then z,(w) < yn(w) < zp-1(w). Moreover, g, ,(y) = y"( ) and Y = 1,

Yo = 0. For w € Q letting wy, k > 0 be the elements of w we have the
following

Lemma 5.11. For anyn > 1
lym(w)| < a1(aq 4+ 1)2%y), (w Zy] n=d ) wn— 1‘y( =

and

n
|yl//( )| <3a1(a1+1)2a1yn Z o~ Jw)wn j 1|y/l( n— Jw)’

+(1 = ag)ar2%yp, (w Z " Iw)en =i (g (0" T w))

Proof. Since y,—1(ow) = yn(w)(1+ (2yn(w))“’0) by taking consequent deriva-
tives of both sides we have

Yn—1(0w) =y (@) [1 4 (1 + wo) (2yn(w))*°],

Yn—1(0w) =y (w) [1+ (1 4 wo)(2yn(w))*’]
2

(Y (W) wo (L + wo) 240y (w) <0,
Yn—1(0w) =y (w) (1 + (1 + wo(2yn(w))“)

+3y (@)Y, (w)wo (1 + wp) 240y (w) 0!
—(Yn (W) wo(wg — 1)2%0y, (w)0~2,
which imply

Via(ow) i) | wo(l )20, (@) !

45
V(o) () I CEry e
and
Yn—1(ow)  yn'(w wo— wo (1 + wg)2«°
109) 00D | gy ot oL 02T
yn(ow)  yp(w) (14 (14 wo)(2yn(w))*°) (46)
(4 ) P2 4 ol — D2
e (T+ (1 + w0) 29 (@))*0)
Using and , for i = 2,3 we obtain:
ygi)(w) n y](-l_)l(O'n_j—Hw) y](z)(o.n—jw)
S =Y s (47)
Yn(w) = yj—l(a Itlw) yj(a Tw)
Using and the fact that for any j we have ap < w; < oy finishes the
proof. O

Lemma 5.12.
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(1) There exists C > 0 such that

apg+1

/ ’g,lz,w|d]P)a<w) S Cn_l_%[logn] aqp ’
Q

apg+1

" I P
/]gzwldIF’g(w) <Cn = [logn] o .
Q

(2) Moreover, there exists M > 0 such that

sup sup/ |gz)\dIP’ )< M, fori=1,2,3.
6EVZ€Z:L’6X

Proof. By the Mean Value Theorem, there exists £ € A such that 3 9 (8) =
zl,_1(w) — a},(w). Therefore, by Lemma for z € A we have

Gew(®) < 2D(, 1 (W) — 2, (w))- (48)
Thus, by Lemma

ap+1 1

/Igé,wld]P’e < 2DE,[x],_;(w) - 7,(w)] < Cllogn] = n %0 . (49)
Q

Again by the Mean Value Theorem and Lemma and (| E y’A n=j w) <

1—og

Dzj(0" Jw) < Cj~1/*1. Also by (B7) we have y; (o™ Jw)<r—3—1 < Cj @0 .
Substituting this into the first item of Lemma [5.11] implies
1 1

lyn(w)| < Cyp(w ZJ_“T w0t < Oy (wnm o

Therefore, by Corollary and , we have

/ 1y ()] dP4(w) < C / L (wn@ "% dP.(w) = Cno ™ /Q o ()P4 ()
apg+1 1

_1_L apg+1
<C’na0 [logn] a0 p a0 ' =Cn T [logn] @0 .

Similarly, using the second item of Lemma and we have

g (W)] < Cryf(w Z]“O lyn (0" w)]

n
21 -2
+ Coyp(w) > _jo0 - j ™
j=1
L .i—1 n— ————1
< Oy gl (") + Capl(w zy T

j—l

2

2 2
<Cin” alzgao [y (0" )| + Chayf, (wn o .



Linear response for random dynamical systems 23

Finally,

/ 5" ()| P+ (w)

2 _2
<Cin o Z]“O / 0" I W) |dP.(w) + Cono al/yil(w)dIF’E(w)
Q

T ag+l el 2 aptl
<Cin o Z]ao g eiflogn] @0 + Can Hagan [logn] o .
This finishes the proof since 2ag > ;. O

Verifying assumptions and . Note that the smoothness of
® and P. together with Lebesgue differer{tiation thegrem imply t}}e exis-
tence and continuity of the derivatives 0.9, (e, x), O,¥ (e, ), 0:0:1,(¢, x),
0:0:12 (e, ).

Lemma 5.13. For any ® € C%(A) andi=0,1

Z sup sup 8.0 (e, )| < 0.
GZEGV TEA

Proof. For any ¢ € V by the definition of 1), (e, @), the regularity of P, and
Lebesgue differentiation theorem we hav

Dts(e, B Z / [ 0 g2 o190 ) ()T e (1) Bepe (03 ().
Thus, by Lemma [5.6] for any r € A

0:05(c, B)(2)| <nC|| @], sup /|g;,w<x>rd1@e<w>
ze(1/2,1] (50)
ot1

[e7

<Cn e [logn] o |

where in the last inequality we have used the first item of Lemma Since
|z| = n+ 1, summing over n in completes the proof for i = 0. Fori =1
again by definition of ¢, (e, ®) and Lebesgue differentiation theorem we have

|04 (e, @) ()]

< ZH@H@/ (192

Hence, by Lemma we have

|04 (e, @) ()| < nf|@flcr sup /(|9;,w|2 + 197 o) (@) dPe (w)

ze(1/2,1] JQ

) H pe(wi)Oepe(wj)d(@wn).
i#£]j

ap+1

<Cn o [logn] =0,

where in the final estimate we have used the first item of Lemma[5.12 Since
|z| = n + 1 summing over n finishes the proof. O

HNote that the family of measures 7. in this example belongs to family (3) of Subsec-

tion
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Lemma 5.14. For any ® € CY(A) andi=0,1

Z sup sup WS) (e,z)] < 0.

eZ eeV zeA
Proof. For i = 0 the proof followsAby direct application of the second item of
For i = 1 by definition of 1, (e, x), Lebesgue differentiation theorem,
the first and the second items of [5.12 we have

()] < 1@l [ (1o
Summing over n finishes the proof. O

Verifying assumptions (18) and . Below without lost of generality

suppose that g, ., has range (2], (w), z],_;(w)]. This in particular implies that

|z| = n. We first start with two technical lemmas

ag+1l

)(2)dP.(w) < Cn ™' [logn] %o

2+ 197 &

Lemma 5.15. For any a € (0,1), v € (0,1 + ag] and = > 0 the following

holds
2

(14 (22)*)7 < 14 ~(22)* + %(2@2@

2

Proof. We let ¢1(z) = (1 + (22)*)7 and ¢o(z) = 1+ v(22)* + L-(2z)%.
Since ¢1(0) = ¢2(0) = 1, it suffices to prove that ¢} (z) < ¢4(z) for z > 0.
Direct computation implies
& (x) = y02°a" N (1 + (22)°)
Pa(z) = a2z (1 4 42%2%).

For v € (0,1] we have (1 + (22)%)""! < 1 < 1+ ~42%®. In the case
v € (1,1 + ap] by standard argument we have (1 + (22)*)7~! < 1+ (y —
1)(22)* < 14 y2%z® which finishes the proof. O

Let bUJO = (Th,w(z)/x)Y . (1+(2z)~0)Y

Then by Lemma [5.15 we have

i ., (2) 1+ (wo+1)(2z)~0 "
2
14 y(2z)“0 4 L-(2z)*0 Y2
<1+ —(2x)"°. 51
YOS T (wo + D(22)% 0 + 9 (2z) (51)

Lemma 5.16. There exists a constant D > 0 such that for any y € [0, %]
Y 9nw(¥) < Dlzn-1(w)]”.

Proof. Letting Tl_’;ljly =T ! o0 leal)n_ly by definition of g, ., we have

1,w1
y’Y
(i 1 0 Thy ©Tog) (Tyl

2,wo

y’yg;,,w (y) = —n+1

© l,0w y)

y’y

T ions Ty 9) © Tl o (T a2 ) - Ty (D55 ) T (T © Taigis
(T ) " (11 W)/ Tidy)
2 j=1 Tl,wn_j (T;iy)

T—n+1 )Y n—1 2 )
by Lemma[5.15] < Tio™ @7 11 (1 + 72(2T;£y)2“°>
j=1

2
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: . (Tr ™ () = 0 2
by inequality = f - exp Z log(1 + ?(ij(w)) “o
j=1

n—1 o
< 2p_1(w)Y exp Z%zalj—mo/al < Dizp_1(w)]".
=1

Lemma 5.17. For any ® € C°, we have

> sup |4 (e, ) lln < oo

Zse

Proof. Recall that

deleca) = [ 19 0g.ald ol)(a)aP. )
Therefore, by Lemma Corollary and Lemma we have

12 (e, @)z < 112l [ sup /w”gzw( JdP:(@) + sup /gw( )P (@)

z€(0,3] z€(3,1]
1 agtl
<Clitlls | sup [ fonoa (@) Pu(@) + PEL
2€(0,1]/9 nao ™t
< C|?[|s S?Pl] [Ep. [X{n1 () <n} - Tn(@)] + Ep [X{n1 (@)>n} - Tn(w)]]
z€(0,3
logn) %0
ogmn| «o
+ Cl|®]]o0 + B S
Tn <o
< Cll@ll (Be. (X )<ny - (07 log n) /%] + P (w) = n} )
[1 ]a0+1
ogn| @o
+ C’H(bHooii+1
7n 0
1 apg+1
< C[®]|ocCn ™ (log )70 + 1| 212
7 0

(52)

Since |z| = n + 1 and v > 2qyp, summing over n in completes the proof
of the lemma. O

Lemma 5.18. We have
Z sup ||a€72)z(5a BO)HH < 0.

oy eeV

Proof. We first notice that

Oetp (e, ho) Z / o © -0l o) (@I e (i) Dpo (w0 d(@n). - (53)
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Since % < C (independent of €, see Lemma , using and an argu-

ment similar to that in the proof of Lemma, we have

n
10-0-(e, bl < € 3| /I o 0 g0l o1 1
j=1 1"
llogn] "%
R ogn| @
< nCllhalle | sup [ [+ FELE ] 5y
1 n .
16(075] I n <o
1 apg+1
~ _ ogn @Q
< O folloo | 4 HoBL ™
n«o

Since |z| = n+ 1 and v > 2ap, summing over n in completes the proof
of the lemma. O

5.5. Random Pomeau-Manneville maps and a family of a uniformly
distributed measures converging to a Dirac. Throughout this section
we let u € (ap, 0 + €), where [ag, a9 + €] C (0,1). We consider again
the Pomeau-Manneville family defined in Example but this time with u
distributed according to 1. = p.du where, for € > 0,

1

= if €
o) = 4 2 if wu ' (g, a0 +€), (55)
0 otherwise;

and 19 = 0q,- Let P = 7). The random dynamical system (Q, {Tw}, ]@’5) is
defined in the same way as in the previous example of subsection with
the only difference is that P. is defined using the density in . Assump-
tions (A1) and (A2) are verified following a similar approach to the proofs

in Lemmas [5.10} |5.11{ and [5.12] Verifying , , and for this
type of distribution is done by using duality; i.e., for ¢ = 0, 1:

851;?) (E, (I)) (LZ') =

3 /[ o By O Il ) @) dnior) el - i),
ag,ao+e€|™ J

J=1

with ‘ggj = “F%1(ag,a0+¢)- Note that as e — 0

0
[ o gl @) dy) i)
[v0,c0+e]n OWj
converges to
10 )
iaiwj[q) © gz,w|glz,w|}($)‘wi=ao; L= 17 sy e
Therefore, the linear response formula in this example is given by:
1 - -
5 [Fe i) + Qhao
which is 1 of the response under deterministic perturbations of T, (see

Corollary and Remark [4.4). This might be an interesting observation in
relation to controlling the statistical properties of chaotic dynamical systems
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[18]. Here hq, is the invariant density of Ty, and the explicit formula of fzzo
is the same as in Remark [£.4] with g replacing u.

6. APPENDIX

6.1. Elementary facts about convergence of measures. We collect
some elementary facts relative to convergence of measures.

Let . be a family of finite measures on a compact rectangle K of R?. We
say that u. is differentiable as a distribution of order one, if there exists a
finite vector valued measure v, of bounded total variation such that for any
test function ¢: K — R,

0. /K o(u)dpe () = /K Vb dve(u). (56)
We set O- . = ve.

Lemma 6.1. Let K; be a compact rectangles in R%, i =1, 2.

(i) Let pe be a family of measures on Ky, differentiable as distributions
of order one. Then u. is a continuous family of measures on Kj.

(ii) The product of two families of measures on Ki, Ko respectively, dif-
ferentiable as distributions of order one, is a distribution of order one on
K1 x Ko, and

e (pz © pi2) = Bepiz @ piZ + piz ® Depil.-

Proof. (i) Let pe be a family of measures satisfying Therefore, by defi-
nition,

[ odne = [ oduo e [ .- dntu) + ofc)
Consequently,
| [ odue = [ daol < ell8lca ] + ofc)
(i)

B(uy,u)dpt = B (ur, ug)dud + 6/ Vo, d(ur,us) - dvg + o(e).
K K K

Now,

| ot = [ [ o udiane
KQ K1 K2 Kl
+ E/ Vo, d(ur, us) - dvgdp? + o(e)

Ko JK

= / QS(Ul, u2)d)u{1)d/*j’(2) + 5/ v’uz QS(ul’ ’UJz)dﬂé : dl/g + 0(6)
Ky JKq Ko Kq
te / Yy d(ur, us) - dubdp? + (),
Ko JKq

(57)
Using Lebesgue differentiation for the second term in , and (7) for the
third term in (57)), (i) follows. O
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6.2. Linear response for operators with a spectral gap. Let (X, 4, m)
be a probability space and B a Banach space continuously embedded in
LY(X,m). We assume that the constants belong to B. Let L. be a family of
Markov operators on B, for € in a neighbourhood V of 0. We assume that
for each ¢, 1 is a simple eigenvalue of L. with an associated eigenfunction
he, that we normalize so that [ h.dm = 1.

Proposition 6.2. We suppose that the operators satisfy

e ¢ — L _hy € B is differentiable at € = 0

e c— L.¢ € B is continuous at € = 0 for any ¢ € B.

e L. has a uniform spectral gap on B; i.e., 30 € (0,1) and a C > 0,
independent of €, such that for any ¢ € By and n > 1 we have

ILZ¢l|8 < CO%[|¢]|5.

Under these assumptions, the eigenfunction h. is differentiable at € = 0 as
an element of B. In addition we have the linear response formula

O-hel|e=o = (I — Lo)~'0-Lc.hg|-=o. (58)

Proof. Since we have a uniform spectral gap the resolvent (I — L.)~! is well
defined on the set By of elements of B with zero average and is uniformly
bounded in €. We have the identity

he = (I — L.)"Y(L. — Lo)ho + ho.
By assumption, setting ¢ = 0.L.hg we have
(Le — Lo)hg = €q + o(¢)

where o(g) is understood in the B-norm. Moreover, since (L. — Lg)ho € By
and B is continuously embedded in L' we also have ¢ € By. Therefore we
have

he = (I — L) g + o(e).
Finally, we have
(I —Le)™'q— (I = Lo)'q=(I — L) (Le — Lo)(I — Lo) 'q.

The second hypothesis applied to ¢ = (I — Lo)~'q shows that (L. — Lo)(I —
Lo)~'q¢ — 0 as ¢ — 0, and the conclusion follows by uniform boundedness
of (I — L.)~! as operators on By. O

6.3. [Proof of Proposition Uniqueness of stationary density
and a uniform spectral gap for uniformly expanding systems. We
prove Proposition in a series of lemmas. Let [w], = wo,...,wn—1 be a
path of length n and consider the partition {g, (), (X)}.ezn of X, where Z"
is the labelling set for the n'M-iterate of the random map. First we provide
distortion estimates for g, (,),,-

Lemma 6.3. There exists D > 0 such that for any n € N, z € Z™ and
x,y € X we have

— 1| < D|z —y|.
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Proof. Start with

1 g [w]n — gz zwi\z,[w]; \ 1)) gz J[wlj (.CU)) = g,/z,wj (927[0.1]]- (:U)) 1
RrARRD > Z (010, | = 25|00, (0L, )
9 1) W | 9w (9, (v 95 (9 g, (9))
- — 1
§D2|9z,[w}j( — 9z [o.)]J Z |:‘C_ | <D ,8|x_y‘
j= j=0
The above inequality implies that
/
Tofed )| _ pja-p)
g/2’7[w]n (y) B
Hence, there exists C' > 0 independent of z,y € X such that
9; [w] (v) g. 2w (z) -]
2~ 1] < Clog 7” <CD——|z —yl.
g;[w]n( Y) g [w]n(y) 1- 5| |
Now, we can take D = CD/(1 — f3). O

Lemma 6.4. There exists a D > 0 such that for any n we have

(1) (L81) = Yoz g 1y, (@) < D + 1

(2) Lip(L21) < D(D + 1);

(3) I1LE®[[o0 < (D + 1)[|®]]co-
Proof. For (1) by Lemmawe have g;Mn(x) < (D+1)g,,w),, (X)]. There-
fore,

121= 3 |g . @ <D+ 1.
z€EZLM
Note that (3) is implied by (1). Therefore, it remains to prove (2). For
z,y € X we have

(L2 (@) — (L2 ) < S 19l (@) — oL, @)

zeZm

— 1 < DD+ Dz —y| Y 192, (X)].
FISVAL

/

9, [w]n(y>
z [w]n(x)

<D 19,

zeZm™

O

Lemma 6.5. Lp_ admits a spectral gap on the space of Lipschitz continuous
functions.

Proof. Let [ ]n =wp,...,wn_1 be a word of length n and consider
|IL5®(z) — y)| = | Z 0 9. (w195 101, (@) = (20 g2 1,192 g, D (W)]
zeZ™
<Y {1209z, () = PGz ), W))]19L g, ()]
zeZ™

+ (92, 1wl WDINGE o, (@) = 197 g, W11}

< Lip(®)8"[z — y| 3 |¢L 1y, (@) + [|@]l Lip(L3 )] — y|
zeZ™

< (D +1)5" Lip(®)|z — y[ + D(D + 1)[®]|oc|z — yl-
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Therefore,

Lip(Lg®) < (D +1)8" Lip(®) + D(D + 1)[|®|]co-

1

Now fix n; large enough so that (D+1)8™ < 1. Define k := (D+1)"1 5 < 1.
We have
Lip(L'®) < 5 Lip(®) + D(D + 1) .
Using (3) of Lemma [6.4] for any n > ny we have
[L5®@Lip < A" [[@lLip + D1l ®||oo, (59)
Dy = % + D(D + 1). Consequently, for any n > ny
[Lp. ®llLip < £ |®[|Lip + D1 ®]loo-

This implies that the operators Lp_ are quasi-compact on the space of Lip-
schitz continuous functions and their essential spectral radius is uniformly
bounded by k. Moreover, any stationary density h. € C™P. It remains to
show that the peripheral spectrum of Lp_ consists only of 1 and that 1 is a
simple eigenvalue. Indeed, if h. is a stationary density, then using the fact
that h. is a C™P function, there exists an open interval J C [0, 1], such that
he ;> 0. Since all the maps 7, are piecewise onto and uniformly expanding
(sup, 19 o] < B < 1), there exists an n € N such that Ly (he|s)(x) > 0.
Consequently, he(z) = Lp_(he)(x) > Lp_(hejs)(z) > 0. Thus, h. is strictly
positivﬁ on [0,1]. This implies that h. is unique and that 1 is a simple
eigenvalue of Lp_. The fact that no other eigenvalues of Lp_ are of modulus
1 follows from quasi-compactness of Lp_ on CYP and repeating the above
argument to show that any iterate of Lp_ has a unique invariant density. [

Lemma 6.6.

(a) Lp, admit a uniform spectral gap on C1. In particular their essential
spectral radii on C' is uniformly bounded by above by some r € (0,1).
(b) There exists a C > 0, such that for anyn € N and ® € C', we have

1L, @cr < C|®][cn.
Proof. By Lemma the family of operators Lp, admit a uniform spectral

gap on CP. Moreover, the operators Lp, preserve the space of C! functions.
Indeed,

|(Lp., @) (2)] = !Z/Q‘@ng,w(m)lgé,wldpe(w)l < D|®||co;
ze€Z

and moreover,

|(Lp. @) ()] =

> /Q D' 0 gy 0 (2)]92 (%) |92 0 + P © gz 0 (2) sign(gL ,(2)) g2 o ()P (w))|
z€Z

< (Lp. |®'(2)]) + M| @] co.

Since for C'! functions the Lipschitz norm is the same as the C''-norm, this
implies that the family of operators Lp_ admit a uniform spectral gap on

12The argument about the strict positivity of h. is borrowed from [34].
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C'. The uniform upper bound on their spectral radii follows from . This
proves (a) of the Lemma and (b) is a consequence of (a). O

Next, before proving a spectral gap of Lp, on C?, we prove that condi-
tion of (A1) can be iterated.

Lemma 6.7. For any n and ¢ = 2,3 we have

sup Z sup/ ]gg%w]n]dﬂ”?([w]n) < 00.
66VZ€Z” zeX JQn

Proof. We prove it by induction on n. For ¢ = 2, and n = 1 the lemma is
true by assumption. Assume it is true for n. Note that

" n 2 / 1"
(gz,w © mewn) - gz,w O Gzn,wn - gzmwn + gz,w : gzn,wn

We have for the first term

S [ oo i 02 AR )
2,2n " JQ

-y /Q 2. (Z /ﬂ g, ogzn,wndP;L(w)) 0P (w).

zeZN
The term inside the parenthesis is bounded by the induction hypothesis,
and the remaining integral is bounded. The second term can be managed
in the same way. The technique also works for the third derivative. Indeed,
for ¢ = 3, we have

m o m 13 / " "
(gZ#/J e gznywn) - gz,w O Gzp,wn * gzn,wn + 2gzn,wn ) gzn,wn : gz,w © 9z, wn

"

" " /
+ 92w " 9z ,wn + 92w " 9zpwn-

Remark 6.8. The bounds in Lemma[6.7 depend on n.

Lemma 6.9. Lp_ admits a uniform spectral gap on C?. In particular, for
any € € V, the random dynamical system (Q,{T,},P.} admits a unique
stationary density h. € C?.

Proof. For ® € C%(X), by definition we have

o= Y [ @og g a2 ().
zezn A"

By Lebesgue differentiation theorem

(2o =3 /Q W0g. 01, 1), 19 o), P00 o] Sl ) )0, P2 ().
zEZM
(60)
Since g, 4], is monotone for any z € Z", again by Lebesgue differentiation
theorem for the second derivative we have

(L]Pg (I))// = Z ®" o 9z,[wln |g;,[w]n | (g,lz,[w]n)2
z€ZLM o

+ 3sign(9., 11, )2’ © 92 w10 9% [w]n Io. (], T S180(GL (1], )P © G ], 9 ], APE ([W]n)-
(61)
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Using we obtain

ILE. @[l <sup Y /Q 12" 0 g ], 1195 11, I + 312" © 92 1, 1195 11, 1197 1.
T ezn "

+ 190 g2 1w 19710, |+ 17 0 62l 1195 g, [P+ 1 © 02 e, 197 1|
10 0 g 19, g, [P (],
Therefore, using Lemma [6.4] and [6.7] we have
ILE, @l e < B°(D + 1)[[@]lc2 + Mal|@]|cn-
Fix no large enough so that 5%72(D + 1) <y < 1. We have
[Lp2®| o < V[Pl 02 + M, || @[ o1

By using, (2) of Lemma we iterate the above inequality (dropping na
from the notation of Lp_ for simplicity) and get for any n > 1

C- My,

[LE. @l e <7"|®llc2 + @[

This implies that Lp_ is quasi-compact on C? with 7 as a uniform upper
bound on the essential spectral radius. The proof of spectral gap is analogous
to that in the proof of Lemma [6.5 O

6.4. Spectral gap for the transfer operator associated with Gauss-

Rényi random maps. Let G(z) = 1 mod 1 and R(z) = & mod 1.

The inverse branches of G and R are given by

1
-1 1 . _
n _n+x7Rn () =1 n+xforanyxe(071),
Consequently we have
1 1
—1y/ - = —1y/ _

Below we will be interested in compositions G, 'oG, ', G 1oR; !, Ry1 oG, !,
RiloR

Thus it is useful to have exact form of the above compositions and their
derivatives.

-1 -1 . 1 . k+x
_1 1 o 1 . k+x
(Re” o Ry (@) =1 714—1—,6%6_1 (n+1)(k+z)—-1 (63)

Remark 6.10. Notice that
(R oGy (@) =1 (G, oG (@), (R o R (@) = 1= (G, o Ry (),
Consequently,

Ryt oG (@) = (G, oG (@), (R, o Ry () = —(G, ' o Ry (a)-
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In the light of remark it is sufficient to consider the two cases Go G
and RoR. The cases RoG and GoR then satisfy the same type of estimates.
By the chain rule we have

, 1 1 1
GG @ = R e T T oy
(n+ k—l—:v)

_ - 1 1 1
(Rt o Ry (@) = =

(”+1—k+%>2(k+$)2 (n+1)(k+x)—1)%

(65)
(G2 001 (0) =~ (66)
Ryt o R ) = ~ oy i (67)

- —1\m . 6n?
(670 6" (@) = (n(k +z)+ 1) (68)
n 2

(R;l o R[;l)//l(l‘) - _ 6( + 1) (69)

(n+1)(k+z)—1)*
The following lemma is a straightforward consequence of - .

Lemma 6.11. Let g, € {Po VU | &,V € {G, 1, R, '}}. Then for any
n,k € N and z € (0,1) hold

; 7! .
’g’r('L’L)k(x” S o fori=1,2,3. (70)

Moreover, if gny = G, 0 G, then

for any n,k € N and x € (0,1). (71)

NG

|9 ()] <

Recall that the transfer operator associated to the random Gauss-Réyni
map has the following form

Lp,f = (1 =€)’ Lgogf + (1 — €)Lgor f + (1 = €)Lrogf + €*Lror f-
Lemma 6.12. Lp_ admits uniform spectral gap in C*, i = 1,2.

Proof. The proof is straightforward computation and uses the fact that in
our situation we can differentiate term by term in the series. For any &, ¥ &
{Gn, Ry} by definition and we have

[e.9]

0
1 mt
1Zaow flloo < IFleo 3 lghallen < Iflcr 3 =55 < 2l fllca (72)
n,k=1 n,k=1
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Below we will use the fact that derivatives of g, 5 do not change their sign.
Thus we ignore the absolute values while taking derivatives from the expres-
sions of form |g;, ,[".

I(Loowf) llco < 11 llco Z (9.1l o + 11fllco Z g 1l co

n,k=1 n,k=1
=1 =1
<Nghilool oo Yz + 200 Y s < lhellome o + = lco
n,k=1 n,k=1

(73)
where we used Lemma and the fact ((3) = >°, k73 < 3/2 in the last
two chain of inequalities. Finally, again by triangle inequality and Lemma

[6.17] we have
[(Laow f)"lco < I1f" o Z ||gnk||co+3||f”CU Z 197,691l o

n,k=1 n,k=1

+ 1o Z l9rkllco < 35 (B Mo + 62D f o

n,k=1

1

which implies
117w

6
"
[(Ease ) llco < 3 oo+ Il (70)

We now prove a uniform Lasota-Yorke type inequality for Leoy acting on
C? for all possible choices ®, ¥ € {G,,, Ry}
First consider the case grn = ggl o g,;l. Notice that g;lk < 1/4. The

equations ) and ([73) immediately imply that

1172 6 g2
L o - 7 -
|LGog fllcn < 1636||f ||co+( 50 >||fuco+<90+ ot )Hcho

This immediately 1mplies that

Hgn kHcouf”HCU +

158 170
ool € = 1 leo + 2 Plow + W oo (75)
Also, in the light of Remark [6.10] - we have
158 170
Lgor e < 1 oo + 20w + 2o flew. (76)

When g, ,, = R, 1o ”Rk we only have g/ , < 1. Thus the equations ([72))
and imply that

158 170
Zrerflles < Sl + S0 lgo + 200w ()
Again, by Remark [6.10] we have
m 170
IZRor fllc2 < 351/ Mo + Hf llgo + =5~ [1£llco- (78)

Finally for Lp_ we have
IZp. f"llco <(1 = €)1 Lgog f"llco + (1 =€)l Lgor "Il co

(79)
+e(1 = )lLrog " lco + €2l Lror £l co-
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Substituting the equations — into implies that

(1 + 17¢) 158 170
L. "l oo < T”f””co + EHJC,HCO + THf”cO-
f1+17
Now we choose € > 0 small enough and M > 0 so that x := W <1

and

IZp. f"llco < KILf Nl co + M| fllr-
Thus Lp, is quasi compact on C? and the essential spectral radius is at
most . The proof of spectral gap on C? is analogous to that in the proof
of Lemma In a similar manner, using and , one can obtain a
uniform Lasota-Yorke inequality and a uniform spectral gap on C*. U
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